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The angular distribution of 1.05 A neutrons scattered by krypton in the liquid state at temperatures of 
117°K, 133°K, 153°K, 183°K, and 210°K is reported. By use of a sample cell fabricated from a single 
aluminum crystal, it was possible to obtain diffraction patterns up to the critical temperature and pressure. 
The scattering curves were Fourier transformed to obtain the radial atomic distribution function at each 
temperature. The number of nearest neighbors calculated from these distribution functions ranges from 
8.5 at 117°K to 4.0 at 210°K at distances ranging from 4.02 A to 4.20 A, respectively. A comparison of 
radial distribution functions from arbitrarily terminated data shows that the ratio of the last zero-atomic- 
density position to the first atomic-density-maximum position is a function of the amount of intensity 
data transformed. It also indicates that the width of the bowl of the effective potential in liquid krypton 
is in approximate quantitative agreement with that of the Lennard-Jones 12:6 potential 


INTRODUCTION 


HE structures of some inert elements in the liquid 

state have been determined from x-ray and 
neutron diffraction studies, but the structure of krypton 
has remained undetermined largely because of its 
prohibitive absorption of x rays. This material does not 
strongly absorb neutrons of suitable wavelengths, and 
hence a study of it by neutron diffraction is a promising 
means by which to determine its structure. In this way 
the structure of liquid krypton has been obtained for 
the first time in the work reported here. The study of 
argon! under 26 conditions of temperature and pressure 
and that of xenon? under three conditions remain the 
only extensive x-ray studies yet reported for any of 
these elements. Helium* has been studied by neutron 
diffraction at several temperatures in the liquid state, 
and neon‘ and argon®:® have each been investigated at 
one temperature and pressure by neutron diffraction. 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission. 

t Resident Student Associate from the University of Missouri. 
Present address: University of Arkansas, Fayetteville, Arkansas. 

1 A, Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 

2J. A. Campbell and J. H. Hildebrand, J. Chem. Phys. 11, 
334 (1943). 

’D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 

*D. G. Henshaw, Phys. Rev. 111, 1470 (1958). 
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An attempt was made in the present work to use 
neutron diffraction to determine the structure of liquid 
krypton at a variety of temperatures and pressures 
from the lowest obtainable temperature to the critical 
point using identical techniques and procedures for 
each temperature so as to facilitate intercomparison. 
The structures of a number of other elements in the 
liquid state have been determined from neutron 
diffraction studies.’ In most, absorption of the neutrons 
was so small that the absorption correction was con- 
sidered to be negligible or at least essentially independ- 
ent of scattering angle for samples approximately one 
centimeter thick. The relative ease with which neutron 
diffraction patterns can be corrected, compared with 
x-ray diffraction patterns, is one of the attractive 
features of the neutron diffraction technique which in 
part compensates for the difficulties caused by the lower 
flux generally available for neutron work. This ease of 
correction arises from the essentially isotropic nature 
of neutron scattering from the atomic nucleus. At large 
angles where interference effects in the coherent scat- 
tering from different atoms cannot be detected, the 
intensity approaches a constant value rather than 
approaching a rapidly decreasing and sometimes 
inaccurately known atomic structure factor curve as in 


70. Chamberlain, Phys. Rev. 77, 305 (1950); P. C. Sharrah 
and G. P. Smith, J. Chem. Phys. 21, 228 (1953); G. H. Vineyard, 
J. Chem. Phys. 22, 1665 (1954); N. S. Gingrich and LeRoy 
Heaton, 15th Pittsburgh Diffraction Conference (unpublished). 
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the case of x rays. This provides relatively higher 
intensities at large angles of scattering and eliminates 
dependence upon a knowledge of the exact form of the 
structure factor of the atom. Corrections for effects 
such as incoherent scattering, inelastic scattering, and 
multiple scattering are assumed to be, or have some- 
times been calculated to be isotropic.* With neutrons, 
in the cases of liquid helium, liquid lithium, and liquid 
sodium, corrections were made to account for intensity 
effects due to recoil of the scattering nuclei. In all 
cases it was assumed that the atomic distribution 
function could be obtained by Fourier integral transfor- 
mation of the corrected intensity patterns. Results 
from this kind of procedure have been reported for 
helium, nitrogen, oxygen, sulfur, neon, argon, mer- 
cury, lead, bismuth, and the alkali metals. 


Experimental Procedures 


Neutrons of wavelength A= 1.05 A were selected from 
a beam of neutrons from the CP-5 reactor operated at 
2X 10* watts by reflection from the (111) planes of a 
copper single crystal. The krypton sample under study 
filled a cylindrical volume of 0.660-inch diameter and 
1.5-inch height in a cell fabricated from a single crystal 
of aluminum. The walls of the cell were 0.220 inch 
thick in the region upon which the monochromatic 
neutrons were incident. The hermetically sealed sample 
cell was filled with high-purity krypton by passing it as 
a gas through a small-diameter pressure tube to the 
cell where it liquefied. When the cell had been filled, 
as indicated by the cessation of condensation and by 
the increase in diffracted neutrons registered by the 
detector counter, the pressure was rapidly decreased 
by use of a vacuum pump and the krypton was allowed 
to boil to reach equilibrium between the liquid and 
vapor states. A vacuum-tight valve was then closed and 
no krypton was added to or removed from the system 
until the entire series of runs had been completed. The 
filled cell, contained in an evacuated cryostat cooled 
with liquid nitrogen, was mounted over the center of 
the diffractometer table, and incident and scattered 
neutron beams passed into and from the cryostat 
through thin aluminum windows. A 10-watt heater 
wound on an aluminum cylinder was provided between 
the sample cell and the liquid nitrogen reservoir, and a 
copper-constantan thermocouple imbedded in the 
cylinder served as the sensing element of an electronic 
temperature control unit. By passing a current through 
the heater, the temperature of the sample was controlled 
to within 0.05 K° for periods up to 175 hours. In order 
to reach some of the higher temperatures without large 
loss of coolant, alcohol was frozen in the bottom of the 
liquid nitrogen reservoir to provide a longer and poorer 
heat conductor across which a high thermal gradient 
could exist. 

The incident beam of monochromatic neutrons was 
monitored with a fission counter, and the number of 
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scattered neutrons for a preset number of monitor 
counts was counted with a BF; detector. Automatic 
operation gave a chart record of the number of scattered 
neutrons per preset number of monitor neutrons as a 
function of scattering angle up to about 100 degrees 
with approximately nine readings per degree. With 
this experimental arrangement, neutron diffraction 
patterns were obtained for 17 different values of 
temperature and pressure along the vapor-pressure 
curve and five of these points were selected for very 
careful study. The results for these five points are 
presented here. 

Although the triple point of krypton is 104°K, it was 
not possible to maintain the sample in the liquid state 
at temperatures below 117°K. This is likely due to the 
temperature difference across the three inches of 
krypton being about 1.8 K° while the difference be- 
tween boiling and freezing at a mean temperature of 
117°K is about 3 K°. Any attempt to lower the temper- 
ature below 117°K resulted in formation of crystals in 
the sample as indicated by the diffraction pattern. 

Correction for scattering from material other than 
the sample was made by taking runs with the empty 
cell under identical conditions and subtracting this 
empty-cell intensity from the loaded-cell intensity at 
each scattering angle. This background correction was 
almost entirely lacking in prominences, since it was 
primarily due to the single-crystal sample cell. The 
small value of the mass absorption coefficient makes 
this simple correction allowable and eliminates any 
appreciable angular variation of absorption correction. 


Experimental Results 


Figure 1 shows the observed intensity curves of liquid 
krypton at temperatures of 117°K, 133°K, 153°K, 
183°K, and 210°K. These patterns have been corrected 
for background, empty cell, and incoherent scattering. 
After correction the counting rate at the main peak of 
krypton at 117°K was about 5800 counts per minute 
giving nearly 6000 counts per intensity point. All data 
were obtained with the CP-5 reactor operating at 
2X10® watts. In each pattern the data began at 
approximately (sin@)/A=0.056 A~, and from this point 
to the origin the intensity curve is drawn as an estimate 
of the unobserved intensity. 

As can be seen in Fig. 1, a gradual change in the 
diffraction pattern takes place as the temperature is 
increased. The most striking change is the decrease in 
intensity of all of the diffraction prominences. The first 
prominence decreases from a maximum value of 5800 
counts per minute at 117°K to about 3000 counts per 
minute at 210°K. Four diffraction maxima can easily 
be observed at 117°K, but as the temperature is 
increased the last maximum decreases until it can no 
longer be observed at a temperature of 183°K. 

A change which is much less pronounced than the 
intensity change is the change in position of the first 
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Fic. 1. Neutron diffraction patterns of liquid krypton (A= 1.05 A). 


diffraction maximum. This is a gradual change but can 
be observed easily because of the wide range of temper- 
ature over which the study was performed. It moves 
from a position of (sin#é)/A=0.148 A~! at 117°K to 
(sind)/A=0.141 A at 210°K which corresponds to a 


net change of 0.007 A“. 


Analysis of Diffraction Patterns 


The experimental patterns were analyzed to deter- 
mine the atomic distributions as in previous analyses,’ 
using the method worked out by Zernike and Prins® 
and Debye and Menke.* The form of the equation used 
is: 

or Sm 
4rr’p(r) =4ar’ py + f s i(s) sin(rs)ds, (1) 


us 0 


where r is distance from any atom-center in the liquid, 
p(r) is the actual density of atoms at distance r from 
the origin atom, po is the average density of atoms, 
s=4n(sin6)/A, and i(s) is a function of the corrected 
experimental intensity. For neutron patterns, 


i(s)=[I(s)—k]/(k—0), 


where /(s) is the observed intensity corrected for 
effects for which corrections are known, & is the constant 
intensity at large angles where interference effects can 
no longer be observed, and c is a factor which is intro- 
duced for the purpose of allowing for effects which are 
independent of angle but which cannot be easily 
calculated. Assuming that J(s), k, and c have been 
found, it is then a matter of straightforward calculation 
8 F. Zernike and J. Prins, Z. Physik 41, 184 (1927), 

ash and H. Menke, Ergeb. d. Tech. Rontgenk, Vol. II 
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to determine 47r’p(r), the radial atomic distribution 
function, and this was done with the Argonne National 
Laboratory computer GEORGE. 

In all of these determinations it is recognized that 
the correctness of the results is limited by the precision 
of the experimental data and the validity of the 
corrections and the analyses. One source of uncertainty 
arises from the fact that in Eq. (1), the upper limit of 
the integral should be infinity, but for obvious practical 
reasons, it must be some finite value, which is designated 
Sm. In practice, scattering was observed to as large an 
angle as possible and successive runs were made in an 
attempt to establish the upper limit of s beyond which 
no reproducible fluctuations of intensity could be 
observed. Beyond this point J(s)=k and i(s)=0. To 
determine the constant c, the experimental intensity 
was measured to the smallest angle of scattering that 
could be obtained without interference from the incident 
beam, and the curve was extended arbitrarily to zero 
angle. The intensity at zero angle was taken to be the 
constant ¢ which represents angularly independent 
intensity such as that from incoherent scattering. Since 
this constant was not assigned with assurance of its 
correctness, in a number of cases several values were 
tried in an attempt to learn how sensitive the radial 
distributions were to the choice of c. In all cases tried, 
changing ¢ did affect the shapes of the distribution 
curves, but, for changes in c that appeared reasonably 
possible, alterations in the resulting curves were not 
severe, 

The assignment of & is more straightforward. How- 
ever, it is often difficult to determine from the last weak 
observable oscillations of intensity exactly where the 
intensity is to be considered to have reached a constant 
value. A guide to the choice of this curve-fitting is 
available in the criterion that 


Be 
f s*i(s)ds = — 27 po, 
0 


and in all cases this condition was used to help in 
finding satisfactory fittings. 


Atomic Distributions 


Figure 2 shows the atomic distributions for liquid 
krypton at all temperatures for which the analysis was 
carried out, and Table I lists data for each temperature 
which were taken from the curves of Figs. 1 and 2. 
These five atomic distribution curves are similar in 
their general features, all showing that the nearest 
neighbors are not discrete or permanent. The number of 
nearest neighbors, measured similarly and rounded off 
to the nearest one-half atom, varies between 8.5 and 
4.0. The differences are primarily due to the change in 
density as the temperature changes. The position of 
the first peak in general shows a slight shift to higher 
r values for the higher temperatures. It is also seen in 





CLAYTON 


Fic. 2. Atomic dis- 
tributions of liquid 
krypton. 


4mr*p(r) (ATOMS/A) 


Table I that the nearest neighbor distance changes 
from 4.02 A to 4.20 A as the temperature is increased 
from 117°K to 210°K. This shift is compatible with 
but less than the shift found in the study of argon by 
Eisenstein and Gingrich.' It is of interest to note that 
the value of 4.02 A found here at the lowest temperature 
is in agreement with the value quoted by Clark” as 
the atomic diameter of krypton. Ricci! has compared 
the radial distribution function obtained here with the 
work of Henshaw for helium, neon, and argon, making 
use of the principle of corresponding states, and has 


ounts /minute) 


If 


Fic. 3. Intensity vs (sin@)/A for liquid krypton at 7=117°K 
and P=0.8 atmosphere, showing arbitrary terminations (A 
= 1.05 A). 

“George L. Clark, Applied X Rays (McGraw-Hill Book 
Company, Inc., New York, 1955), p. 503. 

"F, P. Ricci, Nuovo cimento 16, 532 (1960). 
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found good agreement between the atomic distribution 
functions of the three heavier elements. 

In addition to the two major concentrations of atoms 
at about four and eight angstroms, respectively, a small 
ripple pervades the entire curve and a subsidiary peak 
is prominent at approximately five angstroms. Because 
of the existence of the ripple over the entire curve and 
because the existence of such a concentration of atoms 
between the first and second nearest neighbor groups 
is open to question, the validity of the small peak is in 
serious doubt. A subsidiary peak of this general type 
has been reported for many liquids. Eisenstein and 
Gingrich! have reported such a peak at certain temper- 
atures for liquid argon, and the work of Campbell and 
Hildebrand? shows a similar peak in each radial distri- 
bution for xenon. However, Henshaw reported no such 
peak for neon‘ or argon.* While an extensive investi- 
gation into the origin of the subsidiary peak in this 
work was inconclusive, it indicated that termination 
of the si(s) integral was probably a major contributing 
factor to this peak. 

Even if all of the experimental data were known with 
unlimited certainty to the greatest value of (sin@)/X for 


TABLE I, Some parameters of liquid krypton. 


Nearest 

intensity neighbor 
peak distance 
(sin@) /r (A) 


First 
Number of 
nearest 
neighbors 


Density 
Temperature (atoms/A*) 
117° 0.0176 
133°K 0.0166 
153 0.0154 
183°K 0.0130 
210°K 0.0075 


0.148 
0.147 
0.146 
0.143 
0.141 


4.02 8.5 
4.04 8.0 
4.08 7.0 
4.10 6.5 
4.20 4.0 


which measurements were made, there still remains the 
finite termination feature of the analysis which can 
introduce spurious details in the radial distribution 
function. Because of this possibility of spurious effects, 
the best determined and most intense diffraction pattern 
was subjected to a series of exploratory procedures to 
provide information in this connection. In one test, 
the intensity curve was arbitrarily terminated at eight 
points, giving corresponding distributions that show 
progressive changes in their detail. Figure 3 shows the 
intensity curve with the eight termination points 
marked by arrows, and Fig. 4 shows the radial distri- 
butions which resulted from transformation of the 
intensity data out to each termination point. This 
series of curves indicates that the observation of such 
a peak depends on having a strong diffraction pattern 
of about three prominences. Where fewer data are 
transformed the subsidiary peak appears to be hidden 
under the large peak representing the second nearest 
neighbor atoms. The slope on the small r side of the 
peak that represents the number of nearest neighbors 
is one important feature that changes. The ratio of the 
last value of r, r(0), for which the distribution function 
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TABLE IT. r(0) and r(max) for distributions from terminated data. 


r(max) 


Distribution Se (A) r(0)/r(max) 


0.170 
0.246 
0.310 
0.378 
0.440 
0.504 
0.580 


4.46 
4.30 
4.20 
4.14 
4.08 
4.05 
4.02 


0.590 
0.697 
0.742 
0.792 
0.809 
0.824 
0.841 


equals zero, to the r(max) of the maximum height of 
the first peak for each distribution from terminated 
data is given in Table II and is seen to increase as the 
amount of the intensity curve transformed is increased. 
The value obtained for r(0)/r(max) when all of the 
intensity curve is used in the transformation is 0.84, 
which is somewhat less than the 0.891 predicted by the 
Lennard-Jones 12:6 potential and would seem at first 
to indicate a potential bowl of greater width than that 
of the Lennard-Jones 12:6 potential. However, when 
the manner in which the r(0)/r(max) ratio increases 
with increasing S,, is considered, it must be concluded 
that only if the intensity measurements could be 
carried out to infinitely large values of s could an 
r(0)/r(max) ratio be obtained which would be truly 
indicative of the potential bowl width. Since in practice 
it is never possible to measure the i(s) function to very 
large values of s, the r(0)/r(max) ratio must be recog- 
nized as indicating a maximum value for the width of 
the potential bowl with the actual value being somewhat 
less than the ratio indicates. A plot of this ratio as a 
function of termination position indicates that extra- 
polation of i(s) to termination beyond presently 
available experimental limitations would lead to a 
r(0)/r(max) ratio between 0.88 and 0.91. Allowing for 
possible error in this type of analysis, either value is in 
reasonable agreement with the 0.891 value predicted 
by the 12:6 Lennard-Jones function. This tends to 
indicate that, although present results are probably 
good as far as they go, a certain amount of information 
remains beyond the limit of present experimental 


TABLE III. Coordination numbers resulting from 
terminated data. 


Coordination 
number 
12.0 
11.5 
11.0 
10.0 
9.5 
90 
8.5 
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Fic. 4. Radial distributions from terminated data for liquid 


krypton at 7=117°K and P=0.8 atmosphere. 


observation. A second important feature of the series 
of radial distributions from terminated data is the 
change in coordination number as a function of termi- 
nation. The coordination number corresponding to the 
area of the first peak of each of the curves in Fig. 4 is 
given in Table III. Rounded off to the nearest half 
atom, the number decreases from 12 to 8.5 as the 
diffraction data are increased. This also illustrates the 
necessity of careful measurement of the intensity to 
the greatest possible value of (sin@)/A. A third feature 
noted in this series of curves is the change in position 
of the first peak with termination. It appears from this 
that at least part of the peak shift at higher tempera- 
tures mentioned above and shown in Table I may be 
due to the diffraction data having been terminated 
earlier in the higher-temperature patterns. 

It seems apparent that premature termination of 
experimental data can cause invalid conclusions to be 
drawn concerning the interatomic potential, the value 
of the coordination number, and the nearest neighbor 
distance, as well as causing spurious ripples to appear 
on the radial distribution curve. 
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Electromagnetic Interaction of a Beam of Charged Particles with Plasma 
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The plasma-beam instability has been studied by Akhiezer and 
Fainberg under the assumption that @=0, where @ is the angle 
formed by the direction of the beam and the direction of the grow- 
ing wave resulting from the instability. Under these conditions the 
interaction is electrostatic, i.e., the wave is longitudinal. In this 
investigation the above assumption is generalized so as to include 
the case of 60 and the effect of electromagnetic interaction. For 
w~w;, where w; is the Langmuir frequency of the plasma, the 
interaction is electrostatic for all values of 6 and the resulting 
instability which produces a longitudinal wave increases expo- 
nentialiy in accordance with the term exp(3V3w%kv9 cos0/8)! 


I. INTRODUCTION 


HIS investigation deals with the passage of an 
electron beam through plasma and particularly 
with the generalization of the problem formulated by 
Akhiezer and Fainberg.' These authors considered an 
instability resulting from the growth of a >ngitudinal 
wave moving in the same direction as the beam in the 
absence of an externally applied magnetic field. Under 
these conditions the electromagnetic interactions are 
negligible, i.e., the instability is of purely electrostatic 
origin. A somewhat similar approach based on electro- 
static interactions has been used on related problems by 
Haeff,? Pierce,* Bohm and Gross,‘ Sumi,’ and others. 
In our formulation we shall take into account the 
electromagnetic interaction and investigate the behavior 
of any initial disturbance in the presence of such inter- 
action. It will be shown that the electrostatic interaction 
is particularly effective for those frequencies that are in 
the immediate neighborhood of the Langmuir frequency 
of the plasma. The instability that results from this 
interaction is relatively intense. An expression will be 
derived representing the rate of growth of the wave as a 
function of the angle @ between the direction of the wave 
and the direction of the beam. For a frequency range 
below the Langmuir frequency of the plasma the 
instability is less intense. However this frequency range 
is of a particular interest, since it is associated with an 
electromagnetic interaction and gives rise to “growing 
waves” in which the electric field has both a transverse 
and longitudinal component. The growing waves result- 
ing from the electromagnetic interaction are polarized. 
The plasma-beam instability is closely related to the 


* Now at Michigan State University, East Lansing, Michigan. 

1A. I. Akhiezer and Ia. B. Fainberg, Zhur. Eksp. Teoret. Fiz. 
21, 1262 (1951). 

7A. V. Haeff, Phys. Rev. 74, 1532 (1948); A. V. Haeff, Proc. 
Inst. Radio Engrs. 37, 4 (1949). 

*J.R. Pierce, J. Appl. Phys. 20, 1060 (1949). 

*D. Bohm and E. P. Gross, Phys. Rev. 75, 1851, 1864 (1949); 
79, 992 (1950). 

5 Masao Sumi, J. Phys. Soc. Japan 13, 1476 (1958); 14, 653 
(1959). 


(where wo is the Langmuir frequency of the beam). For a frequency 
range below w; the instability is less pronounced. However, this 
instability is significant, since the interaction is electromagnetic 
and the “growing wave’’ resulting from this interaction is charac- 
terized by an electric vector having both transverse and longi- 
tudinal components. In investigating the above instabilities, an 
assumption was made that the density of the incident beam is 
small and the results cover all values of @ except those in the im- 
mediate neighborhood of x/2. For @ in the neighborhood of r/2 the 
assumption is more general and the results apply to any density of 
the beam. 


sporadic radio emissions from the solar corona. These 
have been discussed in the astrophysical literature with 
particular reference to the mechanism described by 
Akhiezer and Fainberg. It should be noted, however, 
that Akhiezer and Fainberg considered a specific case 
of an instability, occuring in the absence of an external 
magnetic field, i.e., the case for which 6=0. Therefore, 
the only type of waves reported by these investigators 
are longitudinal waves. In order to enable these waves 
to propagate in free space, a mechanism for the con- 
version of the longitudinal into transverse oscillations is 
necessary. According to Ginzburg and Zhelezniakov,*® 
this conversion is effected in a homogeneous plasma by 
the interaction of the longitudinal waves with the 
density fluctuation AN of the electronic plasma having 
concentration N. The term expressing the density 
fluctuation has two components, i.e., AV=AN’+AN”. 
The component AN’ designates the fluctuation of V 
caused by the change in plasma density and AN” 
represents the fluctuation in which the ionic concentra- 
tion does not change. The transverse waves produced by 
this mechanism are unpolarized. 

It is noted that some of the solar emissions designated 
as type I bursts are polarized, and other emissions 
designated as type II and III bursts are unpolarized. 
Thus one cannot correlate the type I bursts with the 
mechanism described by Akhiezer and Fainberg, and it 
is assumed that this mechanism is responsible for the 
generation of type II and III bursts only. It is thus 
generally assumed that these latter bursts occur in those 
regions of the solar corona in which the external mag- 
netic field is insignificant. In order to explain the 
occurrence of type I bursts, and particularly their 
polarization, it has been postulated that these bursts are 
produced in those regions of the solar corona in which 
an external magnetic field is present. 

This paper may possibly contribute to a modification 
of this assumption since it is shown that a growing 


®V. L. Ginzburg and V. V. Zhelezniakov, Astron. Zhur. 35, 694 
(1958) ; 36, 233 (1959). 
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polarized electromagnetic wave may occur in those 
regions of solar corona in which an externally applied 
magnetic field is absent or negligible. 


II. GENERAL DISPERSION FORMULA 


Consider an extended uniform medium consisting of 
S beams of charged particles. Each beam is of infinite 
width and is characterized by a uniform density , of 
particles having mass m,, charge e, and velocity V, 
(p=1, 2, ---S). In the absence of a perturbation these 
beams neutralize each other, i.e., }> m,ep»=0. We assume 
that the medium is subjected to a perturbation caused 
by an electromagnetic field 


E’=E exp[i(wi—k-r)]; B’=B exp[i(w!—k-r) }. 


If the perturbation is sufficiently small, the velocity of 
each beam may assume a value V,+V,’, where V,'<V,. 
The electromagnetic field polarizes the medium and the 
total polarization P’ can be expressed as a sum of terms 
P,’=P, exp[i(wi—k-r) ], each of which is associated 
with a corresponding beam p. Neglecting small terms, 
we obtain: 


D*P, | 


1 
B'+-V,XB'|, (1) 
De 4r Cc 
where 
D <@ 
=—+V, grad, w,’= 
Dt at Mp 


2 
4rn yep 


The interaction of the electromagnetic field with the 
beams can be described by Maxwell’s equations as 
follows: 

1 oB’ 
curlE’ = —- —-; (2) 
c At 


divB’=0; (3) 
10E’ 4dr =. 

curlB’ = —- —--—-- }> +curl(P,’V,) | 
c él al 


divE’ = —4x 5°, divP,’. (5) 


We choose rectangular coordinates x, y, z, and k,=k; 
ke=k,=0; Vps=Von=Vpsinby; Vey=Vp2=0; Vos 
=V,,3:=V,cosé,. Then using the expression (1) and 
(2) we obtain: 


Pp k=Kp, kien (k, }=1, 2, 3), 
where 
ee 


aa. 
4rw(w— kV » cos8,) 


w,kv»p sind, 





fan -— eat 
4irw(w—kV , cos6,)? 


Kp,12=Kp,13 =Kp,21=Kp,32 = Kp, 23 = 0; 
2 
Wp 


4r(w—-kV> cos6,)® 





Kp,33 = — 
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Substituting P, as expressed in (6) and (7) in (4) and 
B as expressed in (2) in (4), we obtain the following 
relationship for £;: 
aijEj;=>. p €p.s3li, (8) 
where 
_ ck, Ww: 


1; > dee 


Q12> 213 = 221 = d23 = 


wy wk’ V,? sin’é, 
Sp, 14° fe : ae 
w? w*(w—kV >» cosd,y)? 





wpkV » sind, 


21 
? 


Wwlw- kV, cos6,)? 


wp 
€p,33 = 1——— ; 
(w—kV, cos6,)” 


€12 = €21 = €23 = €32=0. 
The relationship (8) is satisfied if 


aij;—>. == (), 


aap €p,i 


(11) 


The expression (11) represents the dispersion relation. 


III. PASSAGE OF A BEAM THROUGH A 
HIGH-TEMPERATURE PLASMA 


We shall apply the expression (11) to a medium com- 
prising an electron beam having velocity V= vo, density 
no, and passing through a plasma having density m, and 
characterized by a Maxwellian velocity distribution 


3 } 
3 

(V)=m( ) exp(—3s?/2V?), 
2rs* 


where s is the mean thermal velocity. We shall designate 
by 6 the angle formed by 2 and the ¢ axis. 

We assume that both the beam and the plasma are 
charge equilibrated, i.e., the electrons are compensated 
by a positive charge that is continuously distributed 
throughout the space. The velocity distribution f(V) 
represents a limiting case of an assembly of discrete 
beams. In order to form the assembly we divide the 
velocity space into equal volume elements AV;. A 
vector V; connecting the origin of coordinates to any 
point within the cell AV; represents the velocity of an 
electron beam having density f(V;)AV,, and the density 
of the entire assembly is mo=>_- f(Vi)AV;:. The con- 
tinuous distribution represents a limit as each volume 
element AV; tends to zero. 

The dispersion relation for the medium is represented 


(12) 


as 


a;;—K;;| =0, (13) 
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where 


2k? v9? sin?d 


w* (w— kro cosé)* 


— 4rk; ° 


wo" 
—4rK); 
(1— kv, cosé)? (14) 
wer kvo sin@ 
K,3= Ky = ———— ’ 
w(w— kvy cosé)? 


Ky.= Kn = Ka=Kn=0; 


wo= (4anoe?/m)$; w= (4arnje2/m)}. 


In the above expressions the terms x; and x; are 
defined as follows: 


Kt= 


wy) f(V)dV 


4rw Jp w—kV 


wy t(V)dV 
= f _ ’ 
4d Jy (w—kV)? 


We shall consider an initial value problem in which 
the perturbation applied to the medium at /=0 is 
expressed as a function of space coordinates. The corre- 
sponding oscillations of the electromagnetic field are 
defined by the expression (13) in which & is real and w 
may be complex. Since the wave motion is of the type 
exp[i(w!—kr)], we would obtain a wave having an 
amplitude increasing with time if Im(w)<0. We are 
primarily interested in ascertaining whether or not the 
medium is unstable against small perturbations. There- 
fore, our problem consists in determining the sign of 
Im(w). In the expressions (15) and (16) the contour of 
integration I is along the entire real axis from — © to 
+, unless the pole of the integrand has a nonpositive 
imaginary part in which case [ dips down below the 
pole. Assuming ksw and using an asymptotic series 
expansion, we can represent the expressions (15) and 
(16) as follows! : 


(16) 


1 tw wr(ks)? 3w(Rs)* 15,?(Rs)4 
ig= 7 + + -+- 
4dr w 34 Zw! 33u8 
V3r 
+-—< 1 exp ( — 34” 2k*s?) : 
v2 


(17) 


1 {wr wi?(ks)?  5w;*(ks)! 3V3e' wrw 
Kg==—} —+——__+—_ +:+-+——+4 


dr | aw w* 3w! y 


_—4——_ 


353 
Xexp(— 3w? 24) (18) 


It is noted that the dispersion relation (13) can be 
represented in the form of two independent equations 


AND: 2. 


DOYLE 


as follows: 


(d22.— K22)E,=0; 
— Ki; 
—K 33 


(19) 
an—Ky 


(20) 
— Kz 

The expression (19) represents a purely transverse 
wave in which the electric vector is perpendicular to k 
and vo. The form of this expression is independent of vo 
and, therefore, the propagation of this wave is not 
influenced by the motion of the electron beam. There is 
no instability since this wave is characterized by a small 
attenuation that is inherent in the propagation of a 
transverse wave in a plasma.’ 

The expression (20) represents a wave in which the 
electrical vector has a transverse component /, and a 
longitudinal component /,. For @=0, i.e., when the 
wave is propagated along the direction of the beam, 
these two components are separated in the form of the 
following two waves: 


Ck wet 
(— ~~ tras) E, 0; 


Wo" 
(- —tns JE, (). 
(w— kv9)? 


Equation (21) represents a purely transverse wave 
similar to the one denoted by (19). Equation (22) 
represents a purely longitudinal wave that has been 
found by Akhiezer and Fainberg to be unstable against 
a small perturbation. 

We shall investigate a more general case in which the 
direction of the propagation of the wave is inclined with 
respect to the velocity of the beam, i.e., 640. More 
specifically, we shall determine the possible occurrence 
and the nature of the instability for this more general 
case and shall examine the dependence between the rate 
of growth of this instability and the angle @. 

Our investigation will be directed to the dispersion 
form (20). We shall first consider the passage of the 
beam through a cold plasma and subsequently consider 
the effect of the temperature. 


(22) 


IV. INSTABILITY FOR ZERO TEMPERATURE 


Assuming s=0, the dispersion relation (20) can be 
expressed in the form 


F (w,0) = (w’—we— w— 7?) (w? — w1”) (w— v9 cosd)? 


—_ (w*— wo wy" meets k? wow 


—wy"k?0¢? sin?@(w?—w);?)=0. (23) 
The expression (23) represents a relationship between 
the frequency w and the wave number & of an electro- 
magnetic wave for which the wave vector k is in- 


7 See for instance: B. N. Gershman, Zhur. Eksp. Teoret. Fiz. 


24, 453 (1953). 
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clined at angle @ with respect to the velocity vo of the 
beam. Our problem consists in ascertaining whether the 
waves propagated in the medium are of a “growing”’ or 
“decaying” type. This can be determined by solving 
(23) with respect to w for real values of k. 

We shall consider the behavior of the medium for a 
beam of very low intensity, i.e., when wo“. If wo=0, 
Eq. (23) describes three types of oscillations as follows: 
(A) woo=wr+CR, (B) weo=0=w, and (C) wuo=0 
= kv) cos@. For smali values of wo these solutions may be 
expressed in the form w= wuo=0+a, where |a|Kwao=0=0. 
The term a shall be designated as the “frequency 
increment.” This term is of particular interest since the 
stability of the medium depends upon the character of 
a. Thus if Im(a) <0, the solutions are unstable and the 
magnitude of Im(qa) indicates the rate of growth of the 
wave that results from the instability. 

For small values of wo the solutions of the type (A) 
and (B) do not give rise to any instability. Our par- 
ticular attention will be devoted to the solution of the 
type (C), which is expressed as 


w= kvy cosd-+a, (24) 
where 


|a|<kv cosé. (25) 


The term kv cos@ shall be designated as the “charac- 
teristic frequency”’ of the beam. 

In investigating the dispersion relation (23) we shall 
differentiate between a ‘weak interaction” and a 
“strong interaction.” The nature of the interaction 
depends upon the magnitude of the term 


L=lim (w9/!a)). 
wo 


For a strong interaction we have L=0, and the rate of 
growth of the instability as expressed by a is, by an 
order of magnitude, higher than in the case of a weak 
interaction for which 10. 


Strong Interaction 


If we neglect terms involving wo'/a‘, Eq. (23) repre- 
sents two waves: a transverse wave having the form 
(@4,3—Ky,)E,=0 which is stable, and a longitudinal 
wave expressed as 


(26) 


The behavior of the longitudinal wave (26) is 
particularly significant when the characteristic fre- 
quency of the beam is equal to the Langmuir frequency 
of the plasma, i.e., when 

kv COSO=w}. (27) 


The frequency of the wave is then determined by the 
expressions (24), (25) and (27). Substituting these 
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expressions in (26) and neglecting small terms, we obtain 

a —_ Swrorht 0 cosé 0, (28) 
and consequently 


wo"kvo cos@ t _— 1-iv3 
ti 
y ? 


~ 


(29) 


Therefore, the wave grows exponentially in accordance 
with the term exp[ (3V3w¢?kv9 cos@/8) 4]. 

Note that a=O(wo!), from which it is evident that 
L=0 is in agreement with our assumption. 


Weak Interaction 


For the case of a weak interaction the separation into 
transverse and longitudinal waves is not possible. The 
instability is described by Eq. (23) and gives rise to 
growing electromagnetic waves in which the electric 
vector has a component paralle! to k. Substituting (24) 
in (23), taking into account the inequality (25) and an 
additional inequality 


2 a | ku 0 cosé< “@ i. (30) 
we obtain 
k?v,? cos*@— c?k? cos?@—w}? 


me —__—_—_———. (31) 


9 21%, 9 
ae = wh? v6" 3 


(Rv? cos*6— c?k? —w;") (R?v9? cos?@—w”) 


The numerator in this expression and the first factor 
in the denominator are negative. Therefore, the 
occurrence of an instability depends on the sign of the 
term (kv? cos*?@—w,"). We have an instability if the 
characteristic frequency is below the Langmuir fre- 
quency of the stationary plasma, i.e., if 

kvp COSA <a}. (32) 


a 


The inequality (32) is a necessary but not sufficient 
condition for an instability. Additional restrictions as 
expressed by (25) and (30) have to be imposed. Further- 
more 10 and, consequently, a=O(w»). 

It is noted that the value of the characteristic fre- 
quency given by (27) is not included in the region of 
weak interaction, since, by substituting (27) in (31), we 
obtain a= © and the formula (31) is not applicable. As 
shown by (32), the characteristic frequencies at which 
the weak interaction is effective have an upper bound. 


Variation of the Rate of Growth 
with the Angle 6 


We shall now summarize some of our results, pointing 
out the regions of applicability and the significance of 
the frequency decrement a as expressed by (29) 
and (31). ' 

We considered two frequency ranges: a relatively 
high-frequency range in the neighborhood of « for 
which the rate of growth of the instability is relatively 
large (“strong interaction”), and a lower frequency 
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range below w, for which the rate of growth of the 
instability is smaller. These frequency ranges shall be 
designated as (a) and (6), respectively. 

For the frequency range (a), the wave that results 
from the instability is purely longitudinal and its 
frequency decrement is expressed by (29). The rate of 
growth of the wave depends upon the angle @, i.e., it 
decreases when @ increases from 0 to r/2. The electro- 
magnetic interactions do not influence the behavior of 
the wave. 

For the frequency range (0), the instability is caused 
by an interaction of the electromagnetic field with the 
plasma-beam system. The wave resulting from this 
instability is significant since the electric vector has 
both longitudinal and transverse components. The rate 
of growth of this wave decreases when @ increases from 
0 to x/2. This can be shown by differentiating (31) with 
respect to @. We obtain d(a’)/d@>0 for w~kv9 cos6 <u, 
and since a? is negative in this range, the term |a| 
decreases with the increase of 0. 

If we take a finite but small value of wo and assume 
that @—> 2/2, the expression (31) becomes inapplicable. 
We shall now remove the restriction that w<“w; and 
show that under these more general conditions there is 
an instability for @=2/2 and for @~7/2. 

For 6=2/2, the dispersion equation (23) contains 
only even powers of w. Therefore, this equation can be 
expressed as F(w,r/2)=G(w*)=0. Substituting in (23) 
«w*=0; and w= —w,’, we obtain 


G(0) = worw 097k? > 
G(—wo?) = — (2we?+w1*) { [wot two? we +k? +’) ] 


os wo'ng?k?} — wk? 0". 


(33) 


(34) 


It is apparent that G(0)>0 and G(—w¢*) <0. Con- 
sequently G(w*) has a negative root between w*=0 and 
w*=—w for all values of k>0. Thus the equation 
F (w,x/2)=0 has a root that is purely imaginary and, 
therefore, there is an instability. This instability, which 
corresponds to @=2/2, is related to the instabilities 
occurring in media having certain anisotropic velocity 
distributions discussed by Weibel,® Fried,® and Harris." 

It.can be shown that when @ differs from x/2 by a 
small amount, there appears a real component in the 
expression for w (in addition to the imaginary compo- 
nent already present when 0=2/2). In order to show 
this, one writes the expression F(w,6) so that the even 
and odd powers of w are separated and finds that 
the assumption: “‘w is pure imaginary” leads to a con- 


tradiction. 


8 E. S. Weibel, Phys. Rev. Letters 2, 83 (1959). 

9B. Fried, Phys. Fluids 2, 337 (1959). 

 E. G. Harris, paper presented at the International Plasma 
Physics Institute, Seattle, Washington, August 31-September 5, 
1959 (unpublished). 
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V. TEMPERATURE EFFECTS 


Assuming s#0, the dispersion equation can be 
represented in the following form: 


wo 
(:-=- 
2 2. p2 52 


(1 wo w)? m ) 
_-——_—_—_—_——_—_-—_ — id, 
(w—kvg cosé)? w*?— ks? 


wotk?v_? sin?@ 
+———_—_—_——-=0, (35) 
w*(w— Rvp cosé)4 


3w7? 


wo"k?v9? sin?6 


Ck 
w*(w— kv cosé)? a” 


v3 w ( 
6, =—— — exp(— 3w?/2k?s?) ; 
v2 ksw 


3rV3 ww 
6, =—— —— exp(— 3w*/2k’s?). 


v2 Rs? 


(36) 


(37) 


The expression (35) is derived from (20) using (14), 
(17), and (18). Following the procedure used by 
Akhiezer and Fainberg, we have neglected in the 
development (17) and (18) the effect of terms of the 
order (ks/w)*. The following expression for a’ is obtained 


from (35): 


oe =s A B, 
where 


A=a¢* (ck? +wo?— k?0¢") 


3w3? 
+ we? h?v¢? cost — — i) 
3kv9? cos?@— k?s? 


wr? 
+a? h?0¢? sinta( — a its) . 
kv? cos*@— k*s? 
B=—-Ck?—w?— k*0¢7 cos? 


3w 7" 
— k’v¢? cos*6| ——— ————i6, 
3k*v¢? cos?@— k?s? 


wy? 
x(1-— " _— its) 
R’v¢? cos*6— k’s? 
wr? 
+ (2k? +a ?— k?0,2 cos')( "5 . a is). 
k?0,? cos? 


If we assume that 6,=6,=0, then the expressions 
(35) and (38) will be based on the hydrodynamical 
representation of the medium. If s is sufficiently small, 
the hydrodynamical representation does not introduce 
any substantial modification in the frequency range for 
which an instability sets in. 
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Eigenvalues of Density Matrices* 
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For a system of WN identical particles in a pure bound state, the density matrices of positive orders p 
and N—> have the same nonzero eigenvalues with the same multiplicities. If the number of nonzero eigen- 
values is finite, these density matrices are unitarily equivalent. 


ENSITY matrices (sometimes specifically called 
generalized! or reduced* density matrices) are of 
interest in describing many-particle systems because 
many important properties of the system can be 
calculated from knowledge of a low-order density 
matrix, without reference to the complete wave function 
of the system. For example, the energy of a system of 
particles interacting through two-body forces is com- 
pletely determined by the second-order density matrix. 
The density matrix of order p for a system of NV 
identical particles in a pure state with wave function 
¥(x1:+-xy) is defined by 


N 
Dy (xyes Xp ey: 7)=( ) Jvc **XpVoti" + YN) 
p 


KY* (ars xp Vper Vw )dypyi' dyn. (1) 
The wave function is assumed to be normalized to 
unity. The variable x; stands for the space and spin 
coordinates of a single particle; the particles may be 
either fermions or bosons. Letting a single symbol x 
represent the p variables x,---x, and y represent the 
N—p variables ypi1-°--yw, we rewrite the definition 
(1) in the briefer form 


N 
r(a’)=( ) fvecorvec'rgy (1a) 
p 


A density matrix of order p>0O may be regarded as 
the kernel of a linear integral operator I’, in the Hilbert 
space $, of square integrable functions f of 
variables : 


lf (x) = [rox se yaw, 


We shall now prove that the density operators [', and 
I'y_p have the same nonzero eigenvalues with the 
same multiplicities. 

It is easily verified that the scalar product (/,P'p/) is 
non-negative for every element f and that the trace of 


* This work was performed in the Ames Laboratory of the 
U. S. Atomic Energy Commission. 

1 P. O. Léwdin, Phys. Rev. 97, 1474 (1955). 

2R. McWeeny, Revs. Modern Phys. 32, 335 (1960). 


the density operator is finite: 


N 
it, - fav Po(ae) ( ). 
p 


Hence the density operator is a non-negative Hermitian 
operator with finite trace; such an operator has a 
purely discrete spectrum and its eigenfunctions include 
a complete orthonormal set.’ The elements of this set 
will be denoted by g,(x) (r=1, 2, ---) and the corre- 
sponding eigenvalues by \,; we shall omit an additional 
index p indicating the order of the density operator. 
The density matrix then has an eigenfunction expansion 
corresponding to the spectral resolution of I’,: 


rp (x,2")=>> Agr (x) g,*(x’). (3) 


Because of the completeness of the g’s, the wave 
function of the system can also be expanded in the form 


N\-} 
¥ (x,y) ( ) Dr gr(x)h,(y) ; (4) 
p 


to each g, we have thus associated a function h, of 
N—>p variables defined by 


N\3 
h,(y)= ( ) fo gr* (x) (x,y). (5) 
p 


We shall now show that the different functions A, 
are orthogonal: 


N 
(ho) =( \ fe fav’ gr(x’ )W*(x'y) 
p * 


x fas gs" (x)y(x,y) 


= [ fesae gs*(x)T',(x,x’)g,(x’) 
=. f ax ge*(x)g,(x) 


=rbrs. (6) 

3J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, New Jersey, 
1955), pp. 188-191. 
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This result implies also that 4,(y) vanishes identically 
for \,=0; only those g’s that correspond to positive 
eigenvalues of I’, appear in the expansion (4) of the 
wave function. The /’s that do not vanish are con- 
veniently replaced by normalized functions 


- 


G.(y)=A,h, (vy) (Ar> 0). (7) 


The expression (4) for the wave function now becomes 


N 
veas>( 
p 


Because the g’s are orthonormal, the density matrix of 
order N—>? can be written as 


N 
[wy v(¥,¥’) a ( ) fas ¥(x,y)¥*(x,y’) 
p 


=T,,G,(y)G*(y’). (8) 


(4a) 


4 
) d+ Arige(x)G,(y). 


This equation exhibits the spectral resolution of I'y_,: 
the G’s are eigenfunctions of 'y_, and its spectrum of 
nonzero eigenvalues is identical with that of Tp. 

In the preceding proof we have never had to ask how 
often zero occurs as an eigenvalue of either density 
operator. However, the answer is important in the 
discussion of two further questions: whether there is 
a unitary equivalence between the two density oper- 
ators, as suggested by the equality of their positive 
eigenvalues; and, if there is, whether it can be proved 
by a method of polar decomposition. In both instances 
we try to define a unitary mapping of Hy_, on H, by 
establishing a one-to-one correspondence in which each 
eigenfunction G, of !'y_, corresponds to an eigenfunc- 
tion g, of I’, having the same eigenvalue. This proce- 
dure appears to be straightforward provided that only a 
finite number of positive eigenvalues occur. If there are 
an infinite number of positive eigenvalues—and ex- 
amples can easily be constructed in which this is the 
case—there seems to be no guarantee that one can 
establish a one-to-one correspondence between the two 
subsets of eigenfunctions belonging to the eigenvalue 
zero, There need be no relation between their cardinal 
numbers, so far as we have been able to discover; it 
may even happen that an infinite number of G’s and 
no g’s at all belong to the eigenvalue zero. We shall now 
investigate further the special case of a finite number 
of positive eigenvalues, with the understanding that 
the results are not generally valid. 

We assume that A, is positive for r=1, 2, ---, m and 
zero for r>m. The functions Gi, Go, ---, Gm defined by 
Eqs. (5) and (7) are then the only eigenfunctions of 
I'y_» with positive eigenvalues (aside from their linear 
combinations in case of degeneracy). However, 'y_, 
has a complete orthonormal set of eigenfunctions in 
y-», and those with zero eigenvalue may be selected 
in any order and denoted by Gmii, Gmy2, +++. The 
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correspondence! 


G,= g-=SG, (r=1, 2, ---) 


’ 


then defines a unitary mapping S of Hy_» on Hy. The 
mapping and its inverse may be represented by integral 
operators with the kernels 


S(x,y) =>, gr(x)G,*(y), 
S(y,x) =>0, G-(y)g-* (x). 


From Eqs. (3) and (8) we then obtain 


I y- e=5 TS. (10) 


Alternatively one may regard the wave function 
y(x,y) as the kernel of an integral operator WV, that 
maps Hy_p on H,. It is convenient first to define a 
unitary operator T by 


g-=TG,*, (r=1,2,-:: 


(x)= f T(e9)G."(O)dy, 


T (x,y) =>. gr(x)G,(y). 


We shall need also the transposed density operator 
['y_», defined by 


Py_pF(y) Jr oy WF (y’)dy’. (12) 


By use of Eqs. (3), (4a), and (8), we then obtain the 
(nonunique) polar decompositions 


v-(\) 1 


Since 'y_, is Hermitian, it is unitarily equivalent to 
its transpose and thus, once again, to I’,.° 

One might hope to relate the eigenvalues of density 
matrices of different orders by a quite different method, 
using the formalism of annihilation and creation oper- 


4 The g’s (and likewise the G’s) are countable because they form 
an orthonormal set in a Hilbert space of square-integrable func- 
tions of the particle coordinates. Such a space is separable and 
has a dimensionality that is denumerably infinite. 

5 We are indebted to Professor Klaus Ruedenberg for suggesting 
the polar decomposition as an alternative way of establishing the 
unitary equivalence. We have not been able to prove the existence 
of a polar decomposition of Y, without essentially reproducing 
the steps that were used above to arrive at Eq. (8). It should be 
noted in this connection that T', does not have an inverse. 
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ators. If ai, de, are the annihilation operators 
corresponding to a complete orthonormal set of one- 
particle states, density operators of successively lower 
orders can be obtained from 


r',= (N—p) ' >: aT p+y14,'. 


It is easy to verify that this relation is independent of 
the choice of basis, but not so easy to obtain useful 
information from it. 

As one consequence of the theorem proved earlier 
in this paper, suppose one has a given function 
K (%1,%2,%1',%2'). A necessary condition for K to be a 
second-order density matrix for a 3-particle system is 
that the first-order density matrix obtained from K 
have the same positive eigenvalues as K itself. From 
the eigenfunctions, possible wave functions for the 
system could be constructed according to Eq. (4a). 
Likewise, knowledge of the eigenvalues of the second- 


(15) 
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order density matrix of a 4-particle system gives 
extensive information about the wave function. In the 
latter case, for example, if the positive eigenvalues were 
nondegenerate, the wave function would necessarily be 
of the form 


y=6 ty Arcrgr(1,2)¢-(3,4), 


where the coefficients c, have modulus unity. In the 
other extreme, where the density operator has six 
eigenfunctions with eigenvalue 1 and all other eigen- 
values are zero, the wave function would be 


y =6 , ae 8 CroQr(1,2)¢6(3,4), 


where the c’s form a unitary matrix. The extra coeffi- 
cients ¢ appear in these last expressions because, 
without knowledge of the wave function, the functions 
G, are indeterminate by a phase factor and, in the case 
of degenerate eigenvalues, by a unitary transformation. 
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Nonlinear Interaction of an Electromagnetic Wave with a Plasma Layer in the 
Presence of a Static Magnetic Field. I. Theory of Harmonic Generation* 
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BARRETT 


Palo Alto Laboratories, General Telephone and Electronics Laboratories, Pale Alto, California 
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The theory of electromagnetic wave propagation through an anisotropic ionized layer, including the 
effects of the nonlinear terms in the Boltzmann transport equation, is presented. The method of solution of 
the nonlinear equations involves an expansion of all of the dependent variables in a Fourier series in time. 
The differential equations describing wave propagation are then solved, for each frequency in the series, for 
plane wave propagation, including all of the reflections within the plasma layer. A solution in closed form has 
been obtained, under small signal conditions, for the field at the Ath harmonic in the Fourier series. A 
discussion of the properties of the wave at the second harmonic frequency as a function of the dc magnetic 
field strength, the electron density, the eiectron-neutral particle collision frequency, the field strength of the 
incident wave, and the thickness of the plasma layer is given 


1. INTRODUCTION 


HE propagation characteristics of an electromag- 
netic wave in the presence of an ionized medium 
have been discussed by Schliiter,'* Bailey,*~® Spitzer,*® 
Brown,’ and many others.® These discussions are based 
upon a set of equations which includes Maxwell’s equa- 
tions and the dynamical equations for an ionized gas. 
* This research was supported in part by the U. S. Air Force 
‘ambridge Research Laboratories. 
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Fliigge 


The dynamical equations are obtained, at least im- 
plicitly, from the Boltzmann equation, and they are 
inherently nonlinear equations. However, the usual pro- 
cedure is to linearize these equations since a general 
method for obtaining solutions to the nonlinear equa- 
tions is not available. It is the purpose of this paper to 
discuss the effects of the nonlinear terms in the equa- 
tions on electromagnetic wave propagation phenomena. 

Relatively little has been reported on solutions to 
these equations when the nonlinear terms are included. 
Ginsburg’ has discussed the mixing of two electromag- 
netic waves when one of the waves, at frequency wi, 
causes an electron density gradient which varies at the 
w; rate. The interaction of this electron density variation 
with a second electromagnetic wave, at frequency we, is 


®V. L. Ginzburg, J. Exptl. Theoret. Phys. U.S.S.R. 35, 1573 
(1958) (translation: Soviet Phys.—JETP 35(8), 1100 (1959) ]. 
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then discussed. Huxley and Ratcliffe’ have discussed 
the case of cross-modulation, the so-called Luxemburg 
effect. This occurs when the modulation on a strong 
electromagnetic wave produces a variation in the elec- 
tron-neutral particle collision frequency, because of its 
electron temperature dependence, at the modulation 
rate. This modulation is then transferred to a second 
signal which is traversing the same part of the medium. 
These papers’ discuss the interaction of a strong 
signal and a weak signal with a plasma when the strong 
signal produces a variation in one of the plasma parame- 
ters. Although such phenomena are related, in a certain 
sense, to the nonlinear nature of an ionized gas, in effect 
these discussions relate to the interaction of an electro- 
magnetic wave with a plasma in which one of the plasma 
parameters varies as a function of time. 

Sturrock" has given a general approach to the effects 
of nonlinearities on electron plasma oscillations in the 
absence of collisions. Dawson” has discussed several 
special cases for a similar situation. However, a hydro- 
dynamical approach is employed in these two papers 
and they are, therefore, restricted to low-frequency 
phenomena. 

It is the purpose of this paper to discuss the nonlinear 
interaction of an electromagnetic wave incident on a 
layer of ionized gas in the presence of a dc magnetic 
field. The ionized medium is assumed to be of finite 
thickness in the direction of propagation of the wave 
and infinite in extent in the other directions. It is as- 
sumed that the ordered motion of the plasma caused by 
the electromagnetic forces predominates over the ran- 
dom motion caused by thermal and pressure effects and, 
therefore, these terms in the equations are neglected in 
the following development. However, the effects of 
electron-neutral particle collisions are included in the 
theory. An iteration technique is employed in order to 
solve the nonlinear equations, and this scheme restricts 
the validity of the solutions to the case of small ampli- 
tude signals. A solution, in closed form, is found for the 
second harmonic power generated within an ionized 
medium because of the nonlinear interaction of the 
wave and the plasma. 

In subsequent reports on this work, we will discuss the 
experimental verification of the theoretical predictions. 
In addition, a measure of the range of validity of the 
small signal theory, in terms of the magnitude of the 
incident power, will be given. The equations describing 
the propagation of the incident wave will be reiterated 
to obtain the effects of the nonlinear terms on propa- 
gation at the fundamental frequency. We will also 
discuss effects introduced when the incident wave pro- 
duces ionization within the plasma layer. 


1. G. H. Huxley and J. A. Ratcliffe, Proc. Inst. Elect. Eng. 
96.3, 433 (1949). 

1 P, A. Sturrock, Proc. Roy. Soc. (London) A242, 277 (1957). 

12 J. M. Dawson, Phys. Rev. 113, 383 (1959). 
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2. AN OUTLINE OF THE THEORY 


The theoretical model to be discussed is assumed to 
have the following properties: 


(a) The plasma is electrically neutral in the absence 
of the externally imposed electromagnetic wave. 

(b) The electron density is uniform in the absence of 
the externally imposed electromagnetic wave. 

(c) All inelastic collisions between the plasma con- 
stituents are neglected. 

(d) Only elastic collisions between electrons and 
neutral particles are included, and these are assumed to 
be represented by a constant, v, which is independent of 
the electron velocity. 

(e) Thermal gradients are neglected. 

(f) Pressure gradients are neglected. 

(g) The positive ion current is neglected. 

(h) The plasma has a finite thickness, d, in the direc- 
tion of propagation and is infinite in the other directions. 

(i) The externally imposed electromagnetic wave is a 
plane wave propagating normal to the plasma surface. 

(j) The externally imposed dc magnetic field is as- 
sumed to be uniform throughout the extent of the 
plasma. 


Assumptions (a), (e), (f), (g), and (j) are generally 
accepted as providing a reasonable model of an ionized 
gas under steady state conditions. Assumptions (c) and 
(d) are good approximations in the case of He gas when 
the electron temperature is above two electron volts, 
particularly in the case of propagation of a weak electro- 
magnetic wave. Assumptions (b), (h), and (i) are not 
usually satisfied in a practical situation. However, these 
conditions can be approached experimentally" and have 
been reasonably approximated in the experimental ar- 
rangement to be discussed in a subsequent report. 

The following set of equations will be used to describe 
the interaction of an electromagnetic wave with an 
anisotropic ionized medium under the above set of 
assumptions : 


VXE=—0B/2t, 

VX H= 0D/di+ env, 
On/dt+V-nv=0; 

dv/dt+ (v-V)v= (e/m)(E+vXB)—vv; (4) 


V-B=0; (1) 
V-D=e(n—njo); 


and D=«E and B=,H, where E and H represent the 
electric and magnetic field intensity vectors, respec- 
tively ; €9 is the dielectric constant of free space ; zo is the 
permeability of free space; m is the electron density; no 
is the steady-state ion concentration; v is the electron 
velocity vector; e is the charge of an electron and is 
negative; m is the mass of an electron; and » is the 
electron-neutral particle collision frequency. Mks units 
are used throughout this discussion. Equations (1) and 


_ J. Kannelaud and R. Whitmer, J. Appl. Phys. (to be pub- 
lished). 
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(2) are Maxwell’s equations, Eq. (3) expresses the 
conservation of the number of electrons, and Eq. (4) 
expresses the conservation of momentum of the elec- 
trons. Equations (3) and (4) can be obtained® by taking 
the first and second velocity moments of the Boltzmann 
equation if it is assumed that the collision integral is 
independent of the electron velocity. It can be seen from 
Eqs. (2), (3), and (4) that the terms nv, (v-V)v, and 
vB are quadratic with respect to the physical vari- 
ables, and these are the nonlinear terms which will be 
taken into account by the present theory. 

Since a method of obtaining a general solution to a set 
of equations such as Eqs. (1) through (4) is not avail- 
able, a perturbation technique for obtaining an ap- 
proximate solution will be employed. It will be assumed 
that each of the variables E, B, m, and v can be expanded 
in a Fourier series of the form 


£(r,)=fo+ ¥ falre#", (5) 
h=1 


where the incident wave is assumed to be at frequency 
w and £>f,>--->>f, and fp is a constant. This as- 
sumption is justified when the incident wave is of suffi- 
ciently low amplitude so that the nonlinear terms are of 
second order importance. The procedure then will be to 
write Eqs. (1)—(4) in terms of the series representations 
of the dependent variables given in Eq. (5). The non- 
linear terms will be written as products of the appro- 
priate series. Then, in each equation, terms multiplied 
by the same power of e~‘*“‘ will be equated. This will 
result in a set of equations, similar to Eqs. (1)—(4), for 
each power of e~‘**, Within each of these sets of equa- 
tions any term which involves a dependent variable 
with a subscript which is higher than the power of e~**' 
for that particular set of equations will be neglected. 
For example, in the set of equations for the e~**“* power 
there may be terms of the form fofs, fif;, f:*f3, etc., where 
the asterisk indicates the complex conjugate. All terms 
involving f; or higher will be neglected since it is as- 
sumed that i<<f.<fi. 

The next step will be to solve the individual sets of 
equations. Each set of equations consists of four equa- 
tions in four unknowns and, therefore, each set can be 
reduced to one equation in one unknown. For example, 
the single equation for the e~**“‘ set will appear as 


L(f,) on G(fif. ), 


where L is a differential operator. Such an equation will 
be treated as an inhomogeneous equation in which the 
right-hand side is a known function which has been 
determined from solutions to the lower order equations. 
This equation can be solved directly. In addition, the 
equations can be reiterated at any step to provide 
successively more accurate approximations to the solu- 
tions obtained up to that point. A discussion of this will 
appear in a subsequent report. 
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3. THE GENERAL EQUATIONS 


If the series form for the dependent variables in Eq. 
(5) is substituted into Eqs. (1)—(4), these equations can 
be combined to form a single equation for E,, the 
electric field for the #th harmonic, in terms of lower 
order quantities. This equation is 


[v—ihw+ (vo: V)—a@-X | 
x [Vx Vx E,+ (ithw/c)E,— (thw/c*) (V- E,)vo ] 
— (ihw/c?)w PE,— (w,?/c)voX (VXE.)=Gi, (6) 


where 


@.= — (e/m)Bo, w,?=noe*/meo, (7) 


and G,, is of the form 


h—-1 
G,=}(1—5m) D ADi. 


a= 


+4X (AsD.*+A"Din), (8) 


ah 


where A and D represent typical variables such as v, B, 
or n, and 5,1 equals zero for 41 and one for h=1. The 
factor “one-half” enters since when a term such as 
“vy XB” is written in Eq. (4) the implied meaning is 
“RevxXReB.” Because of the iteration procedure 
adopted here, in which it is assumed that each succeeding 
term in the series of Eq. (5) is much smaller than the 
preceding term, all terms of order greater than h will be 
dropped in Eq. (8). This simply implies that these 
terms are assumed to be of second-order importance 
when compared with the remaining terms. Equation (6) 
then reduces to 


[v—iho+(vo-V)—weX] 
<([VXVX E+ (ihw/c)*E,—(ihw/c*)(V- Ex)vo ] 
~ (theo) c2)eo 42 En— (w 32/e2)voX (VX Es) 
taxa »* (1-81) 


2c? 


x E {(v.XBus)— (m/e)(ve-W)vi-w 


s=l 
+ (m/eno)[v—ihwt (vo: V)—weX |nVa-s}; 


and this equation, with the appropriate boundary con- 

ditions at the surfaces of the layer, is to be solved. 
The method for obtaining plane wave solutions to 

Eq. (9) is straightforward. Setting h=1 and assuming 


E, « eté-:, (10) 


where k, is the propagation vector of the wave at fre- 
quency w, the right-hand side of Eq. (9) reduces to zero. 
The equation for E, is linear and homogeneous, and the 
solution for the jth component of E; is 


E,;= Ei ;*e***""*, 


(11) 


J=%, ¥, 3, 
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where the &,; are well known" and the £,;* are de- 
termined by the boundary conditions. Setting 4=2 
yields an inhomogeneous equation in which the right- 
hand side can be determined from the solution for E. 
The E>; are then given by 


E2;« (E2.+*) ;e+ ike -rt (E,,*) e+ ?*""', (12) 


where the E,,+ are the complementary solutions and the 
E,,* are the particular solutions to the inhomogeneous 
equation and k, is the propagation vector of the wave at 
frequency 2w. The E,,* are completely determined 
from E;, and the E,.* can be determined from the 
boundary conditions. By induction the general solution 


to Eq. (9) can then be written as 


E,= (En-)et™ +> m(Enp*)m [[, ettom?, (13) 
where the partitions of # should be arranged in an 
arbitrary order and so numbered.‘ m then indicates the 
number of a particular partition and the sum is taken 
over all the partitions of /. g signifies all the integers in 
a particular partition and the k, should be taken with all 
+ combinations. The E,.* are the complementary 
solutions and the E,,* are the particular solutions to 
Eq. (9), and k, is the propagation constant obtained 
from the solution to the homogeneous equation for E,. 

In order to simplify, somewhat, the calculations to 
follow, two additional assumptions will be made. First, 
it will be assumed that vp=0. Since it can be shown that 
Vo enters into the equations in such a manner that Vo is 
compared with c, this assumption is easily satisfied in 
most experimental arrangements. Secondly, the follow- 
ing discussion will be restricted to the case of propaga- 
tion in the x direction where the uniform dc magnetic 
field is assumed to be in the z direction. This case has 
been chosen because of the ease in which it can be 
realized experimentally. In this situation it is known" 
that 


E,= (40.21 2+ +E 3 Je= tkizz + ZoE1.+e+ wre, (14) 


where k;, is independent of the dc magnetic field and 


E, 4 y1E1,*, (15) 
where 
w| 2k 2—w? | 

= — : (16) 
wl vw+i(w?—w*) | 
Later in the discussion it will be shown that the effects 
of the nonlinear terms are predominant in the region 
w=w,. Since the z component of the incident field does 
not depend upon By, and £, never enters into the 
equations in such a way as to be multiplied by Bo, the z 
component can only affect the harmonics as a second 
order effect. Consequently, it will be assumed thatE,=0 
because of the simplification in the resulting equations. 
Hereafter, k:, will be written &;. (These conclusions 


44R, F. Whitmer, Microwave J. 2, 3, 47 (1959). 
15 E.g., the partitions of 4 are (1,3); (1,1,2); (1,1,1,1); (2,2). 
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concerning the importance of £,, have been verified 
experimentally, as will be discussed in a subsequent 
report.) 
From the homogeneous part of Eq. (9) one obtains, 
for the general case, 
the 
k,=-— 
c 


I 


p/h hPw* —w .?+ihwy | 


| -1 - a7) 
he hPa? — w,? — w2 — v*) +iv(2h?w? — wy?) 


and 


J 


wel c?k)? ann ww 
’ ; (18) 


4, 
( 


heo| hv +-i(w ,?— hw?) | 


Before proceeding to the solutions of Eq. (9), it is of 
interest to examine the nonlinear terms. The nonline- 
arities enter into the equation in three terms, vB, 
(v-V)v, and nv. The effects of terms can be 
foreseen intuitively through the examination of the case 
h=2. For this case 


these 


tik, 
viXB,=- . Ey 


Ww" ULpeNo 


[4 { ky —«" C)E, y 
+ Go(w’, c)Eiz 


ki: [ &o( — a" cy); 


+ik, 
(v;-V)vy;=— 
porce’ny 
+ Go(kP—w ( Ey 
+k, 
n1vV\;>=— 
wpuoc?e*nNo 


E12*[40(—w?/c*) Ei, 


+4o(RP—w CEs, (21) 
since the terms involving £;+£;~ cancel. The right-hand 
side of Eq. (9) then becomes 


wun p? (thi) (Eiy*)? | V1. 1 


C7 weno | LWW p” wd 


X [4o(kP— w/c?) +-Go(w nin 


(y= 2iw) 


WW p” 
X[—#o(w?/c?) + Go(kP—o 


where the terms multiplying yiw, and y—2iw come from 
mV1, the term multiplying i/w? from v;B,, and the 
term multiplying i/w,? from (vi-V)vi. First, it is ap- 
parent that the nonlinear terms may be of the same order 
of magnitude, depending upon the values of the plasma 
parameters, and therefore all three terms must be re- 
tained in Eq. (9). Furthermore, if w.=0, which implies 
that the longitudinal component to the electric field at 
frequency w is zero, all the nonlinear terms are zero 
except for the vB, term, and this term has only a 
longitudinal component. Therefore, the wave at the 
second harmonic frequency is longitudinal and there is 
no power flow associated with this wave. Hence, the 
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x=d 


Fic. 1. The plasma layer and the reflected and transmitted waves 


propagation of energy is affected by the nonlinearities 
only to a third-order approximation when w.=0. The 
effect of the dc magnetic field is to couple the longi- 
tudinal wave to the incident transverse wave, giving 
rise to second-order effects. In addition, since &; and y; 
have resonances in the region w~w,, it would be ex- 
pected that the nonlinearities are most effective within 
this frequency range. It can be shown that the coupling 
of E,+ with E,- does not affect any of the even har- 
monics but does play a role in the generation of the odd 
harmonics. 

In order to proceed to the solution of Eq. (9) it is 
necessary to introduce the boundary conditions. The 
plasma will be assumed to exist between x=0 and x=d, 
with free space on either side of the plasma. The geome- 
try of the system is as shown in Fig. 1. Since EZ, and E, 
are related it is sufficient to employ the condition that 
the tangential components of E and H are continuous 
across the boundaries in order to completely determine 
the required fields. Following Stratton,'* (E.*), is given 
by 

Enr ) 
E, t 
(Bas) (E,.*), 


| (Enc) yJ Pre J 


where 
1 0 —1 —l 
—kpy 0 —k Ri 


—eiknd —e—iknd ? 


—ky,et*n4 hye tkad 


Bas= | 0 eikod 


0 Roet*o4 


16J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 511. 


(24) 
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and 


Par= — bn Eot dom L(Enpt) m+ (Ens )m ly; 
Prt= —koE burt Dim(ke)mL (Enpt)m— (Eng )m dys 
Pret=Sm [(Enst)m I eine 

+ (Enp-)m II, e-**m4],, 
Pre =Xim(Rq) mE (Enyt)m [1], e%tome 

— (Ex5~)m Iq e~ #04], 


where it has been assumed that 


E ;= Gove rrren, 


(26) 


In principle, then, one can determine completely the 
field both inside the plasma layer and in free space from 
the above equations. Therefore, each term in the solu- 
tion for the kth harmonic, Eq. (13), has been specified 
with the exception of E,,. E,, is, in each case, known 
from Eq. (9) and Eq. (13); however, the form of E,, is 
much too complex to write down for the Ath harmonic 
and, therefore, it will be derived for the specific cases to 
be discussed in this paper. 


4. THE SECOND HARMONIC 


In this section the solution for the second harmonic 
wave will be discussed in detail. The wave at the second 
harmonic frequency can be determined from Eq. (9) and 
Eq. (13) by setting h=2. The nonlinear terms for this 
case have already been written in Eq. (22). (E2,*), 
becomes 

(E,,*),= (eD/mew) (S*/a) Ee, (27) 
where 
a=[(1+0,)?—e?(1—),)? P, 


i (28) 
S== [2( 1+ b; )e,°3 i 


where 6,= (1F1)/2 and 
gp—mo 


1 7 ’ 
gr—qo 


D=1b 


i 


where 


b= ( ky W, 

a= et! ae 

g=2i(4—w,"/w") —4v/a, 
11° (w/w »?) (3i— v/w) + (1—3;*) (i— yi1wan/w 7), 
4w,/w, 

= Pw to/w P+ yl (1— 5:2) (w?/w,”) (3i—v/w)—7], 

= —4(w,/w)(1—b,"); 

r 2i[ 4( 1—b?)—w,’ w |— (4v w) ( 1—b,’), 
and Eq. (23) was used to obtain £,,* in terms of Ep. 
Now Eq. (23) can be used to determine (E2.*) y. 

Since the most accurately measured property of the 
second harmonic wave is the power, at 2, which is 
radiated from the plasma layer, this quantity will be 
calculated directly. If P: is the power per unit area, at 





666 me. iF, 


frequency 2w, in free space, then 


P.=} Re(E.:X He:*), (31) 


where E,, can be determined from Eqs. (23) and (27). 
Equation (31) can be written as 


P= (1/2poc)[ (ReE2:)?+ (ImE2,)* ], (32) 
where 
Ex,=eEGDD/(mewaA), (33) 
and 
—l1 —é 


D es be does 


(S+)+e2(S-) 

b,[(S*+)—e2(S-)] |, 
—e, 1 —[e2(St)+(S-)] 
beer —b, —bife2(St)—(S-)]| 


b.= che/2w, 

€2= etkad 

A= (1+5.)?—e,*(1 —b.)*. 
Equation (32) then can be written as 


P2= (2oe?/m*c) (Po/w)*Q (w p/w,v/w,w./wwd/c), 


(34) 


(36) 


where P4 is the incident power and Q is a dimensionless 
function of the plasma parameters. 

Before discussing P2, the following characteristics of 
the field at 2w can be noted. First, there are two waves 
at 2w, one with a propagation constant of k» (corre- 
sponding to the complementary solution) and one with 
a propagation constant 2k; (corresponding to the par- 
ticular solution). Furthermore, E2-y=y2E2-2 where Y2 
can be obtained from 7; by replacing ki by kz and w by 
2w. In addition, when w~w,, k;, and hence 2k;, exhibits 
a resonant characteristic whereas k2 does not. Therefore, 
it may be expected that the wave corresponding to the 
particular solution will contain the major portion of the 
power in the second harmonic wave. 

From Eq. (33) and Eq. (36), 


Q=DD*DD*/(AA*aa*), (37) 


where Q is the quantity to be investigated in order to 
predict the dependence of the power radiated, at the 

















Fic. 2. Second harmonic power versus w./w for w»/w=0.4. 
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Fic. 3. Second harmonic power versus w,/w (near resonance) 
for w,/w=0.2. 


second harmonic frequency, on the plasma parameters. 
The value of Q for various extremes of the parameters 
can be seen immediately. For example, if the ambient 
electron density goes to zero, then w,=0, ki=w-., and 
yi=0. Therefore, D=0 and, consequently, Q=0, as 
would be expected. Similarly, if o.=0, y:=0, D=0, and 
therefore Q=0. It can be shown that in this case a 
purely longitudinal wave exists within the plasma at the 
second harmonic frequency, and since no power is 
transmitted by this wave the output power, P», is zero. 
If d goes to zero then it can be seen that D=0 and 
therefore Q=0. 

It is of more interest to examine the resonance 
properties of 0. However, due to the complexity of this 
function it is not easy to perform such an examination. 
Therefore, curves of the output power, at the second 
harmonic frequency, as a function of the plasma parame- 
ters, obtained from computer plots of Eq. (36), will be 
presented. A typical case, wd/c= 18.63, is used. 

From Eq. (36) 

mc P, 
Q=— ; (38) 
Que? (Po/w)* 
where P, and Po are in watts/m?. LogioQ versus w,/w is 
plotted in Fig. 2 for w,/w=0.4 and for two representa- 
tive values of v/w. For the low value of v/w it can be seen 
that there is one major peak in Q near w,/w=0.915 and 
that there are several smaller resonances in Q on either 
side of this value of w./w. In addition, there is a series of 
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Fic. 4. Second harmonic power versus w,/w (near resonance) 
for w,/w=0.7. 


resonances near w,/w=2X0.915, but these peaks are 
much smaller than the major peak. For the large value of 
v/w, all of the resonance effects are smoothed over and 
the amplitude of Q is much lower than in the preceding 
case. In Figs. 3 and 4, logioQ versus w,/w in the region 
of the major peak is plotted for several values of v/w, for 
w,/w=0.2 and 0.7, respectively. From these curves it 
can be seen that the amplitude of Q decreases with in- 
creasing v/w and that the width of the resonance curve 
increases with increasing v/w. For low values of v/w 
there are many minor resonances and these are smoothed 
over as v/w increases. The position of the major reso- 
nance is given by 


(w./w) @max= [1 = (w p/w)? }'+ (v/w)?*, 


where Qmax indicates the value of P when w,/w is 
adjusted for maximum second harmonic power. This 
indicates that for small values of w,/w and v/w the 
resonance occurs for w./w~1; and as w,/w is increased 
the position of the resonance shifts to lower values of 
w/w, whereas the shift is to higher values of w,/w as v/w 
increases. The minor resonances, which appear only for 
v/w<0.03, are caused by reflections within the plasma 
layer. These disappear for high values of v/w due to the 
increased attenuation within the plasma. The position 
of the maxima and the minima corresponding to these 
boundary resonances is given approximately by 


1— (w,/w)?—6*7)3 
[1~ (o9/4)§| =|} (40) 
1-8? 


(39) 


w./wW= 
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where 
mrf4m+1 
s-"| 
4 


a 


| m=1, 2,3, -°: 


for the maxima and £ satisfies the relationship 
1—#*| 
tan(af)= —t\———1 
1+6*| 


for the minima. In these equations 


B= (c/w) Reki, (43) 


so that these resonances due to the boundary effects are 
caused by standing waves within the plasma produced 
by the wave propagating at frequency w with a propaga- 
tion constant &. All of the resonances predicted by Eq. 
(40) do not appear in Figs. 3 and 4. However, for very 
low values of v/w (i.e., v/w<0.0001) they do exist. 

It is probably of more practical interest to examine 
Qmax aS a function of the parameters. In Fig. 5, logioQ max 
versus v/w is plotted, and Fig. 6 shows logioQmax Versus 
w,/w. It can be seen from these two figures that the 
maximum second harmonic power is obtained when v/w 
approaches zero. Of course, the width of the resonance 
line approaches zero under this condition so that a finite 
v/w, that is y/w> 10-°, is desirable. From Fig. 6 it can be 
seen that for 0.1<w,/w<0.9, Qmax is a constant and 
that outside this range Qmax decreases from this con- 
stant value. The relationship between Qmax and the 
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Fic. 5. Second harmonic power at resonance versus v/w. 
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Fic. 6. Second harmonic power at resonance versus w,/w (dashed 
curve indicates approximate formula). 


plasma parameters is given approximately by 


logioP= — 1.8425 logiof 1— (1.6)"[(wp/w)—0.5 }"} 


=— 25 log 10, ®, 


(44) 


and this empirical relationship is plotted as a dashed 
line, for a single value of v/w, in Fig. 6. The relationship 
between Qmax and wd/c is relatively simple. For low 
values of v/w and w,/w reflections between the bound- 
aries cause Qmax to oscillate as wd/c is varied through 
multiples of quarter wavelengths within the plasma. 
However, as the attenuation within the plasma in- 
creases, that is for higher values of v/w or w,/w, then 
Omax iS relatively insensitive to changes in wd/c. 
Finally, Eq. (36) shows that P, has a square-law de- 
pendence on Po for constant values of w and the plasma 
parameters. In addition, it indicates that Ps, varies 
inversely as the square of the driving frequency, pro- 
viding the parameters w,, v, and d are adjusted so that 
w/w, v/w, and wd/c are held constant as w is varied. 


B. BARRETT 


5. SUMMARY 


The Boltzmann transport equation, coupled with 
Maxwell’s equations, has been solved, under a small 
signal plane wave assumption, including the effects of 
the nonlinear terms in the equations. Using a Fourier 
series expansion in time for all of the dependent vari- 
ables, a solution to the equations has been obtained, in 
closed form, for the wave at the #th harmonic of the 
Fourier series, including the effects of all of the reflec- 
tions within the plasma layer. The theory predicts that 
a major peak in the power at the second harmonic fre- 
quency exists near w,/w=1 for low values of w,/w and 
v/w. As w,/w increases, the peak shifts to lower values 
of w,./w, and to higher values of w./w as v/w increases. 
Mir.or resonances occur on either side of the major peak 
because of the standing waves within the plasma layer. 
An additional peak, of reduced magnitude, exists near 
w,/w= 2. The second harmonic power varies directly as 
the square of the input power and inversely as the 
square of the frequency of the input wave. 

The peak value of the second harmonic power, Qinax, 
has been examined as a function of the plasma parame- 
ters. The theory indicates that Qmax is essentially con- 
0.9 and that Omax de- 
creases rapidly outside this range. Also, Q 


stant in the range 0.1<w,/w< 
« 1S inversely 
proportional to v/w and relatively insensitive to the 
thickness of the plasma layer. An approximate equation 
relating Qmax to the plasma parameters is given. 

In subsequent reports on this work, a discussion of the 
experimental verification of this theory, the effects of 
the nonlinear terms on propagation at frequency w, the 
limits of the small signal theory, and the effects of 
ionization produced by the incident wave will be given. 
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The Landau model of a Fermi liquid is employed to obtain an expression for the coefficient of self-diffusion, 
D, in liquid He’. It is found that D= A /T?, where A ~2X 107° cm? sec™ degree’, and T is the temperature in 


degrees Kelvin. As this temperature dependence differs from that experimentally observed 


(T-!), although 


the order of magnitude of the theoretical prediction agrees well with experiment, the possible effect of the 
1% He‘ impurity known to be present is investigated ; it is found that the diffusion coefficient is essentially 
unaffected by the impurity (a result also obtained experimentally). It is estimated that the Landau model is 
applicable only well below 0.05°K. As even the most recent experiments have been carried out only down to 
0.03°K, it is concluded that the transport properties of He* should be investigated experimentally at lower 
temperatures in order to check the validity of the theory. 


METHOD for treating the transport properties 

of He* employing Landau’s model of a Fermi 
liquid' has been developed by Abrikosov and Khalatni- 
kov.? Now that experiments on self-d'ffusion in liquid 
He® have been performed® in the temperature region 
where this model may be expected to be valid, it seems 
desirable to examine the theoretical predictions con- 
cerning the behavior of the diffusion coefficient. We 
follow closely the method and the notation of I. 

We consider a system of He’* in which there exists a 
magnetization gradient in the absence of an external 
field, maintained by unspecified sources of “‘up’’ and 
“down” spins. A steady-state diffusive flow is main- 
tained. In the absence of impurities the Boltzmann 
equation is 

On/Ot+-V n-Vpe— Von: Vre=1(n), (1) 


where e(p,a) is the actual energy associated with a 
quasiparticle of momentum p and spin ¢ and is given 
for small deviations from the equilibrium distribution 
at zero temperature by 


—dp’. 
3 


(2) 


2 
e(p,o) = €o(p,@) +3 Tre f /(0,0'.0,0')on(0'0' a 
(27h) 


We may write {(p,p’,e,o’) in the form: 


Ud U c , U , (2 
f(P,p',0,0°)= {(P,P)+5(P,P )o-o (3) 
if we assume that all of the spin dependence of / is of 
exchange origin. Thus quasi-particle spin is not a good 
quantum number, but it provides a convenient ap- 


+ This work was supported in part by the Office of Ordnance 
Research, U. S. Army. 

* National Science Foundation, Predoctoral Fellow. 

1L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058 
(1956) [English translation: Soviet Phys.—JETP 3, 920 (1957) ]. 

2 A. A. Abrikosov and I. M. Khalatnikov, Reports on Progress in 
Physics (The Physical Society, London, 1959), 32, 329, hereafter 
referred to as I. 

3H. R. Hart and J. C. Wheatley, Phys. Rev. Letters 4, 3 (1960). 
More recent experiments [A. C. Anderson, H. R. Hart, and J. C. 
Wheatley, Phys. Rev. Letters 5, 133 (1960) ], of greater accuracy 
and carried to lower temperatures (0.03°K), confirm the order of 
magnitude of D as observed earlier and more definitely establish 
the temperature dependence as 7—!. 


proximate description. In (1), ” isthe actual distribution 
function for quasi-particles 


n=not+6n, 


|6n|<Kno, 
no(e)=Lexp((e—w)/T)+1}", (4) 


where « may be a function of position and is chosen as 
usual to make the total number of particles come out 
right. Unless otherwise indicated in specific cases, tem- 
perature will be taken in energy units throughout this 
paper. 

The distribution functions and the chemical poten- 
tials of the systems of up and down spin particles should 
be considered se} «rately for the system of interest in the 
present problem. However, the calculations are greatly 
simplified if we consider the point where the mag- 
netization M=0. Then the two chemical potentials will 
be equal, although their gradients will be opposite in 
sign. This results in the relation é6n¢=—6n,, where we 
have now introduced a spin index. Furthermore, there 
is a simple relation between the gradient of yw for 
particles of a specified spin and that of the corresponding 
concentration, V. With dr=[2/(2xh)* ]dp, we have 


ON 10 1 On fOe Op 
—= four = J ( — ar 
Ox 20% 2 Oe \Ox Ox 


(dr/de),(ON/dx)+4(dr/de),(Ou/dx), 


a x 
=—3/ (5) 

a e & , ° , 
where ¢ is the angular average of ¢(p,p’) with p and p 
restricted to the Fermi surface. Thus, 


Ou de _fdr ON 
=2/ ) [1 +38( ‘) 5 E 
Ox dr/ deF ,JOx 


The same factor involving ¢ occurs in the expression for 
the magnetic susceptibility.’ 
The collision integral, 7(m), is given by 


(6) 


I(n)=- 


wl myn2(1—m,’)(1—n2") 


— (1— 1) (1— 2) y/no’ 16 (pitpe— pi’ — pe’) 


5 (er: + €2— €1’— €2’)drodr;'dp.’, (7) 
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where we have written m(p1,0)=m, (the spin index is 
suppressed temporarily) for notational convenience. We 
note here that the operator / appearing in the expression 
for the energy of a quasi-particle is an important 
characteristic of a Fermi liquid; Landau‘ has demon- 
strated that it is related to the forward scattering 
amplitude of two quasi-particles. 

As collisions conserve momentum, we see that the 
scattering of one quasi-particle from another of like 
spin will contribute nothing to the diffusion of spin. 
Thus if we consider the Boltzmann equation for m+, we 
need in the collision integral only those terms in the 
initial state for which particle 2 has spin down. Because 
of the identity of particles, we may without loss of 
generality take in the final state 1’ to have spin up, and 
2’ spin down. 

The collision integral vanishes when the equilibrium 
distribution functions of the true quasi-particle energies 
are inserted. Therefore, we express the distribution 
functions appearing in /() in terms of mo(e): 


n(€)=no(e€o)+dn 
: 1 /Ono 
=m(-(—") Tre fin'dr'+én. (8) 


O€o 


We write 62 in the form 


no(1—m) Ong 
in=— ("= (=) 
T O€o 
Then 


Ong dr 1 
n()=no(4+—| r+ (=) ~ f rym] 
O€o 5 dep €0 -u4 


Ono 
=no(e)+—y. (10) 
0€o 


Substituting into (7) and keeping only first-order terms 
in y, we find 


I(n)= 47 f romaine — nor’) (1— m2’) 


XK Yitvo—i' —e’)8 (pit Po— Pp: — po’) 


X65 (e1t+€2—€1'— €2')drodr;'dpo’. (11) 


*L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 262 
(1958) (translation: Soviet Phys.—JETP 7, 182 (1958) ]. 
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Since at low temperatures only quasi-particles with 
momenta near the Fermi surface will contribute to J(m), 
w depends—approximately—only on 6, the angle be- 
tween p; and po, and on ¢, the angle between the planes 
determined by (p:,p2) and (p;’,po’). Rotating one of 
these planes about their line of intersection, pi+ po, 
until it coincides with the other, we have the diagram 
of Fig. 1. The angle between each of pi, po, pr’, and p»’, 
and p+ p2 is approximately @/2, as | f|<po, the Fermi 
momentum. We integrate first with respect to pe to 
eliminate the momentum 6 function. Then, transforming 
to integration over f instead of 71’: 


dr,’ — po sin(6/2)df,df.doX2/(2rh)’, (12) 


where we have used cylindrical coordinates with pit pe» 
as the polar axis, and 7, z, and @ take on the usual 
meanings. We note that this is the same sense in which 
@ was used above. We introduce the dimensionless 
variables: 


x= (e)'/—p) T, y= (€o’—) 1 


- ia (13) 
t= (e;—p) Px K=p 1 
and use the approximate relation between energy and 
momentum, 


€— w= 00(p— po) = (p— po)po/m* 


to transform variables again. Then 


(14) 


dry f ars 5(e;+€2— €1)'— 2’) 


m**T? dQ, /dde 
bce axdy( \(S). as 
82*h® cos(8/2) 2r 2a 


where dQ=sinédéd@, and 0O< g< 27. By extending the 
range of ¢ to 2x and restricting the spin of particle 1’ to 
be up we have taken into account all possible results of 
the scattering of 1f with 2). 

On the left hand side of Eq. (1) we insert m= mo, as 
defined by Eq. (4). Then the kinetic equation becomes 


Vpt-Vret+Vin- Voe 
m*T? w(6,o) . ® 
=— —_—_—— of dxf dy no(t) 
169h® J 4rcos(@/2) _. , 
X no(x-+-y—t)[1—no(x) [1—no(y) J 
X (Yitve—vi'—W’) 
with the restriction throughout that «+y—t2 (—x). 
As Vin-Vpet+Vpn- Vre= — (dno/deo)Viu-Vye, we see 
from symmetry considerations that y must be of the 


form ¥:=4q(t)Vpe- Vu. Call 6:' the angle between p; and 
p:’ and call 6,’ that between p; and p»’. Then 


Y= _ q(x+y— l )V pe . Vu cos#, 
Vi =q(x)Vpe- Vu cos6,’, 
¥s'=—4(y) Vye- Vu cost’, 


(16) 
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where p= pi, e=€, and u=y?. These last results have 
been obtained by using the addition theorem for 
spherical harmonics and integrating over ¢:. We use the 
same theorem to establish the relations 


cos6;’ = cos?(/2)+sin*(@/2) cos, 


P i ‘ict (18) 
c0s6' = cos*(@/2)—sin?(@/2) cos. 


Then the kinetic equation becomes an equation for q. 
It is shown in I that under the assumption ?<z’, g can 
be taken to be approximately a constant. (We note that 
this is equivalent to the assumption of a constant re- 
laxation time.) Then 


_16n*h® 


-——|[woo cos- “(1—coss) | e . ae 
«372 | 


where the average is over the angles. 
Torrey® has shown by a semi-classical argument that 
the magnetization satisfies a conservation law: 


_ M/dai—V-DVM=0, (20) 


where D is the diffusion coefficient, so that the mag- 
netization current is given by J4=—DdM/dx. This of 
course implies a similar relation between the particle 
current and the concentration gradient 


Jy=—DdN/dx. (21) 


We have assumed a one-dimensional inhomogeneity in 
M. Hart® has demonstrated that the above relations are 
valid even in a quantum fluid. 

The Fermi distribution function mo(€) corresponds to 
no current, so the spin up current is obtained from the 
expression 


1 
JIve= : [eC 10(0)1(@e/0x)dr 


1 
=~ f (dno/ deo) (d€/Ax)dr 
? 


= —4[y(dr/de)(d¢e/dx) ],. (22) 


Substituting for y in terms of g and using the relation 
(6) we find that Eqs. (21) and (22) give the diffusion 
coefficient as 


D=4(1+45 (dr/de) , gro’, 


where 2% is the Fermi velocity, 10= po/m*. ‘This result is 
in a form which can be compared directly with the 
kinetic theory expression for D in a Fermi gas. The 
modification due to the dependence of the quasi-particle 
energy on the distribution function is exhibited in the 
factor involving §, which may be evaluated empirically 
from measurements of the susceptibility? We may 
interpret g as the appropriate relaxation time. 


(23) 


5,H. C. Torrey, Phys. Rev. 104, 563 (1956). 
H. R. Hart, Jr., thesis, University of Illinois, Urbana, Illinois 
(unpublished). 
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We now evaluate g and thereby D. Due to the 
relationship between f and the forward scattering ampli- 
tude of two quasi-particles‘ we may use w= (2x/h) f?. 
In terms of Fig. 1, forward scattering corresponds to 
having the angle between p,’ and p,’ equal to @ and also 
having ¢ equal to zero. That the first of these conditions 
is always approximately satisfied is obvious from the 
diagram; using the forward scattering amplitude to 
evaluate w then corresponds to equating that value— 
taken at g=0—with an average over ¢. If f for p=p’ 
= po is expanded in a series of Legendre polynomials in 
the cosine of the angle, x, between p and p’, the first 
two terms can be obtained? in terms of the velocity of 
sound in the liquid and the effective mass m*, defined 
as the ratio of the Fermi velocity to the Fermi momen- 
tum. To this order, for He’: 


f(x) =[(dr/de) nu} (6.44+3.0 cosx). (24)? 


This expression should be modified to include the effect 
of the limitation of collisions to those between particles 
of anti-parallel spin. For most transport properties the 
occurrence of both parallel and anti-parallel spin col- 
lisions tends to average out the effect of the spin- 
dependent part of f, and it is the resultant f which is 
determined by the empirical values of m* and the 
velocity of sound in the liquid. We must therefore in- 
crease f by a factor of the order of 1—}£/f. From em- 
pirical data on the magnetic susceptibility? and the 
specific heat’ we estimate this factor to be 1.12. 

Using this expression for f to calculate the appro- 
priate angular average of w, we obtain g= 2.9 10-"7-? 
sec. The values of the other quantities needed for the 
calculation of D are: 0.21 for the factor involving § and 
v= 8.27 X10* cm/sec. Then we find 


D=A/T?, (25) 


where A ~1.5X10~-* cm? sec degrees?, and T is in °K. 
Because of the approximations made, the value of A 
may be trusted only to within about a factor of five. 

This result for D agrees in order of magnitude with 
the empirical data obtained in the estimated region of 
validity of the model*, namely below 0.1°K. (D is ob- 
served to be about 1.5X10-* cm?/sec at 0.03°K.)® 
However, the experimental temperature dependence 
seems to be 7~! rather than 7-?. 

A small amount of He‘ was known to be present in the 
samples tested. At low temperatures one would expect 
scattering of He* atoms from He‘ to become increasingly 
important due to the lack of an exclusion principle for 
He‘, which limits the fraction of atoms able to partici- 
pate significantly in the scattering processes. We there- 
fore investigate the behavior of the self-diffusion coeffi- 

7 Our expression differs from that of I because we have used a 
more recent value for m*/m, obtained from low temperature 
specific heat measurements. D. F. Brewer, J. G. Gaunt, and A. K. 
Sreedhar, Phys. Rev. 115, 836 (1959) give m*/m=2, 0-40. 05. The 
value of the velocity of sound in He# at T=0 has also been revised 


slightly from 183 to 183.9 m/sec. e L. Laquer, S. G. Sydoriak, 
and T. R. Roberts, Phys. Rev. 113, 417 (1959).] 
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cient under the assumption that He*— He’ scattering is 
the dominant process.® 


IMPURITY SCATTERING 


Zinov’eva and Peshkov® have found that one cannot 
maintain an arbitrarily high concentration of He‘ in He® 
at sufficiently low temperatures (below 0.88°K). A phase 
separation occurs; for temperatures below 0.67°K the 
He®’—rich (upper) phase is in the normal rather than 
superfluid state. We postulate that in this phase the He‘ 
concentration is reduced with temperature in just such 
a way that condensation never occurs. We will return to 
this point later; for the moment we consider that the 
He‘ concentration is sufficiently low that no phase 
separation occurs over the temperature range of inter- 
est (i.e., that of the experiments*). The estimated actual 
impurity concentration of 1% at least approximately 
satisfies this condition. 

If He*— He? scattering is the dominant process in- 
hibiting diffusion, then the important term in the col- 
lision integral of the Boltzmann equation for the He® 
distribution is 


I(n)=— | wlnN(1—n’)—(1—n)n’N’] 


X5(p+q—p’—q’)i(e+E—’—E’)dr'dqdq’, (26) 
where .V=the distribution function for Het, =the 
distribution function for He*, p= the initial momentum 
of the He’ particle, q= the initial momentum of the He‘ 
particle, e=the initial energy of the He’® particle, and 
E=the initial energy of the He‘ particle. Primes indi- 
cate the corresponding quantities in the final state. 
We can define y as before, and similarly 

b5VN=—-),/T. (27) 
However, at low temperatures we may neglect ® with 
respect to y.° Furthermore, since condensation is pre- 
vented, we take as an approximation to V a Boltzmann 
distribution. We have 


I(n) = 7 f conan 1— ny’) (Y—y’) 


<5(p+q—p’—q’)i(e+E—&«’—E’)drdqdq’. (28) 
As before, we integrate over q’ to eliminate the mo- 
mentum 6 function and we have the diagram of Fig. 2 
corresponding to that of Fig. 1 for pure He’ scattering. 
As g<po, we would not expect w to depend strongly on 


8 A discussion of various other transport properties of weak 
solutions of He‘ in liquid He’ with similar assumptions is given by 
V. N. Zharkov and V. P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
37, 143 (1959) [English translation: Soviet Phys.—JETP 10, 102 
(1960) }. 

°K. N. Zinov’eva and V. P. Peshkov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 37, 33 (1959) [English translation: Soviet Phys.— 
JETP 10, 22 (1960) }. 
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p+q=pi+q’ 
Fic. 2. Relationship of momenta for He*— He‘ collision. The 


size of g and q’ relative to that of » and p’ has of necessity been 
greatly increased in order to clarify the diagram. 


q. Indeed we assume it to be a constant. We define f as 
before and introduce new variables, 


w=(e'—p)/T, y= E/T, t=(e—p)/T, « (29) 


We next integrate over the magnitude of q 


fe + E—¢'—E’)dg=M*9, 


where, 
g=[2M*(«x+y—<x)T }. 
We consider the integral over p’ with g fixed by trans- 
Pp ! : 
forming to the variables /,, /., and @. 
pot (e’—p), ‘’v9= p’ = p+: cosa-+t fe sina 
(2M*E’)t= q' = g+ f, cos(r—0—a) 
-t- Te sin(r—6—a) 


=@q— f. cosd+ f, sind, 


p + Sn 


where a is the angle between p and p+q. 
dp’ Po sinyd fd f dd, 

. sc ‘ , Pa | 2 , aw 
where y is the angle between p’ and p+q. But we have 
the approximate relation 

po siny ~ po sina+ f,, 


and we can drop the f, as it will tend to zero upon 
integrating by symmetry considerations. Furthermore, 


po sina = 


We transform to integration over x and y instead of f, 
and f, and insert the explicit expression for Vo: 


No=N(2xTM*)-3e 


(34) 


g sind. (35) 


(36) 
Then 


I(n)=T— J wlno(1— 0’) |(W—y’) Na! (22h) 


X (T/po)m*M* (x+ y—t)ytdxdydd¢’. 


(37 


We consider the rate of flow of particles of one spin 
only; spin conservation in collisions then introduces a 
factor of } into J(m). As before we take Y= q(t)V pe- Vu. 


1—no(t) 
= $a} (2ah)-*(T/po)m*M*N 


x faa f af dy wl 1—no(x) ] 


X(¢(t)—¢(x) cos6’](x+y—/) ye 
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with the restriction x+y2>1. 0’ is the angle between p 
and p’. 

If we estimate e‘+1~2, we can again consider q to 
be a constant and 


1 (2h) po ( 1 ) 
fanaa —— 
2m*M*NTw\1—cos6'7 ay. 


We note that 6’ is not strictly only a function of @ and 
¢, but by using relations between a, y, and @, we may 
treat it so approximately. As 6’ is always small for the 
collisions of importance, we cannot take 1—cos6’ to be 
of the order of 1. Instead we estimate this quantity by 
taking p=po, g?/2M*=T, p'=(por+q?)!, 0=2/2, so 
q’=0. This gives 1—cos6’ as approximately the ratio 
T'/Er=~2X10-, where Ey is the Fermi energy. Thus 
the exclusion principle for He® plus the low momenta of 
most of the He‘ particles restricts collisions to those 
involving small-angle scattering. The corresponding re- 
duction factor in the transition probability is essentially 
the same as that due to the extra exclusion principle 
restriction in He*— He’ scattering, so that we expect 
impurity scattering to be unimportant in limiting self- 
diffusion. 

We will take w to be the same as that used for 
He*®— He’ collisions with one He’ atom at rest and the 
other with the Fermi velocity—that is, w= 4(w(2/3,)) av. 
(This should not include the anti-parallel spin correction 
factor.) To justify this, we note that exchange effects do 
not contribute a large amount to the transition proba- 
bility in pure He’. 

Then by a calculation similar to that corresponding to 
pure He? we find 


(39) 


D = (po/h)*42°h* (mM *N) 
x (3)10°T[4(w (4 /3,6) av? 


(40) 


We take NV to be 10”°/cm', i.e., we take about a 1% 
solution. Then 
(41) 


where B~10- cm? sec"! degree, and T is in °K. 

Thus for small impurity concentrations our assump- 
tions concerning domination of impurity scattering is 
wholly invalid. Experimental results on purified samples 
(Anderson eé/ al.*) seem to verify the lack of dependence 
of the diffusion coefficient on Het impurity concen- 
tration. 

Equations (25) and (41) would appear to indicate 
that at sufficiently low temperatures impurity scat- 
tering would become the dominant process. However, 
we must take into account the phase separation process. 
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If we assume that condensation would occur for a 
concentration of 1% He‘ at 0.1°K, then Eq. (41) must 
be modified to account for the temperature variation of 
impurity concentration : 


D;=BT“(0.1/T)}. (42) 


We must still explain the discrepancy between the 
temperature dependence of D as predicted above and 
that observed experimentally. We note that the estimate 
for the upper bound on the temperature region in which 
the theory may be expected to be accurate was obtained 
by locating the temperature below which the paramag- 
netic susceptibility is very nearly constant, as it must 
be for a degenerate Fermi liquid-—the case the Landau 
theory treats. However, the behavior of the suscepti- 
bility is governed by the exchange interaction, whereas 
the transport properties are determined largely by the 
spin-independent part of the interaction. We can esti- 
mate a mean time of flight from the magnitude of the 
transition probability, w(6,¢). Using this to estimate the 
uncertainty in the quasi-particle energies, we find that 
the temperature at which this uncertainty is of the 
order of the thermal energy, 7, is about 0.05°K. For the 
theory to be valid, the quasi-particle energies should be 
well defined, so we expect to find verification of the 
theoretical predictions only well below 0.05°K. The 
temperatures reached so far are at best borderline by 
this criterion. Also, the temperature region investigated 
was sufficiently small so that only the local slope was 
observed; deviations toward faster temperature de- 
pendence at the low-temperature end might well have 
been too small to be noticed. One can readily plot a 
curve as given by the above theory which will join 
smoothly with that obtained experimentally by Ander- 
son ef al.,? with a reasonable interpolation between, for 
instance, 0.01°K and 0.03°K. Thus we believe that 
future experiments both with other transport properties 
than self-diffusion and at lower temperatures will be 
needed to check the theoretical predictions. 
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Experiments performed on a transverse pinch assembly show that the presence of a longitudinal magnetic 
field inside of a conducting plasma and in the reverse direction to that of the external pinching field results 
in the generation of the m=0 (sausage) instability mechanism. This instability mechanism can generate 
high electrical fields which will accelerate deuterons to energies sufficient for neutron production in deu 
terium plasmas. Subsequent to the blowup of the instability, the plasma-field configuration is such that 
the accelerated deuterons can continue to circulate in stable orbits until lost by neutron-producing collisions 


or by diffusion out of the ends of the geometry. 





NE of the most attractive plasma containment 

configurations, by virtue of its neutral stability 
characteristics, is the transverse pinch in which a 
longitudinal magnetic field is generated external to a 
conducting plasma and employed in compressing and 
heating it. During the past three years extensive in- 
vestigations’ * have been made on configurations of 
this general design. Characteristic with the high-power 
philosophy followed in fusion research, large high- 
energy condenser banks have been discharged through 
single-turn solenoids surrounding cylindrical columns 
of deuterium gas. The magnetic field configurations 
employed have been cylindrical, Helmholtz, and mirror. 
Longitudinal bias magnetic fields, either parallel or 
antiparallel, have sometimes been included in the 
plasma prior to the main discharge. The plasma is 
usually preionized to varying degrees by axial shock 
heating, rf ionization, or low-power pulsed longitudinal 
or transverse discharges. 

The accepted criteria for the proper performance of 
these assemblies has been a high neutron yield. Neu- 
trons, when produced in these configurations, occur 
near the peak of the sinusoidal field drive when there 
exists an antiparallel magnetic field within the plasma. 
Various explanations as to the production mechanism 
include thermonuclear reactions at fusion tempera- 
tures, heating due to field mixing, two-stream insta- 
bilities, etc. The detection of high-energy (~ 6-900 kev) 
x rays in Scylla‘ during neutron production time would 
seem to rule out true fusion temperatures. 

The most consistent explanation, based on analysis 
of smear photographs, image converter snapshots, and 

* Prepared for the Air Force Ballistic Missile Division, Head 
quarters Air Research and Development Command. Thermo 
nuclear Propulsion Research. 
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California. 
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magnetic probe signals obtained on a transverse pinch 
assembly, is that the accelerating action of the high 
electrical fields generated by the formation of m=0 
(sausage) instabilities® can produce both neutrons and 
high-energy x rays. These same instabilities have been 
generated along with consequent neutron bursts in 
longitudinal pinches.*-* The field-trapping mechanism 
leading to these instabilities has been suggested by 
Samain e al.® The illustrations shown in Fig. 1 depict 
the origin and growth of the instability mechanism in 
a transverse pinch when a trapped reversed magnetic 
field is present. If one starts with a plasma and longi- 
tudinal magnetic field mixed as shown in (a), the ap- 
plication of an external magnetic field in the opposite 
direction will cause the internal field and plasma to 
form the configuration shown in (b) with surface cur- 
rents as indicated generated on the plasma surface. If 
the solenoidal field is cylindrical and extended, this 
configuration will remain quasi-static except for pos- 
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Fic. 1. Development of trapped plasma and field configuration 
leading to the growth of m=O (sausage) instability. 
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Fic. 2. Schematic diagram of discharge tube. 


sible flute-like perturbations along the inner and outer 
surfaces. However, the encircling field lines will even- 
tually deform to the configuration shown in (c). 
Mirrors or a Helmholtz-type drive will cause this 
configuration to form more rapidly. This plasma ring 
shown in (c) has the same magnetic field and current 
configuration as a linear torodial pinch (Perhapsatron, 
Zeta, Sceptre, etc.) and is subject to sausage-like 
(m=0) instabilities shown in (d), [the end view of 
(c) ]. In this configuration, neutrons will be produced 
if sufficiently high electrical fields are generated by 
LdI/dt due to the plasma choke-off between sausages. 
In addition, when the current is interrupted by this 
choke-off action, the field on axis is cancelled and the 
external field can penetrate this nonconducting ring 
of sausages, thus accounting for the sudden field re- 
versal observed by use of on-axis magnetic probes. 

In longitudinal pinches (Columbus, etc.) deuterons 
will be accelerated by this instability mechanism and 
can produce neutrons before being lost to the end elec- 
trodes or, drifting to the walis due to field curvature in 
the case of longitudinal pinches in a torus. Neutrons 
will occur in bursts accompanying each instability 
blowup. This instability can form several times during 
the rising current cycle in longitudinal pinches, and 
has been adequately explained by Colgate.” In the 
present geometry, the instability blowup is accompa- 
nied by the cancellation of the trapped field resulting 
in a complete intermixing of plasma and externa! field. 
However, the deuterons accelerated by the instability 
mechanism can continue to circulate in stable orbits 
produced by the longitudinal field until lost by colli- 
sions. Thus, the neutron production time can be greater 
than the instability blow-up time. The use of sinu- 
soidally varying magnetic fields undoubtedly further 
complicates the plasma dynamics. 

Studies showing this plasma behavior have been 
made on an assembly using a 0.28-ohm transmission 
line energy source to drive a transverse pinch. The 


S. Colgate, Conference on Gaseous Discharge Phenomena, 
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line, when charged to 18 kv, furnishes a 60 000 ampere 
pulse 10 wsec long with a rise time of 0.75 usec to a 
single-turn solenoid 10 cm i.d. by 15 cm long enclosing 
a Pyrex cylinder filled with deuterium gas." Figure 2 
shows a schematic diagram of the assembly used. A 
linear discharge is used to pre-ionize the gas prior to 
the main discharge and mo parallel field is present at 
the beginning of the transverse pinch. Consequently, 
the configurations shown in Fig. 1 form during the 
second 10-usec reverse current period, the necessary 
reverse field remaining from the first 10-ysec period. 
On-axis (2 cm from solenoid mid-plane and viewing 
port) magnetic probe traces taken at vacuum, 25 mi- 
crons, and 100 microns are shown in Fig. 3. During the 
first 10-usec period, the drive field, although initially 
excluded from the plasma due to its conductivity, 
penetrates to full vacuum field near the end of the 
period. When the drive field reverses, this on-axis field 
decreases to near zero, then rises to and oscillates around 
a high value for a limited time, finally reversing sud- 
denly to ~ the full vacuum field of the drive. The 
disappearance of this trapped magnetic field has been 
ascribed to field mixing and annihilation, and also de- 
scribed as an artifact dependent on the presence of an 
internal probe.” One would expect that field mixing 
(if it can occur in this geometry) would be slower and 
annihilation would occur later in the case of the higher 
conductivity gas. Experiments show, in the case of the 
higher conductivity 25-micron pressure, that the an- 
nihilation occurs earlier and is more compatible with 
the observed instability growth rates and faster choking 
off of the plasma obtained with the higher pinch 
velocities at lower densities. Further, in these experi- 
ments, annihilation of the trapped field occurs when 
no probe is in the plasma to cool it. Figure 3(d) shows 
overlays of the fringing magnetic field outside of the 
solenoid with and without the plasma. Here, the effect 
of the trapping is to reduce the fringing field until the 


Fic. 3. Scope traces 
(2 usec/cm) of (a) on-axis 
B., 100u De (b) on-axis B,, 
25u De, (c) on-axis B,, 
vacuum, and (d) fringing 
B, for (1) vacuum and (2) 
100u De. 
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Fic. 4. Smear photos showing plasma escape during first 10-ysec 
interval and plasma trapping during second 10-usec interval. 


trapped field disappears, at which time the fringing 
field increases to full vacuum value. 

Smear photos taken through a transverse slit (a) at 
the center of the solenoid and (b) at the end of the 
solenoid, and a smear photo of an axial slit extending 
from the solenoid center to 8 cm outside of the solenoid 
are shown in Fig. 4. Here, during the first 10-usec 
current period, plasma appears to be ejected at high 
velocity in multiple bursts. During the second reverse 
current period, however, after the trapping configura- 
tion is formed, no external luminosity is visible until 
the sudden field reversal, thus confirming the plasma- 
trapping action of the internal reverse field. The axial 
slit smear also shows rapid ejection of plasma during 
the first period but a reverse motion inside of the 
solenoid during the second period, confirming the rapid 
transformation of the plasma cylinder into a plasma 


Fic. 5. Image converter snapshots of trapped plasma 
ring with trace showing timing. 
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Fic. 6. Kerr cell photos showing growth of 
instability and plasma blowup 


doughnut as postulated in Figs. 1(b) and (c). Only the 
fringing magnetic field was monitored in these experi- 
ments and no internal probes were in the discharge 
region. 

Finally, image converter framing camera snapshots 
taken looking along the axis of the discharge tube 
show patterns similar to those in Fig. 1(d). These 
patterns vary from flute-like to sausage depending on 
the time of observation, with the sausage configuration 
in evidence immediately prior to trapped-field cancella- 
tion. Typical examples are shown in Fig. 5 along with 
an indication of their time of appearance. Figure 6 
shows 0.1-usec Kerr cell photos taken on successive 
discharges along with the indicated viewing times and 
a representative on-axis B, probe signal. The shot-to- 
shot reproducibility permits viewing the instability 
growth and plasma blowup at various stages. 

While this mechansim is possibly of interest as a 
heating mechanism since it does give energy to the 
ions, the small number accelerated, and the uncertain- 
ties in the energy to which the ions are accelerated and 
in the plasma density and composition would make this 
heating mechanism uneconomical unless it can be con- 
trolled and programmed. In the experimental assembly 
studies here, a more desireable plasma containment 
configuration is generated during the first compression 
cycle, starting with a field-free conducting plasma of 
known density and composition. A plasma in this con- 
figuration would be subject only to neutrally stable 
flute instabilities or Taylor instabilities, and it is theo- 
retically possible to control these by orthogonal ac 
fields.'* The major containment effort would of neces- 
sity be in capping the geometry ends. 

8 E. S. Weibel, Phys. Fluids (to be published). 





PHYSICAL REVIEW 


VOLUME 121, 


NUMBER 3 FEBRUARY 1, 1961 


Energy Dissipation and Secondary Electron Emission in Solids 


H. KANTER 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received September 23, 1960) 


Experimental evidence is presented for the proportionality between secondary electron yield and the 
energy dissipated by electrons near the surface of a solid. Using measurements of the energy carried away 
by electrons transmitted and reflected from thin foils of aluminum and carbon, the energy dissipated in an 
incremental layer at the exit surface was obtained. Simultaneous measurements of the secondary electron 
yield showed a close proportionality between the number of secondaries produced and the energy dissipation 
density near the surface independent of the incident electron energy between 1 and 10 kev. By subtracting 
the contribution of the backscattered electrons to the yield at the front surface of a thick aluminum target, 
the yield of secondaries was found to be proportional to the rate of energy loss calculated from the Bohr- 


Bethe theory over the energy range investigated. 


INTRODUCTION 


N recent theoretical studies of secondary electron 

emission under electron! and fast-ion bombardment,” 
the assumption is made that the number of secondaries 
produced within a volume element of the solid is 
proportional to the energy dissipated in that volume 
element by the incident particles. Direct experimental 
evidence for the proportionality between energy loss 
and ion or secondary electron production has heretofore 
been obtained only for gases.? In this paper, the 
proportionality between secondary production and 
energy dissipation is confirmed experimentally for 
solids, using Al and C films and electron energies from 
1 to 10 kev. It is shown that the secondary electron 
yield is directly related to the density of energy dissi- 
pation at the emitting surface and that the observed 
rate of energy loss for kev electrons agrees with Bethe’s 
stopping theory.‘ 

The escape depth of secondary electrons from metals 
is known to be of the order of tens of angstroms.':>~" 
In order to obtain the energy dissipation density of the 
primary electrons for thicknesses of this magnitude, 
the energy dissipation was measured as a function of 
film thickness in thin films of aluminum and carbon. 
By measuring the gradient of the curve showing energy 
dissipation vs film thickness, the energy dissipation 
density at the exit surface (back surface) was deter- 
mined for certain film thicknesses. This was then 
compared with the secondary electron yield from the 
exit side of the films. 

1 See review articles by A. J. Dekker, in Solid-State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, New York, 
1958), Vol. 6, p. 251. O. Hachenberg and W. Brauer, in Advances 
in Electronics and Electron Physics, edited by L. Marton (Academic 
Press, New York, 1959), Vol. 11, p. 413. 

2 E. J. Sternglass, Phys. Rev. 108, 1 (1957). 

3 See for instance: J. M. Valentine and S. C. Curran, Reports 
on Progress in Physics (The Physical Society, London, 1958), 
Vol. 21, p. 1. . 

4H. A. Bethe, Ann. Physik 5, 325 (1930). 

5 H. Goldschmidt and H. Dember, Z. Tech. Phys. 7, 137 (1926). 

6 E. J. Sternglass and M. M. Wachtel, Phys. Rev. 99, 646 (A) 
(1955). 

71. M. Bronshtein and R. B. Segal, Soviet Phys.—Solid State 
1, 1365 (1960). 


EXPERIMENTAL PROCEDURE 


The energy dissipation for films of various thicknesses 
was determined from the difference between the total 
energy input and the fraction of the energy carried away 
by the transmitted and backscattered electrons. These 
quantities were determined from measurements of the 
average energy and the relative number of transmitted 
and backscattered electrons. The iritial energy, E,, 
was varied between 1 and 10 kev. 

The fraction of transmitted or backscattered electrons 
and their energy distribution were measured using a 
spherical collector arrangement as shown in Figs. 1(a) 
and 1(b), respectively. In order to determine trans- 
mitted currents [Fig. 1(a) ], the inner grid, tied electri- 
cally to the surrounding electrodes, served as a collector. 
With a collector potential of 45 v negative with respect 
to the target only scattered primaries were collected, 
the slow secondaries being returned to the target. The 
ratio of the collector current to the initial current gave 
the transmitted fraction of electrons. With a positive 
potential, both scattered primaries and 
secondary electrons were measured. The secondary 

lectron yield, 6, was calculated from the difference of 
these two measurements. 

In order to determine energy distributions, the inner 
grid was tied electrically to the target. Thus the region 
immediately in front of the target was kept field free. 


collector 


Fic. 1. Collector 
structures. 
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The retarding potential was applied between the inner 
and outer grid. Those electrons which were able to pass 
the retarding field were collected by the outer spherical 
electrode. This electrode had a potential of 45 v positive 
with respect to the outer grid, thus preventing second- 
ary electrons formed on the collector wall from flowing 
back to the target. The average energy of the trans- 
mitted electrons was obtained from the integral energy 
spectrum, given by the collector current as a function 
of the retarding potential between the inner and outer 
grid. A more detailed description of the experimental 
technique may be found in a previous paper.*® 

Measurements on backscattered electrons were 
carried out by the same technique but with the beam 
direction reversed [Fig. 1(b)]. The solid angle sub- 
tended by the beam apertures was less than 0.16 
steradian. Tests were carried out to ensure that the 
retarding potential inside the collector had no de- 
focusing action on the primary beam. 

Thin films of aluminum were prepared by evaporation 
onto nitro-cellulose support films, which were subse- 
quently baked away in air at 200°C.° The thickness 
was determined by interferometry on films deposited 
simultaneously on microscope slides.’® Using the density 
of bulk material, the film thickness was converted to 
mass per unit area. The thickness was corrected for the 
formation of an oxide layer during the bake-out 
procedure. Since the stopping power of Al,O; is essenti- 
ally the same as that for Al referred to in ug/cm?, the 
data on energy dissipation, presented in the following, 
should not be appreciably affected by oxidation. The 
accuracy of the thickness determination is believed to 
be within + 10% or +2 ug/cm*, whichever is the greater, 

Carbon films were evaporated onto microscope slides 
covered with a thin layer of KCI." The films could thus 
be transferred to a water surface where the KCl was 
dissolved away, and picked up with a frame and 
mounted on the target holder. The thickness of each 
film was determined by extrapolating the transmission 
vs energy curve to zero transmission. The relation 
between the energy thus obtained and the film thickness 
is simply the range-energy relation. Since it has been 
shown that range-energy relations when plotted in mass 
per unit area do not vary appreciably with the atomic 
number,*: the thickness of the carbon films was deter- 
mined using the range-energy relation for aluminum. 
For a more detailed description of the thin film tech- 
niques, see reference 8. 
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Sernet, J. Appl. Phys. 21, 843 (1950). 
uD E. Bradley, J. Appl. Phys. 27, 1399 (1956); G. Dearnaley, 

Rev. Sci. Instr. 31, 197 (1960). 
( 59) E. Holliday and E. J. Sternglass, J. Appl. Phys. 30, 1428 
1959). 
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Fic. 2. Fraction of dissipated energy vs thickness of Al films 
for various initial energies. Data extend to 80 ug/cm?. 


RESULTS AND DISCUSSION 


The fraction of the incident energy dissipated in the 
film as a function of film thickness was calculated using 
the detailed results on the transmitted electrons 
published earlier.* Corrections due to the energy carried 
away by the backscattered electrons were applied in 

each case. For thick films, the backscattering coefficient, 
ne, was found to approach 8% for carbon and 15% for 
aluminum, in good squecnant with results by Palluel' 
and Sternglass obtained for bulk material. The 
average energy of the backscattered electrons was 
always close to one-half the initial electron energy. As 
a result, the correction for the “backscattered energy” 
was always less than 5% of the input energy for carbon 
and less than 8% for aluminum. 

The results for the case of aluminum are presented in 
Fig. 2, for the case of carbon in Fig. 3.'° Because the 
Ep/E, values were obtained from the difference be- 
tween energy input and the sum of transmitted and 
backscattered energy, the accuracy of the data varies 
with the absolute value of Ep/E,. The transmitted and 
backscattered energies are derived from the product of 
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ENERGY DISSIPATION 
intensity and mean energy, each of which is determined 
with an average accuracy of about +2%, and could 
therefore only be determined to within +4%. The 
percent error in Ep/E, is therefore very large for small 
Ep/E, values, but decreases for larger values. 

No data could be obtained for film thicknesses less 
than 6 wg/cm? for aluminum and less than 4 ug/cm? for 
carbon. However, inspection of Figs. 2 and 3 shows 
that the curves for E,=8 kev can be readily extrapo- 
lated to the origin. The curve for E,=1 kev was then 
extrapolated to meet the origin with a slope determined 
from Bethe’s theory in the following way. In the limit 
of very small film thicknesses the electrons will pass 
through the film in a nearly straight path. Thus the 
energy dissipation will be proportional to the average 
rate of energy loss along the path. The slope at the 
origin of the curve for £,=1 kev was chosen to be 
larger than that of the curve with E,=8 kev in propor- 
tion to the relative increase in the rate of energy loss 
as calculated with Bethe’s stopping power formula. 
While this formula is strictly correct only for E, large 
compared to the K-shell binding energy of the scattering 
material (1.6 kev for aluminum and 0.3 kev for carbon), 
it still provides a sufficiently good approximation for 
somewhat smaller energies. Since the stopping power 
of carbon is only slightly larger than that of aluminum 
referred to in yg/cm?, the energy dissipation curves for 
these two materials do not differ greatly from each 
other. 

In general, it is not possible to determine the energy 
dissipation density in a solid from the slopes of energy 
dissipation curves obtained from a series of thin films. 
This arises from the fact that such measurements do 
not take into account the contribution due to electrons 
backscattered from the deeper layers. This contribution 
can be considerable and will be largest for the layer 
near the entrance surface. Here, the average energy of 
the backscattered electrons is at its lowest value relative 
to the primaries, resulting in the highest rate of energy 
loss along the path. Direct experimental evidence as to 
the magnitude of this effect is presented in a separate 
paper.'® 

Under certain conditions, however, the actual energy 
dissipation density for the layer near the exit surface 
of thin films can be determined from the slope of the 
energy dissipation curves at any particular film thick- 
ness. This method applies in the case when the energy 
of the electrons backscattered from a thin layer a few 
tens of angstroms thick at the exit surface is negligible 
compared to the energy dissipated by the transmitted 
electrons in that layer. This consideration is met to a 
high degree of approximation for materials of low 
atomic number such as aluminum and carbon, provided 
that the initial energy is well in excess of two times the 
minimum energy for penetration of the film. For such 


1©H. Kanter, following paper [Phys. Rev. 121, 681 (1961) ]; 
see also reference 7. 
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Fic. 4. Comparison of energy dissipation density and secondary 
electron yield at the exit surface of Al films. 


energies, the backscattering coefficient of a thin film is 
well below that of the bulk material.'’ Under this 
circumstance, the incremental increase in energy dissi- 
pated in the material upon a small increase in thickness 
occurs almost entirely within the added layer. At lower 
electron energies, however, the fraction of energy 
carried away from the layer by the backscattered 
electrons can become considerable, so that the energy 
dissipation density determined from the slopes of the 
curves in Fig. 2 and Fig. 3 tends to be larger than the 
actual value. 

The variation of the energy dissipation density with 
initial energy near the exit surface, obtained from the 
slopes of the energy dissipation curves for aluminum 
films 17.5 wg/cm? and 29.5 yug/cm? thick is shown in 
Fig. 4. Equivalent results for a carbon film 21.5 ug/cm? 
thick are shown in Fig. 5. The shape of these curves 
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17 See, for instance, Fig. 2 in reference 16. 
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with the rate of energy loss of the primaries as calculated with 
Bethe’s stopping-power formula. 


may be compared with that of the secondary electron 
yield observed at the exit surface of the films, also 
shown in Figs. 4 and 5. As can be seen, a direct relation 
exists between the energy dissipation density dE/dD 
near the surface and the secondary yield, 6, which is 
independent of initial energy for sufficiently high inci- 
dent energies. For smaller energies, small deviations 
from proportionality are observed. In this case, how- 
ever, the slope cannot be measured with the same 
accuracy as obtained at higher energies, where the 
energy dissipation curves are nearly straight lines. In 
the estimation of the errors, indicated in Figs. 4 and 5 
for the dE/dD values, account was taken of the uncer- 
tainty of the slopes in Figs. 2 and 3 due to the fact that 
the data points are relatively far apart. The absolute 
value of the yield for the thicker Al film is somewhat 
larger with respect to dE/dD than that of the thinner 
film. The difference is believed to be caused by a slight 
difference in the surface conditions. Quantitatively, an 
average energy dissipation density required to obtain 
one escaping secondary electron of y= 100 ev/(ug/cm?) 
was found for aluminum and of »v=210 ev/(ug/cm?) 
for carbon. 

It should be mentioned that although surface con- 
taminating layers were undoubtedly present, the 
accuracy of the dE/dD determination is not appreciably 
affected for the following reason. The presence of a 
thin layer of contaminant shifts the energy dissipation 
curves to larger film thicknesses, but it does not change 
the slopes of the curves from which the dE/dD values 
are obtained. The absolute value of the yield observed 
in the experiments will, however, depend on the surface 
properties of the material. The influence of the surface 
conditions on yield is not well known even for clean 
surfaces, and the surfaces of the films used in these 
experiments cannot be considered clean. The films were 
handled in air, and particularly the aluminum surfaces 
were covered with an oxide layer due to the bake-out 
procedure during the film preparation. Because it is 
well known that the secondary electron yield of con- 


taminated surfaces and oxides is generally higher than 
that of clean metal or carbon surfaces, the numerical 
values of v stated above can only be considered as lower 
limits. As a result, it is impossible to obtain a reliable 
value for the energy Eo required to form a secondary 
electron in the bulk material from these measurements, 
even if the escape depth were known accurately. One 
can only say that the magnitude of » is not inconsistent 
with the values assumed in recent theories.'” 

The relation between the energy dissipation density 
and the secondary electron yield was further tested by 
measurements on bulk material. In Fig. 6, the yield 
for bulk aluminum is plotted as a function of Ey. A 
thin aluminum film was stretched across the surface 
of the target in order to provide the same surface 
conditions as in the previous experiments. As shown by 
measurements reported separately,'® the backscattered 
electrons from bulk aluminum produce about 40% of 
the observed number of secondaries for energies in the 
energy range under consideration here. Therefore, 60% 
of the secondary yield (solid circles in Fig. 6) results 
from the energy dissipation of the incident primaries. 

Because the scattering of the primaries in the thin 
escape region of the secondary electrons is negligibly 
small, the energy dissipation density of the incident 
primaries equals their average rate of energy loss along 
the path. This rate, calculated by Bethe’s stopping- 
power formula, is represented by the solid line in Fig. 6. 
The rate of energy loss was actually calculated for 
aluminum oxide, since the oxide layers formed on the 
surface during film preparation are comparable in 
thickness to the escape depth of the secondaries. 
However, practically the same result is obtained for 
aluminum when the thickness is measured in mass per 
unit area. The same ratio is obtained between energy 
dissipation density and secondary yield which was 
observed for the exit side of thin films. This can be 
considered as direct experimental evidence for the 
applicability of Bethe’s stopping-power formula for 
aluminum down to energies in the order of the K-shell 
binding energy (1.6 kev). The latter conclusion is in 
agreement with that of Young, based on his range- 
energy measurements,'® and the 
assumption of recent theories of secondary emission 
under electron and ion bombardment.'” 

The principal result emerging from these experiments 


with underlying 


is that for energies between 1 and 10 kev, direct 
proportionality exists between the energy dissipation 
density near the surface of secondary emitters and the 
observed secondary yield. Furthermore, it is found 
that the rate of energy loss agrees with that given by 
the Bohr-Bethe theory for free atoms down to at least 
2 kev in aluminum. For gases, the proportionality 
between energy dissipation and secondary production 
had previously been established from a few kilovolts up 


18 J. R. Young, Phys. Rev. 103, 292 (1956). 
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to energies in the megavolt region.’ Since for higher 


energies the details of the outer electronic structure 


AND 
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energy-dissipation density at the surface of solids over 
a wide range of energies. 


become increasingly less important, it is to be expected ACKNOWLEDGMENTS 
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that this proportionality will also be preserved for 
solids at higher energies. Secondary electron emission 


may accordingly be used to measure the relative 
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Contribution of Backscattered Electrons to Secondary Electron Formation 


H. KANTER 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received September 23, 1960) 


It is shown experimentally that backscattered electrons emitted from solids under electron bombardment 
contribute significantly to the observed secondary yield, even for the case of low backscattering coefficients. 
Thus, it was found that in Al with a backscattering coefficient of only 0.14, about 40% of all secondaries 
are produced by backscattered electrons for initial energies from several kev to several tens of kev. The 
large contribution of backscattered electrons to secondary formation even for materials of low atomic 
number agrees approximately with what one would expect from the larger rate of energy loss and the greater 
path lengths of the backscattered electrons in the secondary electron escape region compared to that of the 


incoming primaries. 


INTRODUCTION 


HE secondary electron emission properties of 

solids are strongly dependent on the scattering 
process of the primary electrons'* for which any 
detailed theory does not as yet exist. The problem is 
somewhat simplified in the case where the penetration 
depth of the primaries is much larger than the escape 
depth of the secondary electrons. Under this condition, 
the primaries pass through the escape region along a 
nearly straight path. The backscattered electrons, 
diffusing back from the interior of the material, 
emerge through the escape region with reduced energy, 
following a cosine distribution.‘ Therefore, the rate of 
energy loss and the path lengths of the backscattered 
electrons in the secondary escape region are larger 
compared to that of the incoming primaries. Thus, 
the total energy dissipation in the escape region due 
to backscattered electrons can be comparable to that 
of the primary electrons even when the backscattering 
coefficient is relatively small. Since the energy dis- 
sipation close to a surface is proportional to the 
observed secondary yield as confirmed experimentally 
and reported in the preceding paper, backscattered 
electrons can contribute considerably to secondary 
formation. 


1E. J. Sternglass, Westinghouse Research Laboratories, 
Scientific Paper No. 1772, 1954 (unpublished). 
2A. J. Dekker, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1958), Vol. 6, p. 251. 
30. Hachenberg and W. Brauer, in Advances in Electronics and 


Electron Physics, edited by L. Marton (Academic Press, New 
York, 1959), Vol. 11, p. 413. 


4H. Kanter, Ann. Physik 20, 144 (1957). 


The large contribution to secondary yield of the 
backscattered electrons was first noticed by Stehberger.°® 
More recently, Dobretsov and Matskevich® determined 
the fraction of slow secondaries formed by the incident 
primary while passing through the secondary escape 
region from existing data on the yield. Generally, data 
on secondary electron yield in the literature refer to 
the tctal number of electrons re-emitted by the 
material,?* including both fast backscattered electrons 
and slow secondaries, the latter being formed by 
incident as well as backscattered electrons. In order 
to find the yield of slow secondaries due to the incident 
primaries, 5,, Dobretsov and Matskevich used the 
formula 

bp= (Stoc-—m)/(1+6n), (1) 
where dtot is the observed total yield including back- 
scattered and slow secondary electrons, and y is the 
backscattering coefficient. 8 accounts for the increased 
efficiency of the backscattered electrons in forming 
secondaries. 

The quantities, dt and 7, in Eq. (1) have been 
measured over a large range of energies for a large 
variety of materials. Very little, however, is known 
about 8. While Dobretsov and Matskevich tried to 
determine the limits of 8 under specific assumptions 
with regard to the scattering process, Bronshtein and 
Segal’? very recently reported direct experimental 

°K. H. Stehberger, Ann. Physik 86, 825 (1928). 

®L. N. Dobretsov and T. L. Matskevich, J. Tech. Phys. 
U.S.S.R. 27, 734 (1957) [translation: Soviet Phys. (Tech. Phys.) 
2, 663 (1957) ]. 

71. M. Bronshtein and R. B. Segal, Soviet Phys.-Solid State 1, 
1365 (1960). 
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results on 8 from the observed relation between 
secondary electron yield and backscattering coefficient 
in Be, Ag, and Bi. These authors made measurements 
on thin layers of various thicknesses, deposited on 
solid substrates. The backscattering and secondary 
emission characteristics of the substrates differed 
widely from those of the surface layers (Be on Pt, 
Ag or Bi on Be). By variation of the initial electron 
energy between 0.1 and 3.6 kev, the effective back- 
scattering coefficient of the target could be changed 
and the corresponding change in yield was observed. 
Unfortunately, the condition that the primary penetra- 
tion depth must be much larger than the escape depth 
of the secondaries is satisfied for only the largest energy 
values used by these authors. A systematic trend of 8 
with energy, therefore, could not be established. 

It was the purpose of the work described in the 
present paper to determine the value of 8 for aluminum 
for energies in the kev region. The result gives quanti- 
tative evidence as to the importance of backscattering 
in the secondary emission process of a low-Z material 
and can thus serve to guide the development of a 
detailed theory of secondary emission. Furthermore, 
the information is of interest for a stopping power 
experiment on Al described in the preceding paper. 


EXPERIMENTAL PROCEDURE 


The objective of the work was to measure the 
secondary electron yield from a front surface in the 
presence and absence of backscattered electrons. In 
order to reduce backscattering, the measurements 
were carried out on thin films. The observed back- 
scattered fraction and secondary yield were compared 
with the backscattered fraction and secondary yield 
obtained on bulk material. The experimental technique 
used is illustrated schematically in Fig. 1. Because the 
secondary yield is influenced by the surface condition 
of the target, it was found necessary to prepare a 
single film which covers the whole target area, one- 
half of which is backed with bulk material. For the 
free and backed film areas, the backscattering co- 
efficient and the yield of slow secondaries were meas- 
ured. By varying the primary electron energy, the 
ratio of the effective backscattering coefficients for the 
free and backed film areas could be changed and a 
corresponding change in yield ratio could be observed. 

















Fic. 1. Collector structure and film arrangement. 
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The target was bombarded with an electron beam 
of the order of 10-* amp and about 1 mm in diameter. 
The beam spot could be positioned on the free or 
backed portion of the film. The total useful target 
diameter was 8 mm. The target was surrounded by a 
cylindrical collector provided with an aperture for the 
electron beam. A grid with wide open area and a 
potential negative with respect te the collector served 
to suppress secondaries emitted by the collector 
electrode. The collector surface was covered with soot 
to reduce electron emission further. Currents flowing 
back from the collector to the target when the latter 
was made positive were always smaller than 0.5% of 
the collector current. The angle subtended by the 
aperture was smaller than 0.12 steradian. No correc- 
tions for the escape of electrons through the aperture 
were made. 

The total electron emission from the target including 
secondaries was measured with the collector tied 
electrically to the grid and held 20 v positive with 
respect to the target. The total yield, dit, was obtained 
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Fic. 2. Backscattering coefficient for Al film and 
bulk Al vs initial energy. 


from the ratio of collector current to input current. 
The backscattering coefficient was measured with a 
grid potential of —100 v and a collector potential of 
—50 v with respect to the target, thus repelling all 
electrons with less than 50-ev energy. The yield of 
slow secondaries, 5, could be determined as the difference 
between these two quantities. Because dio showed 
small fluctuations across the film area, the accuracy in 
the yield determination is limited to +4%. 

Thin films of aluminum were prepared by rapid 
evaporation in vacuum onto nitro-cellulose films, which 
were subsequently baked away in air.’ The film thick- 
ness was determined from the value of EZ, at which 
the backscattering coefficient begins to fall below the 
value for bulk material. The practical range of the 
electrons for tiis energy is approximately twice the 
film thickness.’ The thickness of the films determined 
in this manner was 500 A and 1900 A. 


8M. Garbuny, T. P. Vogl, and J. R. Hansen, Westinghouse 
Research Laboratories Report 71F189-R7-X, 1956 (unpublished). 
ass Holliday and E. J. Sternglass, J. Appl. Phys. 28, 1189 
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RESULTS 


The backscattering coefficient, 7, of aluminum as 
a function of EZ, for the free and the supported film 
500 A thick is shown in Fig. 2. The backscattering 
coefficient, mux, for the film backed by the bulk layer 
is seen to be 0,14 in reasonable agreement with published 
data for bulk material.’ For the thin film, a rapid 
change of is observed for E, in excess of 2 kev. At 
20 kev the backscattering coefficient of the thin film 
has decreased to about 1/20 of the backscattering 
coefficient of bulk material. 

The secondary yield, 6, as a function of E, is plotted 
in Fig. 3. The yield of the thin film is smaller than that 
of the bulk material by an amount which represents 
an increasing fraction of the total yield for bulk 
aluminum as the primary energy is raised. A plot of 
the observed yield ratio 5/dpum as a function of the 
ratio of the backscattering coefficient n/mbux is shown 
in Fig. 4. This plot makes it possible to determine 
the secondary yield for the limiting case of zero 
backscattering. 
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Fic. 3. Secondary electron yield for Al film and 
bulk Al vs initial energy. 


It should be noted that the data points for the film 
500 A thick in Fig. 4 were obtained at various primary 
energies, E,. In order to check whether any appreciable 
effect of the primary energy exists, the measurements 
were repeated on a second film greater in thickness by 
nearly a factor of 4. For the heavier film a given value 
of 7/ bulk Occurs at about 3 times the primary energy 
for the thinner film. It is seen that to within the 
accuracy of the present measurements, no observable 
influence of primary energy appears to exist over the 
range of energies investigated. A single straight line 
can be fitted to the data for the two aluminum films 
used, which can be extrapolated to a value of 6/dpu1 
~0.59 for the limiting case of n/mux=0. 

One is therefore led to the conclusion that for the 
energy range from a few kev to several tens of kev, 
close to 40% of all secondaries from the front surface 
of a thick aluminum target was formed by the back- 
scattered electrons. Since the number of backscattered 
electrons in this material represents only 14% of the 


0 P, Palluel, Compt. rend. 224, 1492, 1551 (1947). 


BAC BSCAT 


TERED ELECTRONS 





| te aah 


SOOA | Aluminum 
I900A J 











fl ‘ ' ' 
°% ! 2 3 4 5 6 7 8 


Fractional! Back Scattering Coefficient, 


a) 1.0 
7/7 pur 


Fic. 4. Relation between fractional change in yield and fractional 
change in backscattering coefficient for Al. 


incident electrons, it follows that the backscattered 
electrons are 4.9 times as effective in forming secondar- 
ies as the incoming primaries, i.e., 8=4.9. This value 
for B is of the same order as the 8 values found by 
Bronshtein and Segal’ for Be (4.2<8<4.5) and for 
Bi (8~3.9). 


DISCUSSION 


The somewhat surprising result that the back- 
scattered electrons contribute a relatively large fraction 
of the observed secondary electron yield even for a 
material of relatively low backscattering coefficient 
such as aluminum, can be explained in terms of the 
relative contribution of incident and backscattered 
electrons to the energy dissipation density near the 
surface." The rate of energy dissipation for each of 
these groups can be estimated from the respective 
rates of energy loss along the path and the average 
path length in the secondary electron escape zone. 

The penetration depth of the incident primaries 
with E,>2 kev in aluminum is larger than 700 A and 
thus much larger than the escape depth of the secondar- 
ies, which is only a few tens of angstroms. Thus, the 
energy and direction of the primaries remain practically 
constant throughout the secondary escape zone. The 
rate of energy dissipation of the primary within the 
escape zone is therefore equal to the initial rate of 
energy loss along the path and can be calculated using 
Bethe’s stopping-power formula,” 


dE/dX =FE-\n(E/1), (2) 


where F and 7 are factors depending only on the 
material. This formula has been found to apply quite 
accurately in solids down to electron velocities in the 
order of the orbital velocity of the K-shell electrons, 
(1.6 kev for aluminum).” 

Backscattered electrons from bulk aluminum emerge 
with an average energy of about half the initial 
energy.** Since the logarithmic term in Eq. (2) varies 
only slowly with energy, the rate of energy loss of the 


! H. Kanter, preceding paper [Phys. Rev. 121, 677 (1961) ]. 
2 H. A. Bethe, Ann. Physik 5, 325 (1930). 

13 J. R. Young, Phys. Rev. 103, 292 (1956). 

4 E. J. Sternglass, Phys. Rev. 95, 345 (1954). 
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backscattered electrons is roughly twice as large as 
that of the primaries. Furthermore, since the back- 
scattered electrons escape with a cosine distribution 
in angle, the average path lengths of the backscattered 
electrons in the secondary escape zone can be shown 
to be twice the zone depth. Therefore, the ratio between 
the rate of energy dissipation of the backscattered and 
incident electrons near the surface is roughly 4. A 
more accurate estimate using the known energy 
distribution of backscattered electrons as a weight 
function leads to a ratio of 4.3 at E,=10 kev. This is 
in reasonable agreement with the experimentally 
observed value of 6=4.9.'° 

16Tt should be pointed out that if the average energy of the 
backscattered electrons were a constant fraction of the initial 
energy, the ratio between the rate of energy dissipation of the 
backscattered and incident electrons would increase somewhat 
with increasing initial energy due to the logarithmic term in 
Eq. (2). However, as shown in reference 4, the average energy 
of the backscattered electrons also increases continuously relative 
to the incident energy with increasing Ey. As a result, the ratio 
of the rate of energy dissipation for backscattered and incident 
electrons changes less rapidly than would be expected on the 
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KANTER 


Thus, both theory and experiment indicate that 
even for materials of low atomic number, the back- 
scattered electrons make an important contribution 
to secondary electron emission from solids. Therefore, 
as pointed out by Sternglass' and more recently by 
Dekker and Lye,'* any theory of the secondary electron 
emission under electron bombardment must take into 
account the diffusion and backscattering of the incident 
electrons. 
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basis of Bethe’s formula alone. Since the backscattering co- 
efficient of aluminum does not vary with the incident energy, it 
follows that the ratio between the energy dissipation density or 
secondary electron production of incident and backscattered 
electrons is about constant with energy, in agreement with the 
results obtained for the two different aluminum films 

16 A. Dekker and R. G. Lye, Wright Air Development 
Division Technical Report WADD 57-760 (unpublished). 
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Excess Tunnel Current in Silicon Esaki Junctions 


A. G. Cuynowetn, W. L. FELDMANN, AND R. A. LOGAN 
Bell Telephone Laboratories, Murray Hill, New Jersey 


(Received June 6, 1960; revised manuscript received October 20, 1960 


At low forward biases, a high current flows in Esaki junctions 
due to band-to-band tunnelling. At sufficiently high biases the 
current flows by normal forward injection. Between these two bias 
ranges, the current is unexpectedly high and has been called the 
excess current. A comprehensive experimental study has been 
made of this excess current in silicon junctions. It is shown that 
the properties of the excess current observed so far can be accoun- 
ted for by a mechanism originally suggested by Yajima and Esaki, 
in which carriers tunnel by way of energy states within the for- 
bidden gap. Based on this model, the following expression for the 
excess current, J,, is proposed : 

I.~D, exp{— (azW e!/2)[e—eV 2 +0.6e(Vi+V>) J}, 


where D, is the density of states in the forbidden gap at an energy 
related to the forward bias, V,, and the Fermi energies on the n 


INTRODUCTION 


HE occurrence of so-called excess current in Esaki 
junctions' is now well known.” It occurs at for- 

ward biases in the range where the electrons in the de- 
generate donor levels in the m side have been raised to 
energies greater than those of the degenerate acceptor 
levels on the p side. Ideally, tunnelling of electrons from 
the conduction band to the valence band in a single 
energy-conserving transition should then be impossible 
and only the normal diode current due to the forward 


'L. Esaki, Phys. Rev. 109, 603 (1958). 
? T. Yajima and L. Esaki, J. Phys. Soc. Japan 13, 1281 (1958). 


and p sides are V, and V,, respectively, e is the electron charge, 
e is the energy gap, W, is the junction width constant, and a, is 
a constant containing a reduced effective mass, m,. This formula 
describes the observed dependence of J, (i) on D,, observed by 
introducing states associated with electron bombardment, (ii) on 
e, studied by the temperature variation of the diode characteristics, 
(iii) on V,, verified from semilogarithmic plots of the forward 
characteristics, and (iv) on W,, tested by using junctions of 
different widths. From these experiments, m;=0.3mo to within a 
factor of 2. 

The origins of the states in the band gap are not known for cer 
tain though they are most likely the band edge tails inherent to 
heavily doped semiconductors. It is probable that the tunnelling- 
via-local-states model for the excess current in silicon is applicable 
to excess currents in other materials. 


injection of minority carriers should flow. In practice, 
as Yajima and Esaki first noted,” the actual current at 
such biases is considerably in excess of the normal diode 
current; hence the term, excess current. 

It was apparent that the excess current is primarily 
a tunnelling process since its behavior generally parallels 
that of the peak current; the peak and excess currents 
exhibit much the same dependence on pressure,’ on 
temperature,‘ and on the donor and acceptor concentra- 

3S. L. Miller, M. I. Nathan, and A. C. Smith, Phys. Rev. Letters 
4, 60 (1960). 


*R. A. Logan and A. G. Chynoweth, Bull. Am 
160 (1960). 
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tions that make up the junction. (The last fact comes 
from our studies of silicon Esaki junctions where it was 
found that the ratio of the peak and excess currents was 
very insensitive to the doping concentration even 
though both currents could be changed by orders of 
magnitude in this way.) 

As interband tunnelling transitions are energetically 
impossible at biases in the excess current range, a me- 
chanism has to be found whereby the electrons can 
dissipate their excess energy either “during” the tunnel- 
ling transition or separately. In the former it has been 
suggested that electrons could lose energy by emitting 
photons, or phonons, or plasmons, or in Auger processes. 
Kane has considered several of these hypotheses from 
a theoretical standpoint®~’ and has concluded that they 
are unlikely to account for any appreciable fraction of 
the excess current. Further, the photon emission hy- 
pothesis has been tested experimentally. Using lead 
sulfide and cadmium telluride photocells, no light could 
be detected from silicon Esaki junctions in the appro- 
priate wavelength range even though the detecting 
sensitivity was many orders of magnitude greater than 
that which would be needed if a large fraction of the 
excess current were carried by the photon-emitting 
mechanism. 

Instead, there is now a growing amount of evidence 
that the excess current is caused by electrons tunnelling 
not completely through the energy gap, but only part 
of the way, making use of more or less localized imper- 
fection energy levels present in the energy gap. This 
mechanism was first suggested by Yajima and Esaki* 
and, subsequently, several authors have obtained 
strong confirmation of it by showing that the magnitude 
of the excess current can be altered by deliberately 
changing the imperfection content of the crystal, either 
by suitable doping® or by radiation damage.**-” 

The present paper is concerned primarily with the 
properties of the excess current in silicon Esaki junc- 
tions. The dependence of the excess current upon the 
imperfection density has been studied using electron 
irradiation and these experiments are complemented by 
studies of the excess current as a function of bias, of 
temperature, and of the concentration of the donors and 
acceptors used for forming the junction. It was found 
that the interpretation of the experimental results was 
aided considerably by a simple phenomenological model 
for the excess current which will be presented in the 
next section. 


5 FE. O. Kane, Bull. Am. Phys. Soc. 5, 160 (1960). 

®E. O. Kane, International Conference on Semiconductor 
Physics, Prague, 1960 (unpublished). 

7E. O. Kane (private communication). 

8C. T. Sah, IRE Solid-State Device 
Pittsburgh, June, 1960 (unpublished). 

»T. A. Longo, Bull. Am. Phys. Soc. 5, 160 (1960). 

10 R. R. Blair and J. W. Easley, J. Appl. Phys. 31, 1772 (1960). 
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CURRENT 


IN Si ESAKI JUNCTIONS 


MODEL FOR EXCESS CURRENT 


Figure 1 shows some examples of possible routes 
whereby electrons can pass via local levels from the 
conduction band on the m side to the valence band on 
the p side when the junction is biased into the excess- 
current region. An electron starting at C in the conduc- 
tion band might tunnel to an appropriate local level at 
A from which it could then drop down to the valence 
band, V. Alternatively, the electron could drop down 
from C to an empty level at B from which it could 
tunnel to V. A third variant is a route such as CABV, 
where the electron dissipates its excess energy in a 
process which could be called impurity band conduction 
between A and B. A fourth route which should also be 
included is a staircase route from C to V which consists 
of a series of tunnelling transitions between local levels 
together with a series of vertical steps in which the elec- 
tron loses energy by transferring from one level to 
another, such a process being possible if the concentra- 
tion of intermediate levels is sufficiently high. The 
route CBY can be regarded as the basic mechanism, the 
other routes being simply more complicated modifica- 
tions which are not likely, of themselves, to produce 
radically different behavior. In this paper, it will be 
shown that the simple model appears adequate to 
account for the observed behavior of the excess current 
in silicon Esaki junctions. 

It has long been regarded as possible for electrons to 
tunnel from impurity levels within the forbidden gap 
to the conduction band; this is called field-ionization. 
This is conceptually easy to accept as the electrons then 
move in the direction appropriate to the electric field. 
However, if one regards tunnelling as simply a barrier 
transparency problem, the direction of the field is im- 
material ; the role of the field can be thought of as simply 
to determine the barrier width. In particular, the elec- 
trons may just as readily tunnel against the electric 
field as with it and indeed, the peak current in Esaki 
junctions is proof that electrons may tunnel against the 
electric field. 














Fic. 1. Diagram illustrating proposed mechanisms 
for the excess current flow. 
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A theoretical treatment of the conventional field 
ionization process in which the electron tunnels from a 
discrete state to the conduction band has been given by 
Franz." He finds that the tunnelling probability factor 
has the same form as that for interband tunnelling 
transitions except that the energy gap is replaced by the 
ionization energy of the impurity, namely, the height 
of the barrier through which the electron must tunnel. 
(There are also minor changes in the numerical factor 
contained in the exponent of the tunnelling probability.) 
By direct analogy, it is reasonable to employ a similar 
tunnelling probability factor for the case in which the 
electron tunnels to the valence band, except that here 
the height of the energy barrier through which the elec- 
tron tunnels is now the difference between the energy 
gap and the ionization energy of the impurity level. 

Let V,=the forward bias, in volts, in the bias range 
where the excess current, J,, is dominant; V,=the 
potential difference (in volts) between the Fermi level 
on the n-type side and the bottom of the conduction 
band; V,=the potential difference (in volts) between 
the Fermi level on the p-type side and the top of the 
valence band; e=the forbidden energy gap, in ev, of 
relatively pure material; and e=the electron charge. 

Let the junction be at a bias V,, and consider an 
electron making a tunnelling transition from B to V in 
Fig. 1. The energy gap through which it must tunnel, 
€z, is then given by 


exe—eVite(Vpt+ Vn), (1) 


assuming that the electron ends up near the top of the 
valence band. The potential difference across the junc- 
tion promoting this transition is 


V.—V.=[¢/e+0.6(V.+V,)—Ve], (2) 


where V; is the built-in potential. For a step junction 
the maximum field is given by 


E=2(V;-—V,)} W;, (3) 
where W, is the width constant of the junction, the 
junction width for unity potential across it given by 

W?=K(p+n)/(2mrepn), 


where K is the dielectric constant and p and m are the 
acceptor and donor concentrations, respectively. 

The tunnelling probability, P,, for the electron on 
the level at B will be, following Franz," 


P,=exp(—aze,!/E), (4) 
where a, is defined by 
az=[4(2m,)!/3eh 0. (5) 


In Eq. (5), 4(=2xh) is Planck’s constant ind @ is a 
numerical factor of the order of unity. By analogy with 

1 W. Franz, Handbuch der Physik, edited by S. Fliigge (Springer- 
Verlag, Berlin, 1956), Vol. 17, p. 155. 
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the case of interband tunnelling” it may be reasonable 
to regard the tunnelling mass, m,, as a reduced mass, 
the dominant component of which will be the hole mass 
in the valence band. It will be assumed that Eq. (4) is 
sufficiently accurate for present purposes, though 
strictly it applies only to the case of a uniform electric 
field. 

Let the volume density of occupied levels at an 
energy, €z, above the top of the valence band (such as 
levels B) be D,. It has already been stated that the 
excess current behaves in a broadly similar way to the 
peak current, implying that the tunnelling transition, 
BV, is rate-controlling rather than the replenishment 
mechanism along the route CB. Thus, the excess current 
will be given by 
I,=AD,P,, (6) 


where the reasonable assumption is made that the excess 
current will vary predominantly with the parameters in 
the exponent of P, rather than with those in the factor 
A. Substituting expressions (1), (2), (3), and (4) into 
(6), it is therefore possible to write the following approx- 
imate expression for the excess current: 


InJ,=InA+InD, 
— (a,Wye!/2)[e—eVete(VptVn)]. (7) 


This expression is susceptible to detailed experimental 
testing since the parameters D,, W,, «, and V, can be 
varied independently and their effect on J, studied. 
Such experiments will be described in the next section. 


EXPERIMENTAL RESULTS 
A. Junction Fabrication 


The silicon junctions were made by alloying boron- 
rich aluminum wires into n-type samples of resistivities 
ranging between 0.0018 and 0.0006 ohm-cm using a 
strip heater with a quick heat cycle. The resulting 
silicon diodes had Esaki characteristics which generally 
yielded values between 2 and 3 for the ratio of the peak 
current to the valley current at room temperature. In 
some experiments where germanium Esaki junctions 
were used, junctions with roughly comparable peak-to- 
valley current ratios were obtained by alloying alu- 
minum wire into n-type material of 0.0006 ohm-cm 
resistivity. Alloying to germanium was carried out by 
means of an electrical discharge through the aluminum 
wire and the crystal while the two were held in contact. 

The acceptor concentration obtained in the silicon 
junction was estimated to be 3X10” cm~, using a dis- 
tribution coefficient for boron of about unity and taking 
into account the solubility of silicon in the alloy as given 
in the Al-Si phase diagrams. It is evident that there 
could be considerable error in this estimate. The Fermi 
energy on the p side was estimated to be 0.18 ev and for 


21. V. Keldysh, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 962 
(1958) (translation: Soviet Phys.—JETP 7, 665 (1958). 
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the highest donor concentrations used (2.1 10” cm-*) 
the Fermi energy was 0.06 ev on the n side. 


B. Excess Current Versus Forward Bias 


Figure 2 shows a semilogarithmic plot of the forward 
current versus forward bias for a silicon Esaki junction 
typical of those used in the present study. In the range 
between biases corresponding to the peak current, Jp, 
and the valley current, Jy, the junction exhibits a nega- 
tive resistance. At sufficiently high forward biases, the 
main component of the current becomes the conven- 
tional forward minority-carrier injection current and on 
the semilogarithmic plot, the characteristic enters a line 
of slope close to e/kT, as is to be expected from the usual 
rectifier equation. Here, ¢ is the electron charge, & is 
Boltzmann’s constant, and T is the absolute tempera- 
ture. The fact that the slopes were close to e/kT shows 
that series resistance effects were not important in these 
junctions. By extrapolating the normal diode current to 
lower biases, it is clear that in the bias range between 
the valley point and the point where the normal diode 
current becomes dominant (at about 0.7 volt at room 
temperature) the actual junction current can be several 
orders of magnitude higher than the conventional diode 
current. This is the excess current which forms the sub- 
ject of this paper. It is clear that the dependence of J, 
on bias is very close to exponential, which is in accor- 
dance with Eq. (7) (a similar dependence has also been 
observed in germanium junctions by Yajima and 
Esaki’). Furthermore, the lack of any structure in the 
semilogarithmic plot implies that if the proposed model 
for the excess current is correct, there must be a more or 
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Fic. 2. Semilogarithmic plot of the forward characteristic of a 
silicon Esaki junction possessing a low peak current density. 
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less continuous distribution of B states through the 
energy gap. In particular, the density of these states, 
D,, must either be constant or vary exponentially with 
the energy difference, eV. 

Figure 3 displays two more semilogarithmic plots of 
the forward characteristics of a junction, obtained at 
300°K and 4°K. It will be seen that the linear excess 
current range becomes much more prominant at low 
temperatures, due to the decreased normal diode cur- 
rent. However, there is very little change in the slope of 
this characteristic, as noted above. In particular, it is 
to be noted that in the silicon junction used in these 
experiments, there is no evidence of structure in the 
semilogarithmic plots even at 4°K. This is in contrast 
to the work of Esaki who observed broad maxima in the 
excess current versus bias curves at low temperatures 
in silicon junctions.” 


C. Excess Current Versus Imperfection Density 


It has been shown that both electron and neutron 
irradiations result in an increase in the excess current 
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Fic. 3, Semilogarithmic plots of the forward characteristics 
of a silicon Esaki junction at 300°K and 4°K. 


“18 L, Esaki and Y. Miyahara, Solid-State Electron. 1, 13 (1960). 
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MTT TTT at 0.3 volt forward bias covering a range of two orders 
il | of magnitude. Nevertheless, all the junctions yielded 
HL : data basically similar to those shown in Fig. 4. 

j ! Figure 5 shows semilogarithmic plots of some of the 
ii curves of Fig. 3 at various stages of the bombardment. 
tit EAE HY . It is clear that prior to the bombardment, a straight 

/I// My | ET | line is obtained in the excess current range, as in Fig. 2, 
LL] i HT Hi HH in accordance with Eq. (7) and that the slope of this 
/] ii H/] i} | | Ss line does not change very much during the bombard- 
ment, to within the limits of experimental error. Re- 
ferring to Eq. (7), this implies that neither a, nor W, 
are significantly affected by the bombardment. Rela- 
tively little change could be expected in a, as the only 
relevant quantity it contains is the reduced effective 
mass. The conclusion that W, is practically constant is 
consistent with the observation that Jp does not change 
appreciably, implying that in these experiments the 
radiation damage was not sufficient to alter appreciably 
the free carrier density. 

Before analyzing the data further, it is necessary to 
elaborate on Eq. (7) so as to take into account the 
SILICON effects of changes in D, brought about by the bombard- 
ment. Let 
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D, = Doz + Dpz, 
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| 
: where Dp, is the initial level density at a position in the 
02 #08 O04 OFS 06 7 : 


FORWARD BIAS IN VOLTS energy gap corresponding to a bias V,, and Dz, is the 














Fic. 4. Changes in the Esaki characteristic of a silicon Esaki 
diode, rather similar to that of Fig. 1, brought about by bombard 1.0 
ment with 800-kev electrons. Curve 0 refers to the junction before 
bombardment and the series of curves up to curve 21 represent 
the junction characteristics at various stages of the bombardment. os 


0.9 


0.7 
in germanium and silicon Esaki junctions.’ To investi- 


gate this effect further, several Si Esaki junctions were 
subjected, in vacuum, to a beam of 800-kev bombarding 
electrons from a van der Graaff generator. The samples 
were soldered to a copper block for a heat sink and no 
effects due to heating of the samples could be detected. 
The bombardments were carried out at room tempera- 
ture and they were halted at frequent intervals while 
the forward bias characteristics were traced on an X-Y 
recorder. Figure 4, which applies to a relatively low 
current density junction, shows a typical set of data 
obtained in this way and it is immediately obvious that 
the main effect of the bombardment is to increase the 
excess current while leaving the peak current relatively 
unchanged. This is in agreement with the findings of 
Blair and Easley” and is consistent with the proposed 
model if the volume density of the local energy levels 
giving rise to the excess current is much less than the 
impurity concentration which determines the number 
of electrons available for band-to-band tunnelling. 
(Note that the curves do not extend into the bias range 
where the normal diode current becomes important. 
This can be seen by comparison with Fig. 2, for exam- 
ple.) A variety of junctions were subjected to the elec- Fos. 5, Reeaiibeiguatileasde plots of curves 
tron bombardments, their initial excess current densities 0, 7, 12, and 18 of Fig. 3. 


° 
® 


4 
uw 


° 
b 


9° 
w 


EXCESS CURRENT, Ix, IN MILLIAMPERES 
9° 
Nn 


0.1 0.2 0.3 0.4 0.5 
FORWARD BIAS, Vx, IN VOLTS 





EXCESS 


TUNNEL 


CURRENT 


IN Si ESAKI JUNCTIONS 





/ 











































































































0.10 VOLT 
| FORWARD BIAS 
fo py 


| 

















FORWARD CURRENT IN MILLIAMPERES 









































6 


BOMBARDMENT DOSAGE IN ELECTRONS PER CM? 


Fic. 6. Curves of total current versus bombardment dose for various values of the applied bias, 
obtained by interpolation of the curves of Fig. 4. 


level density at the same energy introduced by the 
bombardment. Then 


Dz; glpr, 


where ¢ is the electron flux, ¢ is the bombardment time, 
and pz is the level density at the energy corresponding 
to V, introduced by a unit bombardment dose. Then 


T= B(Do:+ ¢tp:) exp(a.W ie'V ,/2), (8) 
where 


B=A exp(—a,We}/2)[e+e(V,+V,) ]. 


At a given bias, a plot of 7, against (¢t) should be a 
straight line of gradient 


S.= Bpz exp(azW ye!V;/2). (9) 


This expression, in turn, predicts that if In S, is plotted 
against V,, a straight line should result if pz is only 
slowly dependent on V, compared with the exponential 
term. Furthermore, the slope of this line gives another 
determination of a,W, and this can be compared with 
the value obtained independently from the slopes of the 
linear regions of the curves in Fig. 5. 

By interpolation of the curves of Fig. 4, plots were 
obtained of J, (or J at biases lower than those in the 
excess current range) against the bombardment dose, 
(gt). These are shown in Fig. 6 and it is apparent that 
excellent straight lines result at all biases, in agreement 


with Eqs. (7) and (8). Similar plots made for other 
junctions followed much the same pattern, though the 
higher the initial excess current, the greater the bom- 
bardment dose required to produce the same relative 
change in the excess current. It was observed, however, 
that in those junctions that required the heavier bom- 
bardments, the plots of J versus ¢g#, though linear at low 
doses, tended to fall below the extrapolated linear 
portions. Such behavior could arise either through 
saturation effects in the rate of introduction of defects 
by the bombardment, or more likely, through carrier 
removal becoming sufficient to cause changes in the 
tunnelling probability because of the resulting increase 
in W. 

It was useful to determine the “doubling-dose,” A, 
defined as the total number of electrons per square 
centimeter that introduces a level density equal to that 
originally present at a given bias. The doubling dose at 
0.3 volt bias was estimated for a variety of junctions 
from curves such as those shown in Fig. 6 and the results 
are summarized in Table I. It is clear that the doubling 
dose increases roughly with the initial excess current, 
the average doubling dose being 3.7X10'* electrons 
cm~* ma™ for the actual junctions studied. These junc- 
tions had roughly equal areas, with an average value of 
about 3.5X10- cm?, so that a more useful way of ex- 
pressing the doubling dose is that 1.3X10'* 800-kev 
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Fic. 7. The logarithms of the slopes of the lines in Fig. 6 
plotted against the forward bias. 


electrons per square centimeter increase the excess cur- 
rent density by 1 amp cm~. It is clear that typical junc- 
tions with a few milliamperes of excess current are as 
susceptible to radiation damage as many other semi- 
conductor devices. 

The fact that A(=Do,) is roughly proportional to 
the excess current originally present in the junction 
strongly suggests that the B states are related to the 
donor and acceptor concentrations used in making the 
junction rather than to other possible causes which 
would be expected to be relatively constant from junc- 
tion to junction. Furthermore, the increase in excess 
current with doping concentration cannot arise solely 
from the effect of changes in the junction width and the 
built-in potential on the tunnelling probability. 

It remains to test Eq. (9). In Fig. 7, the logarithms of 
the slopes of the lines in Fig. 6 are plotted against the 
forward bias and a relatively good straight line results, 
as predicted by Eq. (9). The deviation from the straight 
line at the lowest biases occurs in the region where the 
band-to-band tunnelling current is very much larger 
than the excess current as extrapolated from the linear 
portion of the log/, versus V, plot. In this region it is 
unrealistic to invoke the actual existence of an excess 
current. 

The relatively good straight line in Fig. 7 indicates 
that p, is either approximately constant or an exponen- 
tial function of bias (i.e., position in the energy gap). If 
we put p.=poe*"*, where po and yu are constants, then 
the slope of the line in Fig. 7 will be [—y+ (a.W4e!/2) }. 
Similarly, the straight lines in Figs. 2 and 4 imply that 


FELDMANN, 


AND LOGAN 

we can write D,= Doe~*", where Dy and are constants, 
and that the slopes of the lines in these figures will then 
be [—A+ (azWie!/2)]. In Fig. 4 the forward slope 
prior to bombardment was 7.8 volt~', while that of the 
line in Fig. 6 was 9.1 volt. Hence, A—u= 1.3 volt, a 
value that is perhaps comparable with the experimental 
error. Thus, A~p though at this stage it is not possible 
to draw any conclusions as to their actual magnitudes, 
which may even be zero. More information on the values 
of these slopes will be given in the succeeding sections. 

It is of interest to report the results of other attempts 
to modify the excess current in silicon junctions. Sah® 
has been able to increase the excess current by doping 
the junctions with gold, the gold presumably introduc- 
ing deep-lying energy levels in the forbidden gap. We 
have tried unsuccessfully two other methods for in- 
creasing the excess current. In the first, two sets of 
silicon Esaki junctions were made that were similar in 
all respects except that one set was made using silicon 
that contained copper at a concentration of 3x10" 
cm~*, the copper having been introduced by diffusion 
at i000°C. Associated with the copper impurities are 
deep donor and acceptor levels, at 0.24 and 0.49 ev 
above the valence band.“ There was no perceptible 
difference between the Esaki characteristics of the two 
sets of junctions. 

In another experiment, sets of junctions were made 
using silicon that had been plastically deformed (either 
by bending or by twisting) until they possessed disloca- 
tion densities of as much as 10° cm~*. Again there was 
no noticeable difference between these junctions and the 
control junctions made using undeformed material. 
Low-frequency noise measurements throughout the 
Esaki region also failed to reveal any difference (to 
within a factor of 2 for the magnitudes of the excess 
currents) between the junctions with and without 
dislocations. 


D. Excess and Peak Currents Versus 
Temperature 


In general, it was found that the biases at which the 
peak currents occurred were insensitive to the tempera- 
ture, thus making Jp a convenient quantity for studying 


TABLE I. Doubling dose, A, at 0.3 volt bias 
for several different silicon junctions. 


A/I; 
(electrons cm~? ma™) 
4.8X 10'® 
4.0 10'* 

3.7 X10'* 





Initial J, A 
(ma) (electrons cm~?) 


198—1 0.21 10.1 10" 
198—2 0.21 8.3 X 10!* 
529 2.5 9.2 10'* 
473 3.1 7.7X10'6 2.5 10'* 
1254 24 8.2 10"7 3.4X 1016 
Average value of A/J,=3.7X 10"* electrons cm™ ma 
Junction areas =3.5X 10~ cm? 
Average doubling dose= 1.3 10"* electrons amp™ 


Junction 
number 








“4 C. B. Collins and R. O. Carlson, Phys. Rev. 108, 1409 (1957). 
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the effect of temperature on the band-to-band tunnel- 
ling. To study the effect of temperature on the excess 
current tunnelling mechanism, the excess currents at 
various biases and the valley currents were measured 
versus temperature for both silicon and germanium 
Esaki junctions. The peak and excess currents as a 
function of temperature are shown for Si in Fig. 8 (the 
excess currents being measured at two biases, 0.35 and 
0.60 volt, the former being close to the valley point and 
the latter being well within the bias range where the 
excess current dominates at all temperatures). The 
peak and valley currents for Ge versus temperature are 
shown in Fig. 9. For Si, as the temperature is increased, 
I, shows little change at first but then increases more 
and more rapidly, this being true at both biases where 
7, was measured. For germanium, though the initial 
temperature-insensitive portion is a little less promi- 
nent, Jy shows a very similar trend with temperature. 
On the other hand, the behavior of the peak currents 
differs considerably between the two materials. For 
germanium, the variation of 7p with T is very similar 
to that of Jy. For silicon, 7p behaves qualitatively much 
in the same way as J, until T reaches 100 to 150°K. In 
this temperature range the rate of increase of Jp with T 
reaches a maximum, and as TJ increases further the rate 
of increase of Jp decreases, in contrast to the behavior 
of Tx. 
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Fic. 8. The peak current and the excess current at two different 
biases, plotted against temperature for a silicon Esaki junction. 
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Fic. 9. The peak and the valley currents plotted against 
temperature for a germanium Esaki junction. 


There is a particularly close correspondence between 
the curves of Figs. 8 and 9 for the peak currents and the 
results of earlier work'® in which the temperature varia- 
tion of the reverse bias required to maintain a constant 
current in the tunnelling breakdown region was meas- 
ured. The distinct shape of the 7p versus T curve for Si 
arises through the necessity for phonon cooperation in 
the band-to-band tunnelling transitions. In Ge, where 
it has been shown that usually, phonon cooperation is 
not necessary for band-to-band tunnelling,'*® there is no 
S-bend shape to the Jp versus T curve. Instead, the 
current increases steadily with temperature in a way 
that mirrors the steady decrease in the direct energy 
gap as the temperature increases. 

The temperature studies can be made more quanta- 
tive by means of Eq. (7). This equation predicts that as 
the temperature is varied, the logarithm of the excess, 
or valley, current should vary as e; (the indirect energy 
gap) at constant Vx, if all the other quantities are 
essentially insensitive to T, and that the slope of this 
line should be (—a,Wy,e'/2). From studies of the bias 
dependence of the excess current at different tempera- 
tures, it was established that the quantity, (a.W1) was 
almost independent of temperature except for an in- 
crease of a few percent that occurred mainly below 
20°K. Such an increase could be most plausibly accoun- 
ted for by a very slight amount of carrier freezeout at 
the lowest temperatures with an effective ionization 
energy of the order of 10~ ev. Plots of log J, versus €; 
for Si and Ge are shown in Fig. 10 and the fact that 
relatively good straight lines result is in qualitative 
agreement with the form of Eq. (7) and a confirmation 
of the relative constancy of the quantity, (aW,e!/2). 
The actual slopes were 17.3 ev at 0.60 volt bias, and 


18 A. G. Chynoweth et al., Phys. Rev. 118, 425 (1960). 
16 N. Holonyak et al., Phys. Rev. Letters 3, 167 (1959). 
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Fic. 10. The logarithm of the peak and valley currents for 
germanium and the excess currents for silicon plotted against the 
appropriate energy gaps. 


14.6 ev at 0.35 volt, for junctions with peak currents 
of magnitudes not too different from those of the junc- 
tions used for the detailed radiation damage studies. 
Also shown in Fig. 10 is the curve for the valley current 
versus indirect energy gap in Ge. It also is a relatively 
good straight line and has a slope of 5.8 ev. These 
temperature studies of the excess and valley currents 
again confirm that the excess and valley currents in both 
Si and Ge are primarily tunnelling in origin and that the 
temperature variation of the excess current is deter- 
mined to a large extent by that of the energy gap. 

It has been shown that if the side of the junction is 
formed using As or P, as is the case here, the tunnelling 
transitions in Ge do not involve phonons."* The lack of 
phonon structure in the curve of Jp versus T shown in 
Fig. 9, in contrast to that in silicon diodes, corroborates 
this result. Morgan and Kane"? have pointed out that 
the germanium band structure suggests that forward 
tunnelling is by indirect transitions with momentum 
conserved by impurity scattering. On the other hand, 
there exists the possibility that in degenerate german- 
ium, the impurities modify the band structure suffi- 
ciently to populate the =0 minimum in the conduction 
band, making direct transitions possible. The actual 
energy gap used in the analysis of the temperature varia- 
tion of Ip is not critical since the difference between the 
two energy gaps (ep—er) is only about 0.15 ev and 
almost independent of temperature. The field promoting 
the transition will be 


2e—*[Ler—eV p+0.6e(Vp+V ») }/Wi. 


If V, and V, are sufficiently small, then a plot of In Jp 
versus ¢; or €p should be a straight line of slope 


17 J. V. Morgan and E. O. Kane, Phys. Rev. Letters 3, 466 
(1959). 
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(—apW \e'/2), where ap is an expression, similar to Eq. 
(5) but appropriate to the band-to-band tunnelling 
process in Ge. The Jp curve in Fig. 10 is reasonably 
straight, in agreement with the formulation, and the 
slope of the straight line has a value, 6.5 ev~'. Though 
there is appreciable uncertainty as to the value of 
(V,+V,) for the Ge junctions, it was found that the 
slope of the peak current plot changed by less than 10% 
in the estimated range of variation of these parameters. 
The possibility that the excess current could be 
caused by simple modifications to normal diode theory 
was easily removed. It is conceivable that the forward 
diode characteristic could be of the form 


I,n exp (eV ./nkT)—1 ], 


where the number n(>1) arises, for example, when 
carrier generation occurs via recombination centers 
within the space-charge region,'® or if the potential 
distribution within the junction is suitably distorted, 
and J,, is the appropriate saturation current. The 
dominant factor determining the temperature depen- 
dence of /,,, will be the intrinsic carrier density which is 
proportional to exp(—e;/kT). This model therefore 
predicts that in the excess current range, where (eV, 
nkT)>>1, In J, will vary as [2e+(eV./n) |/kT. Thus, 
an approximately straight line should result if In J, is 
plotted against 7-'. When such plots were made for 
both Si and Ge it was quite impossible to fit them to 
straight lines, the variation of 7~' being far too great 
compared with that of the current. 

It is concluded that the observed temperature varia- 
tion of the excess current is in agreement with the 
model for the excess current that involves tunnelling via 
local levels in the forbidden gap, as formulated in 


Eq. (7). 


E. Excess Current Versus Junction Width 


To study the effects of varying W,, the junction 
width constant defined above, a series of junctions was 
made in which all the p-type sides were similar but the 
doping on the n-type side was varied. Semilogarithmic 
plots were made of the forward characteristics at room 
temperature and the slope, o,, was obtained for each 
junction in the excess current range. The value of p was 
estimated as described above. The values of m were 
determined from resistivity measurements (made on 
bars of the material before the alloyed junctions were 
formed on them), and the known dependence of the 
resistivity on the donor concentration. From these data 
a plot was made of o, versus [(p+m)/pn_]}*. This is 
shown in Fig. 11 and to within experimental error a 
satisfactory straight line results, again providing con- 
firmation of Eq. (7). The sources of error lay principally 
in the lack of uniformity in the boron concentration in 
the aluminum wire and in the estimates of the active 


18C. T. Sah, R. N. Noyce, and W. Shockley, Proc. Inst. Radio 
Engrs. 45, 1228 (1957). 
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Fic. 11. Plot establishing the relation between the slope of the 
semilogarithmic plot of the forward characteristic in the excess 
current range, and the junction width 


junction areas. These two uncertainties could very well 
account for the scatter of the experimental points in 


Fig. 11. 


F. Quantitative-Considerations 


In the preceding sections, experiments have been de- 
scribed which, when analyzed in the ways dictated by 
Eq. (7), lead to good qualitative confirmation of the 
local level model for the excess current. The slopes of 
the straight lines resulting from the analyses of these 
experiments contain the quantity (@,W,). Unfortun- 
ately, owing to the lack of knowledge of the various 
functions that are contained in the coefficient of the 
tunnelling probability factor, the slopes may, in general, 
contain other quantities as well. We have already noted 
that the functions, D, and p, can have bias dependences 
expressed by exp(—AV,) and exp(—yV,), respectively. 
Likewise, in the experiments where J, is measured as a 
function of 7, and therefore, ¢, the function D may 
again contain a factor, exp(— ve), where y is a constant. 
Putting (a,W,e!/2)=S, we then have (—A+S)=7.8 
volt, (—w+S)=9.1 volt“, and (—v—S)=—14.6 
volt—!. The last quantity refers to the results obtained 
at a bias of 0.35 volt in temperature experiments per- 
formed on junctions very similar in doping to those 
used for the radiation damage studies. However, in Ge, 
the slope of the peak current curve in the temperature 
experiment should not contain a quantity, v, yet the 
slope of the peak current curve is comparable with that 
of the valley current curve. Assuming that the (aW,) 
quantities are comparable for band-to-band and excess 
current tunnelling, this implies that y is negligible and 
if the same is true for Si, then S~14.6. However, not 
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too much weight should be attached to this estimate of 
S derived from the temperature experiments, since the 
variation of the energy gap with temperature in silicon 
is only about 6%, thus making the magnitude of the 
slope very susceptible to slight changes with tempera- 
ture in other quantities contained explicitly or implicitly 
in Eq. (7). Thus, about the best that can be done at the 
present stage is to take simply an average value for S, 
which assumes that all the quantities A, wu, and pv are 
small. Then Se~10.5+3 volts, for junctions whose 
width constants were estimated to be 5443 A. By 
means of Eq. (5) an estimate was made of m,, the re- 
duced effective mass in the excess current tunnelling 
process. The value so obtained for m, was 0.33mpo, 
where mp is the free electron mass. This result, though 
it could possibly be in error by as much as a factor of 2 
either way due to the uncertainty in the value of S, is 
an extremely satisfactory one, comparing well with the 
value of 0.36m) which is obtained for the reduced 
effective mass for band-to-band tunnelling using the 
electron and hole density of states masses,'!® and the 
value of 0.28m, obtained using the slope of Fig. 11. 
Since only the temperature experiments were made in 
the Ge junctions the possible error in the estimate of S 
for Ge will be considerably greater than that for Si. 
However, using S=6.0 volts“! for Ge yields a value for 
the reduced effective mass of about 0.05, which is 
considered to be a reasonable value, lying between the 
value, 0.02mo, quoted by Hall for the reduced effective 
mass in band-to-band tunnelling,'® and the theoretical 
estimate of 0.19m, the 
masses. 


based on densities-of-state 


DISCUSSION 


The proposed model for the mechanism of the excess 
current, where tunnelling occurs by way of fairly local- 
ized levels in the forbidden region, leads to predictions 
which are well confirmed by the various experiments 
described above. Particularly convincing evidence that 
local levels in the energy gap are the prime cause of 
excess current is provided by the radiation damage 
experiments. 

[It is not possible, at present, to give a specific origin 
for the local ievels in the energy gap. However, from 
the experiments that have been described it is clear that 
the local levels are introduced during the junction 
fabrication process itself and that they are caused in 
some way by the donor and acceptor impurities. In- 
herent to these narrow p-n junctions there are at least 
two possible sources for these deep energy levels: 

(1) As the materials used for these junctions are 
necessarily very impure, distortions to the band edges 
can be expected,” *! resulting in a tail of energy levels 
extending into the forbidden region from both the con- 
duction and valence bands. 


' R. N. Hall, Bull. Am. Phys. Soc. 5, 38 (1960). 
0M. Lax and J. C. Phillips, Phys. Rev. 110, 41 (1958). 
*1 P. Aigrain, Physica 20, 978 (1954). 
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(2) At the high doping densities present in Esaki 
junctions there must clearly be a large proportion of 
donor-acceptor pairs formed®; at acceptor (say) densi- 
ties of the order of 10” cm-*, the average spacing be- 
tween acceptors will be only about 20 A so that every 
donor will be within 10 A of an acceptor. Thus, even the 
average donor-acceptor spacings can be regarded as 
loosely-coupled ion pairs tending to give rise to elec- 
trically neutral impurities. Furthermore, the range in 
donor-acceptor separations due to chance alone will 
give rise to a spectrum of energy levels for the neutral 
complexes and it is not unreasonable to suppose that 
such a system of levels will range over a large fraction 
of the forbidden energy gap. Also, it is clearly possible 
for these local energy levels to be present in the neces- 
sary concentrations at the doping densities used in 
Esaki junctions. 

The success of the local level model resulted by assum- 
ing that the tunnelling step was the rate-controlling one 
rather than the process whereby the field-ionized (or 
filled) level is replenished (or emptied). This feature 
imposes some conditions on the natures of the A and B 
levels (Fig. 1) though these conditions appear to be 
fulfilled as a natural consequence of the band-edge-tail 
model. The B levels are then a tail of donor levels ex- 
tending to energies below the normal bottom of the 
conduction band. Electrons on these levels can tunnel 
to the valence band and the empty B level is then 
refilled by an electron falling from higher in the conduc- 
tion band. Similarly, the A levels lie in a tail of acceptor 
levels extending to energies above the top of the valence 
band. Electrons can then tunnell directly to the A 
levels and then drop to the Fermi level. Both of the 
energy dissipation mechanisms, CB, AV, will be fast, 
occurring in times of the order of the dielectric relaxa- 
tion times for the majority carriers, thus satisfying the 
condition that the tunnelling transition be the rate con- 
trolling one. It is conceivable that other sources of A 
and B levels, such as donor-acceptor pairs, could act in 
much the same way under certain conditions. For the 
present, however, the band-edge-tail model seems the 
simplest concept. In addition to satisfying the above 
requirement, it provides a smooth function, D,, for Eq. 
(6), and also, D, will increase with the doping density 
in accordance with the experimental results. To test the 
hypothesis further in the light of the accumulation of 
experimental results requires a theoretical determina- 
tion of the nature of the D, function, information which 
is almost entirely lacking at present. We may note, 
however, that band-edge-tailings or donor-acceptor 


2 C.S. Fuller, in Semiconductors, edited by N. B. Hannay (Rein- 
hold Publishing Corporation, New York, 1959), p. 192. 
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pairs need not be the only sources of the A and B levels. 
It has been demonstrated for example, that additional 
levels, which will be different from those introduced by 
the original donor and acceptor impurities, are intro- 
duced by radiation damage. 


CONCLUSIONS 


In silicon Esaki junctions, all of the properties of the 
excess current that have been observed so far can be 
satisfactorily accounted for by a current flow mechanism 
which involves tunnelling by way of local energy levels 
in the forbidden gap. By assuming the tunnelling transi- 
tions to be the rate-controlling ones in the electron 
transport process and by using a simple phenomenolog- 
ical model, an analytical expression for the excess cur- 
rent was derived [Eq. (7) ], all the features of which 
were subjected to experimental test. The model satis- 
factorily accounts for the observed dependence of the 
excess current on the local energy level density, the 
temperature, the forward bias, and the junction width. 
A parameter bearing on all of these observations is the 
reduced effective mass for which a reasonable estimate 
was obtained. 

The exact origins of the local levels in the forbidden 
gap are not known at present, though the concept of 
band-edge tails due to the high impurity concentrations 
seems to have the most appeal. If so, the proposed me- 
chanism for the excess current would be directly appli- 
cable to excess currents in Esaki junctions made in other 
semiconductors. In any event, it is felt that the local 
level model is applicable, in principle, to other materials. 

It is hoped that more refined and detailed experiments 
will lead to a knowledge of the nature and distributions 
of the local energy levels through the forbidden gap, 
though as yet there are no published theoretical studies 
of this problem with which experimental data can be 
compared. 
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Theory of the Magnetic Anisotropy in KMnF;,t 
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A theoretical calculation is made of the magnetic anisotropy in the cubic perovskite structure of KMnF; 
at room temperature and in its distorted structures at lower temperatures. These distortions are of two 
types: first, a small tetragonal distortion of the entire crystal; and then, below the antiferromagnetic Néel 
point, a distortion of the octahedron of fluorine atoms surrounding each manganese. The cubic anisotropy 
is obtained from a general spin-wave calculation of the zero-point dipole-dipole energy in a cubic antiferro- 
magnet. The result is found to be the same as that for the ferromagnetic case. The anisotropy from the 
tetragonal distortion is obtained from the change in the classical Lorentz factors. In calculating the effect of 
the fluorine distortion, a generalization is introduced of Kondo’s method for obtaining the anisotropic 
effective spin Hamiltonian produced by overlap and electron transfer between an Mn** ion and its non- 
magnetic neighbors. In its present form the method permits the ready calculation of this anisotropy for any 
symmetry and number of neighbors. Comparison with the microwave resonance and torque measurements 
of Portis, Teaney, and Heeger, reveals the last effect to be the most important and confirms the form of the 


spin Hamiltonian found here and its approximate magnitude. 


I. INTRODUCTION 


ECENT magnetic resonance experiments by 

Portis, Teaney, and Heeger' on antiferromagnetic 
KMnfF;, and torque measurements by Heeger on the 
same crystal have revealed the presence of important 
anisotropy fields acting on the manganese spins. It is 
the purpose of this paper to examine the sources of 
these fields and predict their magnitude. 

The most important source of anisotropy is found to 
be a distortion, at temperatures below the Néel point, 
of the octahedron of fluorine atoms surrounding each 
manganese. In order to calculate the effective spin 
Hamiltonian produced by this distortion, a generali- 
zation is introduced of a method due to Kondo? for 
estimating, in lowest order perturbation theory, the 
anisotropic effect of overlap and electron transfer 
between a manganese ion and its nonmagnetic nearest 
neighbors. In its present form the method permits the 
calculation of this effect for any number of neighbors 
and any symmetry with very little additional work. 

Keffer, Oguchi, O’Sullivan, and Yamashita’ have 
shown that the spin-dependent interaction between an 
Mn** ion and an F~ ion can be thought of in terms of 
an antibonding orbital of the type 

$= (14+43.5°—}d*)@— (S+A)O, (1) 
where ® represents a manganese 3d function and © a 
fluorine s or p function; S is the overlap between & 
and @, and X the coefficient of electron transfer. Since 
the problem under consideration in that paper con- 
cerned nuclear magnetic resonance of the fluorine 


Us: st in part by the U. S. Air Force Office of Scientific 
Research. 
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1A. M. Portis, D. T. Teaney, and A. J. Heeger (to be pub- 
lished). 

sj. ° cndo, Progr. Theoret. Phys. (Kyoto) 23, 106 (1960). 

3 F. Keffer, T. Oguchi, W. O’Sullivan, and J. Yamashita, Phys. 
Rev. 115, 1553 (1959). 


nucleus, the ® part of that function was negligible and 
a ‘hyperfine interaction proportional to (S+ A)? was 
obtained. Here, the concern is with the manganese 3d 
electron spins, so the ® term should be the important 
one; and indeed the method used here shows that, to 
second order in S$ and X, the spin Hamiltonian does 
depend on those quantities in the combination S?—)?. 
In principle, then, it should be possible, when more 
accurate experimental values for the electron-spin- 
Hamiltonian constant and the exact positions of the 
fluorine are known, to combine this information with 
fluorine nuclear resonance results and obtain values 
for (S+A)?, S?—?, and hence S and 4 individually. 

At room temperature the KMnF; crystal has the 
cubic perovskite structure, with a manganese atom at 
the body center, fluorines at the face centers, and 
potassiums at the cube corners. Thus the magnetic 
symmetry is simple cubic, and each manganese is 
surrounded by an octahedron of fluorine nearest 
neighbors. The cubic anisotropy effects are discussed 
in Sec. II. As the temperature is lowered, the first effect 
is a contraction of the lattice constant from its value of 
4.186 A at room temperature, and then a tetragonal 
distortion of the entire crystal occurs, as shown in Fig. 
1. The anisotropy resulting from this tegragonal dis- 
tortion is considered in Sec. III. Finally, below the 
Néel point a distortion of the fluorine octahedron is 
observed. This is dealt with in Sec. IV. 


II. ZERO-POINT ANISOTROPY IN A 
CUBIC ANTIFERROMAGNET 


The first anisotropy to be considered is the cubic. 
Van Vieck‘ has shown (and the calculation in Sec. IV 
confirms) that a cubic array of ordered dipoles can 
produce no anisotropy in first order perturbation 
theory, so no cubic contribution from the overlap and 
transfer effects is to be expected in lowest order. In 


‘J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 
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Fic. 1. Volume contraction and tetragonal distortion of the 
KMnf; crystal with temperature. c, a, and a are the tetragonal 
lattice constants. [After O. Beckman and K. Knox, Phys. Rev. 
121, 376 (1961). ] 


second-order, however, cubic anisotropy can be obtained, 
and that arising from the dipolar or pseudodipolar in- 
teraction of the manganese ions was calculated. This 
calculation was performed using second-order perturba- 
tion theory. The unperturbed Hamiltonian, Ho, was 
taken to be the exchange Hamiltonian, 


H,=J > S:;-°S,, 


where i and j were taken to run only over nearest 
neighbors, and J was taken to be a positive constant. 
The cubic lattice was broken up into two interlaced 
face-centered cubic sublattices, such that one sublattice 
contained all the nearest neighbors of any site in the 
other. Thus in Ho, i and 7 can be taken to run over 
different sublattices. Following Kubo,® the ground 
state of Hy) was assumed to be that in which all the 
spins on one sublattice were completely quantized in 
the positive direction along some arbitrary axis, and 
those on the other sublattice in the opposite direction 
along that axis; and it was assumed that for any states 
to be considered, the deviations from this ground state 
were small. 

On these assumptions, creation and annihilation 
operators for spin deviations from maximum alignment 
were introduced, and terms of third or higher order in 
these deviations were ignored. Thus, 


St#=SZ+iS "= (2S)ta;, 
S-—=S7—iS "= (2S)'a¥*, 
S;* =S— a;*a iy 
for one sublattice, and 
Sjt=SF+iS "= (2S)'b;*, 
Sj-=Sj7—iSj"~ (2S)%b,, 
—S§=S—b;*; 


(4) 


for the other. Here S is the spin quantum number of 


5 R. Yubo, Phys. Rev. 87, 568 (1952). 
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an atom, and the creation and annihilation operators 
satisfy the commutation relations: 
[ai,a,* | = 65.4, [ b;,b; ak 6; j’s 
Lai,b; | . La,*,0;] = La,*,b;* ] Lai,b;* ] 0. 


In terms of these operators, 


Ho=—3JS°N2+JS > (aibj+a;*b;* | 
+J SLD); a:*a:+ >; 6;*b;], (6) 
where N is the number of magnetic atoms in the crystal 
and z is the number of magnetic nearest neighbors of 
one atom. 
Introducing spin waves in the form: 
= (2 N)} > ay Cxp| — ik): R ), 
= (2/N)§ >) by exp(ik,-R;), 
= (2, N )4 >a ay* exp (ik, - R Pp 
b;*= (2/N)! >) by* exp(—ik,-R,), 
where \ runs over all k vectors in the first Brillouin 


zone for the sublattice under consideration, and using 
the fact that 


>: expli(k,—k,-)-R,; 


6) X 
one obtains for the Hamiltonian, 


Ho= Kot daLK (and, +*8)*) 
+ K2(ay,*a,+6,*by) |, (9) 
where 
Ko= —}JS°Nz, 


(10) 
Ky,=Ki(—A) =JS>, exp(ik)- R,) 


J S2y,, 
(R, equals R,—R; and is independent of R;), and 


K» SJz. 


(11) 
The a)’s and 8,’s satisfy commutation rules: 


[ar,0,*]=[b,,b*]=o,x 


and (12) 


[an,bx]=[Lan*,b.-*]=[ar,b.-*]=[ar*,by]=0. 


Finally, the following three successive transformations, 
similar to those introduced by Oguchi®: 


@4,= (1/V2)(Ay+iA_), b4,= (1/V2)(ByFiB_y); (13) 


(defined only over the halfspace, k,,>0), 
Ayx= 3Laatnti(prtsa) ], 
A,*=}3[g.tn—il(prtsa) ], 
By=3[q,—nrn+i(pr—sa) ], 
By*=}[gx—1n—i(Pr—sa) J; 

® T. Oguchi, Phys. Rev. 111, 1063 (1958). 
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i-y 
2)(- 
1+v7, 


(ata*) 


(15) 
(d,+d,*) 


‘) has ), 
1+7r 


reduce the Hamiltonian to the form: 
Hy=JSz— (N/2)(S+1)+d,(1—y?)4] 
+JIS¢ ¥oy(1—yn?)*(da*dyt+ey*ey), 
with ¢ and d satisfying 
[en,ex* ]= [dy dy-*J=dy,, 

Ler,dn ]=Lea*,dx* J=[Lea,dx*]=Ler*,dy ]=0. 
Thus, by analogy with the harmonic oscillator Hamil- 
tonian, the eigenvalues of Ho are 
E*(n.,nar) = JS2L—3.N (S+1)+d,(1-—y2)! 

+2 x(1—y?)(natna)], 


where #,, and ng, take arbitrary non-negative integral 
values. 
The perturbation, H;, was taken in the form: 


H,=D > [S;-8;—3(S;-R;,)(S;-Ri,)/| Ri|?], (19) 


(16) 


(17) 


(18) 


where R;;=R,;—R; is the vector from lattice point 7 to 
nearest neighbor lattice point 7. In terms of the di- 
rection cosines, a», 8,, and ya of R;; with respect to 
Cartesian axes in which the gz axis is the direction of 
quantization of the spins: 


H,=DHi/I—3D Y (Sin t+SiyBrt+Sizrn) 


i,j 


x (S; rh +S jyBr +S; zVh }. 
Expressing H, in terms of c, and d), and noting that 
sums of the form >>; anys 
metry, one obtains 
Hy=AotD LA nea*eat+A andy*dy 
+A 3 (0)? +0,**) +A an (dy?+dy*) 

+A 5x (€ydy—€y*dy*) +A 6n(€n*dy* —cyd)*) |, 

where 


(20) 


vanish by the crystal sym- 


1p=35SD>, | V(S+1)y: 


h 


—} } | ane+ (an? +B?) exp(ik,- R,) | 
» 


1— 
x(- =} +[27.?— (an? +612) exp(ik,- R,) ] 
1+7, 


(=) Ih 


MAGNETIC 


ANISOTROPY IN KMnol 


—7r 
Ay=—-3SD>Y. Ev +a)? exp(iky: Ry(— y 
h 1+7, 


1+7, 
+[y2—8)2 exp(ik,-R,) 1(- ) | 


1-7 
—} 
1+7 


I+ry\?! 
+[y2—-ar explo Ri)](- ) | (22) 


1-7 


1—y, } 
—§sD> IC» he +a)" exp iy RK ) 
h 1+y7,. 


l+yn\! 
i—7), 
1+7 

[y2—a,? exp(ik,- R)I(- ‘) 
iy, 
I+n\! 

—Lyr +B; exp (ik,- R,) (—) | 
1-7. 

sf (=) (—*) 

4. - = 
1-7 byt 3 


; i+v¥ 
Ag= rus ( 
4 


Since 


An=—-3SD>D [Cv +8,2 exp(ik,- RIK 
A 


An=-38SD¥ 


» a nBh 
h 


Xexp (ik, - R,), 


ag iV", i 
)+Z) 1 
N Il+y7 J 4 


<exp(ik,-R,). 


aa 
AhPh 





in a cubic crystal the lowest powers of the di- 
rection cosines which can give anisotropy are fourth 
order, H; can first give anisotropic contributions to the 
energy in second order perturbation theory. Thus, only 
terms of H; which have matrix elements between the 
ground state and some 
These terms are 


excited state are of concern. 


Hy, i > al 1 3n( cy" +¢,**) +A 4y(dy?+d)*?) 


+A sx(C,d,—y*d)*) ]. (23) 


The only nonzero matrix elements with the ground 
State are 

(nen= 2 | (€x?-+-€*) |0)= v2, 

+d)**)|0)=v2, 


1 (€,d,—Cy*d)*) 0)=1. 


(Naxn= 2 (d,2 (24) 


(4-.= 1, mar 


Then the second order correction to the ground state 


given by Ai4 is 


Eya=—2D\(\Asa|2+|Aagal?+3|Asa|2)/Aa, (25) 


where 


A,=E'(na=1, nan=1)—E"(0)=2IS.(1—2). 
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Inserting these expressions and simplifying, one obtains 


Eya=—[9SD*/(16J2)] S {[8y2viPvn? 
d ALA! 


—8zyxy.2(1—yx?) exp(iky- R,) 
+2((1— yi?) 1— yn?) tn? (ant)? (an-)*) 
Xexp(ik,-(R,—Ry-)) /(1—y2)4}, (27) 


(28) 


where 


and ay =an—ipy. 


ant =antipr 


When a,*, ax~, and , have been expressed in terms of 
the direction cosines, a1, a2, a3, of the axis of quanti- 
zation with respect to the crystal axes, the result is 


(1+~,’) 
E,=—[9D*S/(4J2)] |——| 
» L(1—y?) 
[4 exp(ik,- (R.—R,)) 
—exp(2i(k,-R,))—1], (29) 
where 


T=a/a?+a2a3;"+a3a1". (30) 


Here the sum over / has been restricted to nearest 
neighbors, and R, and R, represent the vectors from 
the origin to two of these neighbors in perpendicular 
directions. 

Since the major contribution to the anisotropy comes 
from large k’s, it is sometimes desirable for simplicity 
to replace 7, by a constant equal to its average value 
over the surface of a sphere of the same volume as the 
first Brillouin zone. The volume of this zone in the k 
space corresponding to a sublattice is 47*/a*, where a 
is the interatomic spacing of the simple cube. The 
radius of the equivalent sphere is then given by 


k= (3m°)8/a. (31) 


Then 


Yx= (1/2) Sa exp(ik,- R,) ~ (1 4x) fan, exp(ika) 


25 l 
= (1 i) f f exp(ika cos@,)d(cos0,)do, 
0 -1 


= }[exp(ika) —exp(—ika) ]/ika 


= (sinka)/ka=[sin(34)*]/(34*)'~0. (32) 


In this approximation : 


Es=[(9D*SN)/(8Jz) JP, (33) 


since 
>» exp[ik,- (R.—R,) ]=43N6(R.—R,)=0 
and (34) 


D>» exp(2ik,- RR.) =6(R,)=0. 


It is interesting to note that this result is just equal 
to that obtained in the ferromagnetic case. The ap- 
proximations made in the preceding paragraph are not 
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necessary, but the work of Charap and Weiss’ seems 
to indicate that the corrections to this result are 
relatively unimportant. 

The fact that g is so close to 2 in KMnF; indicates 
that the effect of spin-orbit coupling in this crystal is 
small, and that the dipolar interaction exceeds the 
pseudodipolar by nearly a factor of 100. Of course, the 
dipolar interaction, as contrasted with the pseudo- 
dipolar, is a long-range effect. Since its second-order 
energy decreases with neighbor distance as r,~*, 
however, the above nearest-neighbor formula should 
give an indication of its magnitude. An estimate of 
E,nis in this case can thus be obtained using 


D= (g*8*)/r,? and J=10°K. 


The result is 
Ea,=7X10-1T erg 


for the anisotropy energy at 0°K. Pincus* has shown 
that this anisotropy can be expected to decrease as the 
tenth power of the sublattice magnetization. It is too 
small to have any effect except at very low 
temperatures. 
III. CLASSICAL ANISOTROPY FROM 
TETRAGONAL DISTORTION 

The anisotropy produced by the tetragonal dis- 
tortion of the manganese sublattices can be estimated 
using the results given by Mueller® for the departure 


of the Lorentz factors from 47/3 in a distorted NaCl 
structure. He gives for these factors: 


Li'= 4 (4—0.06c.), 
Lio? =4r(} —1.94e,), 


Li;7 = 4 ( 4+-(0).03¢,), 


< 35) 
Li27 = 4r(4+0.97e,), ( 
where 

€,>= c/a- is (36) 
The dominant anisotropy energy is that due to the 
interaction of the two sublattices. Keffer’ has shown 
it to have the form: 


fa"= K;3(a:a2+ 6182), (37) 
where the a’s and #’s are direction cosines of the sub- 
lattice magnetizations and 

K3= M?(Li2?— L127) at O°K. (38) 
If for ¢, the value obtained from Fig. 1 at 0°K is taken, 
K; has the value 8X 10-" erg. It would be expected to 
decrease as the cube of the magnetization. This ani- 
sotropy is more than an order of magnitude smaller 
than the second-order term obtained in the next section 
from the distortion of the fluorine octahedron. 


7S. H. Charap and P. R. Weiss, Phys. Rev. 116, 1372 (1959); 
*. Keffer and T. Oguchi, Phys. Rev. 117, 718 (1960). 

§ P. Pincus, Phys. Rev. 113, 769 (1959). 

* H. Mueller, Phys. Rev. 47, 947 (1935). 

0 F. Keffer, Phys. Rev. 87, 608 (1952). 
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IV. ANISOTROPY IN THE ANTIBONDING ORBITALS 


The form of the distortion in the octahedron of 
fluorine atoms surrounding each manganese revealed 
by the x-ray measurements below the Néel point is 
shown in Fig. 2. In order to determine the symmetry 
of the effective spin Hamiltonian resulting. from this 
distortion, the departure from cubic symmetry of the 
crystal field at the manganese due to the six neighboring 
fluorines was calculated on the assumption of a com- 
pletely ionic crystal. In this calculation, the effect of 
moving an F~ ion from its undistorted octahedral site 
was approximated by adding to the octahedral field 
the field due to six point dipoles at the octahedral sites 
with moments equal to the F~ charge times the dis- 
placeinent of each fluorine ion under distortion. The 
field of these dipoles near the manganese atom was 
expanded in a Taylor series with the manganese site 
as origin, and only the second-order terms were kept. 
The result was a field with symmetry (x+~)z, where z 
is measured along the c axis and x and y along the two 
perpendicular @ axes of the crystal. This indicated a 
spin Hamiltonian of the form 


H=A[(S:+S,)S:+SAS:+S,)] 


produced by the fluorine distortion. 

In order to obtain an experimental check, it was 
desirable to estimate the magnitude of the constant , 
taking into account the overlap of the fluorine and 
manganese wave functions and the presence of some 
covalent bonding. This was accomplished by means of 
a method proposed by Léwdin" and applied by Kondo,? 
here generalized to apply to any symmetry. Basically, 
the method consists of taking the expectation value of 
the electron dipole-dipole and spin-orbit Hamiltonian 
in a state consisting of a Slater determinant of one- 
particle molecular orbitals, chosen to include the 
electron transfer effects. From the anisotropic energy, 
W, thus calculated, the spin Hamiltonian can then be 
computed. More specifically, the Hamiltonian con- 
sidered was 


H= H,+H2=} i [ris ‘ s;— 3(s; : rij) (8j- is) vis 
ixj 
+2: E(ri)li-s;. (40) 


Actually, for the case of inversion symmetry, which 
was the one of interest here, H, has zero expectation 
value, so the energy, W2, of H. was used. Then the 
anisotropic energy W is 
W=(0| H,|0)—S [(0| He} i)(i| H.|0)]/ (E:— E)). 
The ground state, |0), was a Slater determinant of 
the following types of normalized one-electron orbitals: 
Manganese 3d functions, 
Dia= R(r)[(32°—r*)/vV3 a, bya=2R(r)xya, 
Poa= R(r)(?—y*)a, Pa = 2R(r)xza, 
a Py = 2R(r) yea. 
1 P, O. Léwdin, Phys. Rev. 97, 1474 (1955). 


(39) 


(41) 
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Fic. 2. Distortion of the fluorine sites in KMnF; at 65°K. The 
open circles represent the undistorted positions of the fluorines. 
(After Beckman and Knox.) 


Nearest neighbor (fluorine) functions, 
Gur: Qn: 


Ona. 
“Mixed” orbitals, 
XiB- + XB + -XyB. 


The number N depends on the number of nearest 
neighbors (six for KMnF;) and on the number of 
orbitals considered for each neighbor (in the calculation 
for KMnFs, one s and three p functions for a total of 
four). The manganese 3d functions above are expressed 
in terms of the crystal axes, and each of the 0,’s is 
quantized along the line joining the site of that par- 
ticular neighbor with the manganese site. The direction 
of spin quantization implied by the spin functions a 
and @ is an arbitrary one having direction cosines /, m, 
and m with the crystal (x,y,z) axes. The mixed functions, 
X;, have the form: 


X:=O+rA¥:i, Vi=Dj ij. (42) 


The particular combination, y,;, chosen for each 7 forms 
that one of a complete set of manganese 3d functions 
quantized along the same axis as 0; which has a non- 
zero overlap with ©;. This overlap is denoted by S;. 
All of the ©; functions are assumed to be orthogonal 
to one another. The parameters \,; measure the amount 
of electron transfer. 

In principle one could orthogonalize these orbitals, 
obtaining functions of the type given in Eq. (1), and 
calculate straightforwardly the matrix elements for 
their Slater determinant. However, a theorem proved 
by Léwdin facilitates the calculation of matrix elements 
of the type needed here between Slater determinants of 
large numbers of nonorthogonal orbitals. He defines 
the function p(x,y) by 


(X,Y) = Dis dij*us* (x) u(y), (43) 


where u;(x) are the one-electron orbitals (including 
spin) and d,; is the “overlap matrix,” 


d,;= freon (ax (44) 
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He then shows that for 


H= te =e, V +4 > Vis, 


+) 


(45) 


the matrix element, (0|H 0), of H in the Slater deter- 
minant state of the w’s is given by 


(0 \0)= f Vio(x xddu 


1 
+ fires 
? | 


Here V; and V,; are one- and two-particle operators, 
acting on the coordinates x,’ and x,’ of particles i and 
;. The convention is adopted that the V’s operate only 
on the unprimed coordinates which are then set equal 
to the primed ones. The first term of Eq. (41) is im- 
mediately of the required form. The second term be- 
comes of that form if the approximation introduced by 
Kondo, of replacing the energy denominator E;— Ey 
by an average value, (AE) That equation can 
then be written: 


p(X1',X:)  p(x1’,Xe “ 
"haiti (46) 


p(X2’X;) p(Xe2’,x2) | 


, is used. 


W=(0|[3 & [ri?si-8;—3(s 


ixj 


rj) (sjrij) |/ris? 


-s,;)° 


(1/(AE)) LB (r 


—[1/(2(AE))] & 2£&(rE(r;) (1-8, Aj-8;) ]|0). (47) 


Only the first term will be dealt with in detail here, 
the others following in close analogy. 
Since d, and consequently d-', have no elements 
connecting a and @ spins, p has the form: 
P=Paatt+psp. (48) 


Substituting this into Eqs. (40) and (46) and performing 
the spin integration, one obtains 


W,= (84/8) f deudes£(3 cos*@— 1)/r12* | 


X [Ap(1r1,11)Ap(re,r2) — Ap(r2,r;)Ap(r1,r2) 


J, (49) 


where 
Ap=p'*—p, (50) 


and @ is the angle between rj2 and the direction of spin 


E 


ARSON 


quantization. The overlap matrix d has the form: 


Pia: +d Qa: --Ona **XnB8 


where the row and column designations are listed across 
the top. The /’s are unit The 
submatrix A are 


Aya fa ®,(r)@;(r). 


Expanding ®; in the set of five orthonormal manganese 
functions of which y; is one, 


Ay=| farne,co] f aro.cov.co | 
sj f det (r 


Similarly for /+B: 


matrices. elements of 


(51) 


one obtains 


but Bum f dex.(X(0 


= f aio. 


= fato.me+ y:(r)O;(r) 


+X y (r) ILO; +A (r) 


+i;0;(r)y;(r) +A AW. (ny; (r) | 


Bis= (ASiAASADA;) Ee Gina (54) 

At this point, two approximations were introduced. 
First, since the \’s and S’s are small, quantities of higher 
than second order in them were Second, 
because of the fact that the and © functions have 
different centers and because of the presence of the 
1/ri2° factor in the W integral, any term containing 
both ©’s and ®’s was assumed to be negligible. To 
second order in S and X, d~ is given by: 


neglect ed. 
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Then, 


5 N 
Ap= Y ([+AA)€4;+ ED (14+44),;,0,0; 
1 ij=l 


2 


N 
— > (-B);;(O;+A¥,) (O;4+Ay,) 


i,j=l 


5 


=¥ 


i,j7=l 


P&P [6j;+D0 SrarSrarj] 
k 
Vv 
5 Lb [6;+>. SdinS jx |0:9; 
i,j=l k 


aj, 10,0 


y 
— > [6j—ASjs+ajSi+raA) ¥ au 
i,j=l k 

y 
+ pH 6; ALL an, \> a;f?; | 
i,j=1 k l 


5 
=D [bitLe (SP—AP)arianj PA; 
j=1 


i 


N 
+> [Aj +ajsSi+rAaj+S.5;] 


i,j=l 

<XCd: aixdjz}O,0;. (55) 
The last sum can be neglected, since in the products 
ApAp which occur in W it contributes only terms of 
fourth order in A and S, and terms which contain both 
®’s and ©’s. Finally, then, 


5 5 N 
Ap=(dX PH J+0 LL aniae;(S2—-AL)PA;] 


i=l i,j=1 k=!1 


XY A4;]=(p0+0')RR. (56) 


i,j7=1 


5 
=[ oaJ+L 
i=l 


Each ®; can now be expanded in spherical harmonics 
in a system in which the spin direction is the z axis. 
This gives for po and p’: 
po= Ze YY :*, p’ . pr m’? Pw’.nie Ve" Ys”, 


and for W: 
W,=-(¢e" 8) f drinker) RG) 


x[(3 cos*6@— 1) /rj.* JLoo(ri,11 )p’ (ro,r2) 


+ po(r2,82)p’ (11,41) — 2p0(t1,82)p’ (t2,81 ) ]. 


ANISOTROPY IN KMnoF,; 


Noting that, for r2>1, 


e 
—(1 r12) 


Oz ° 


(3 cos’?@—1)/r.*= 


CO « 
— } [42/(2/+1) ]in'/re!*"] 
02; 1 0 
l 
XL 


m l 


V 1"(01,61) Vr (82,62) 


x l 


= > [4e/(2/+1) ][frn' 


l=0 m=—/] 


roltt] 
0 


sin6, cosé;-— 
06; 


x ¥e"*(04)| — (21-1) 
—1](2/—1) sin’é,+/(/—1 +m | V1"(01,01), (59) 


one can write for W: 


2 1 [2 —m? ][ (l—1)?—m?}}! 
—3gP> LX te| ; | 
1=0 m=—l (2/+-1)(2/—3) 


x| f drs P?(ro)re f r,! ‘P(nddrs| 


i 


| fane. V"" (Qe) V2 (Qy) 


x {(5 8ar)[p’ (21,01) +p’ (Q2,22) } 


— p(s 24)9 (294) | 


W,= 


aac 22°B?r > 2: 


l=0 m 


x = E Sar )b m0" sf a0, Y, o™(1) 


x faa, POT rQre’ Dm 


2 tl fF (P—m*)((1—-1)2?—m*]}3 
| 7 : | Ris 


(21+-1)(2/—3) 


" 1 Vy" (1) VY, (1) 


dQ, Y;"" 


x f ao, Y,” a 2) Ve*(2)Y (2) own (60) 


where 
* 4 ra 


R= [ dra P?(re)rs ref P?(r,)ri'dry. (61) 
0 0 


The integrals of products of three spherical har- 
monics were evaluated using the tables given in Condon 
and Shortley.'? In terms of the coefficients c*(1,m; 1’,m’) 

12 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935), Chap. 6, 
p. 178. 
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given there, W, becomes 





[P—m* IE (—1)*—m*]}) 
(2/+-1)(2/—3) | 
« Rofl (— 1)”’[5(2/+-1)1/8 ] 
Xc?(2,m’ ; 2,0)82,150,m50,m’Sm’? —m’ 
—[(—1)”’/4x JD (2/+-1) (2/—3) }! 
Kc? (2,m"" ; 2,m')c!(2,m’" ; 2,m’) 
X5m,m'?—m’Om’!—m’ lm’ m’"« 
Evaluation of these coefficients gives 
Wi=- (3¢°6?/7) (Ro—8R:/7) (p0,0’—p1,-1'— p2,-2’). (63) 
In terms of the A;;’s previously defined (Eq. 56): 
W1= — (3g°8*/7) (Ro—8R:2/7) & CiAis, 


i<j 


W,=—2¢°6'x > | 
1,m,m! ,m’’,m’’! 


(62) 


(64) 


where C is the matrix: 
j 
1 2 3 4 
4 (3n?—1) —v3(PF—m*) —2v3lm v3ln 
—4(3n?—1) 0 3in 
—4(3n?—1) 3mn 
4(1—3m?) 3im 
3(1—3F) 
The evaluation of W»2, the spin-orbit term, proceeds 
along the same lines. After the spin integration has 
been performed and inversion symmetry invoked, the 
only anisotropic term remaining is: 


p Pun’ 


W2= (2(AE))> f (rE (ra)ly'le 
x ¥s"(1')¥2"(2') V2" (2) V2" (1) dridrs 

= — [(&)*/(AE) ][p1,-1’— 42,2] 
=—[((AF)] E Cu/Aus 


1<J 


where 


(t= f P?(r)&(r)dr, 
0 


and C;;’ differs from C;; only in its isotropic parts. For 
anisotropy calculations such as this, that difference can 
be ignored, and the total energy, W, written as: 


W =W,+W2=—[(3¢%62/7) (Ro—8R2/7) 
+(EP/(AE)] Do CijAsy. 


Sj 


(67) 


The anisotropy energy for any crystal symmetry and 
number of neighbors can now be obtained simply by 
calculating the appropriate A,,’s and substituting them 
into this general formula. Note that to this order of 
perturbation theory no cubic terms occur, as mentioned 
earlier. 

In the particular calculation for KMnF;, Kondo’s 
values were used for Ro, Re, (), and (AE). They are: 


Ro=3.06ac"; R,.=0.54ac3; 
(€)=395 cm; (AE)=29 250 cm. 


Z=ARSON 


The following values of the S’s and \’s were used: 
S,=0.05; S,=S,=0.07; 
\,=0.02; A,=A,=0.15. 


The S’s are based on a calculation of Casselman and 
Keffer with S, and S, set equal for convenience. The 
d’s were estimated from nuclear resonance results of 
Shulman and Knox." With these numbers and the 
symmetry pictured in Fig. 2, the A matrix is: 

— 0.05 0 +0.00008 — 0.002 

—0.05 +0.003 +0.0009 

—0.07 — 0.0008 

— 0.07 


—0.002 
—0.0005 
— 0.0009 
— (0.0001 
— 0.07 
giving for W: 
W =[2X 10-7 (1+m)n+2X 10-""/m 
—2x10-%(/—m)n ]erg. (68) 


Matrix element 3,3 does not rigorously cancel the 
contributions of 4,4 and 5,5, so it is possible that, if 
more significant figures were known, a term in W pro- 
portional to n? might be present. The spin Hamiltonian 
constant A of Eq. (39) was obtained by taking the 
expectation value of that equation in a state with spin 
component $ along (/,m,n) and equating this to W. The 
result was 
A=2X10-" erg.'® 
V. COMPARISON WITH EXPERIMENT 

Portis, Teaney, and Heeger’s' resonance results and 
Heeger’s torque measurements confirm that the domi- 
nant term in the spin Hamiltonian has the above form, 
and Heeger from his torque data estimates a value of 
A equal to 6X 10~"’ erg. Thus the results given here are 
in order-of-magnitude agreement with experiment. 
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The details of the magnetic behavior of the Li, Mn,_,Se system 
are attributed to the double-exchange interaction. At low temper- 
atures, the hole which is introduced by the Li* is loosely bound 
to the Lit itself. In the region of the Li ion, double exchange 
causes local distortions of the spin system which we refer to as 
clusters. As the Li concentration is increased (x=0.07), the 
clusters overlap sufficiently so that a magnetic field will induce 
an appreciable magnetic moment (0.543). At temperatures 
below 45°K a canted spin ordering is suggested as the magnetic 


I. INTRODUCTION 


. | ‘HE possibility that a ferromagnetic coupling 
might arise from the inherent degeneracy found 

in a crystal possessing an ion in two different valence 
states was first proposed by Zener.’ This interaction, 
termed double exchange, which also gives rise to a 
metallic-type conductivity, was introduced to explain 
the ferromagnetic and electrical properties of certain 
perovskite systems.? To gain further insight into this 
type of interaction, Johnston and Heikes** studied 
several Li-substituted transition metal oxides. As the 
substitution of monovalent lithium introduces mixed 
valence states in the metal ion lattice, it was anticipated 
that ferromagnetism would be induced in certain 
composition ranges; however, no ferromagnetism was 
found. Furthermore, all the compounds studied were 
semiconducting‘ rather than metallic. The absence of 
metallic conduction led to the belief that the double- 
exchange interaction is pre-empted when the charge 
carriers are trapped at lattice sites due to the induced 
polarization of the surrounding lattice produced by the 
charge carrier itself. Under these conditions the possible 
degeneracy has only a negligible effect on the state of 
the electron. Rather, the electron can be treated 
classically and its motion can be considered as a 
thermally activated diffusion process. 

As the strength of the electron trapping was known‘ 
to vary inversely with the electronic polarization of the 

t Some of this work was reportea at the Conference on Mag 
netism and Magnetic Materials, Detroit, Michigan, November, 
1959 [J. Appl. Phys. 31, 276S (1960) }. 

* This work has been partially supported by the Navy Depart- 
ment Bureau of Ships. 

1C, Zener, Phys. Rev. 82, 403 (1951). 

2 G. H. Jonker and J. H. van Santen, Physica 16, 337 (1950). 

3W. D. Johnston and R. R. Heikes, J. Am. Chem. Soc. 78, 
3255 (1956). 

4R. R. Heikes and W. D. Johnston, J. Chem. Phys. 26, 582 
(1957). 

5N. F. Mott and R. W. Gurney, Flectronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1948), 2nd ed. 


model for the x=0.07 composition. Finally, at x=0.10 we find 
that spontaneous magnetization develops below 110°K. As the 
temperature is lowered through 70°K the spontaneous moment 
disappears and antiferromagnetism is found. It is not inconsistent 
with the data for x=0.10 that this antiferromagnetic state is a 
canted-spin system with very small canting angle and therefore 
small magnetic moment. The theory of de Gennes is used in our 
discussion of the magnetic model. 


lattice, it was conjectured that the replacement of 
oxygen by selenium in Li,Mn,;_,0 might produce the 
desired ferromagnetism. From initial magnetic studies® 
of this system (carried down only to 77°K) it appeared 
that ferromagnetism was present in the composition 
range 0.05<x<0.11. 

The present investigation of the magnetic properties, 
done in conjunction with a neutron diffraction study by 
Pickart, Nathans, and Shirane,’ has revealed that the 
system is not nearly so simple as anticipated. However, 
it is quite clear that double-exchange effects are 
predominant in this system. 


II. EXPERIMENTAL RESULTS 


The preparation of the LizMn,—,Se system cannot 
be extended beyond «=0.11 because additional phases 
appear. Below this composition the materials are single 
phase with the NaCl structure. 

Studies of electrical resistance and Seebeck coeffi- 
cients made by Miller* indicate that each composition 
has a resistance minimum at temperatures between 80 
and 130°K. As the lithium concentration increases, the 
temperature at which this minimum occurs decreases. 
Above the minimum there is the typical increase of 
resistance common to metallic type conduction. At 
low temperatures the resistance again increases, indi- 
cating that some of the current carriers are being 
trapped in the region of a Li ion. 

Magnetic moment and magnetic susceptibility meas- 
urements were made from 4°K to 800°K. In both cases 
a force method was used. The magnetic susceptibility 
apparatus is a small torsion balance in an enclosed 
system,® while the magnetic moment balance is one 


6W. D. Johnston and R. R. Heikes, J. Am. Chem. Soc. 80, 
5904 (1958). 

7S. J. Pickart, R. Nathans, and G. Shirane, Bull. Am. Phys. 
Soc. 4, 52 (1959); and following paper [Phys. Rev. 121, 707 
(1961) ]. 

8 R. C. Miller (to be published). 

°T..R. McGuire and C. T. Lane, Rev. Sci. Instr. 20, 489 (1949). 
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Fic. 1. Reciprocal magnetic susceptibility (x in units of emu/gm) 
vs temperature for Lio.o:;Mno.97Se. 


designed by Maxwell and Pickart." A detailed descrip- 
tion of the apparatus and experimental techniques used 
in these measurements will be found in sections written, 
respectively, by McGuire and Maxwell." 


MnSe 


Although no measurements were made by us on this 
material, its characteristics are important as the starting 
point of the system. MnSe is known to be antiferro- 
magnetic and magnetic susceptibility (x) measurements 
have been made by several investigators."-" Lindsay™ 
found a temperature hysteresis of the magnetic suscepti- 
bility which he attributed to a crystallographic phase 
change. X-ray studies by Taylor’ indicate that two 
phases are indeed present below 143°K, a NiAs phase 
appearing. The Néel temperature from susceptibility 
data is found at about 130°K when going down in 
temperature but on warming it is apparently consider- 
ably higher. According to neutron diffraction: measure- 
ments of Shull, Strauser, and Wollan'® MnSe has a 
spin ordering of the second kind similar to MnO. 


Liy.o3Mnyp 97Se 


The magnetic susceptibility measurements of this 
material are shown in Fig. 1. Over the temperature 
range studied the susceptibility is independent of 
magnetic field within a few percent. At temperatures 
below 200°K the 1/x curve has a pronounced departure 
from linearity. There is a sharp break in the region of 
90°K. At still lower temperatures, x becomes almost 
constant in value. 


Lio.osMno.9;Se 


The data are illustrated in Fig. 2. Features similar 
to the x=0.03 sample are present except that now the 
© L. R. Maxwell and S. J. Pickart, Phys. Rev. 92, 1120 (1953). 
"' Methods of Experimental Physics (Academic Press, New York 
aid London, 1959), Part B, Chap. 9, pp. 179 and 207. 

2 C. F. Squire, Phys. Rev. 56, 922 (1939). 

'3 H. Bizette and B. Tsai, Compt. rend. 212, 75 (1941). 

4 R. Lindsay, Phys. Rev. 84, 569 (1951). 

‘8 A. Taylor, Appl. Spectroscopy (to be published). 

16°C. G. Shull, W. 
83, 333 (1951). 
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susceptibility is field dependent at temperatures below 
83°K. The magnetic moment per Mn atom versus temp- 
erature is also shown in Fig. 2. For an applied field of 
6480 oersteds a value of 0.154, is measured but 
saturation has not occurred at this field strength. 


Lip o7Mnp 9;Se 


At this composition a ferromagnetic moment appears 
(Fig. 3). Figures 4 and 5 show magnetization curves 
for temperatures of 77°K and 20°K. At 77°K there is 
an induced moment but no remanent magnetic moment ; 
however, remanence is found at 20°K. The magnetic 
moment at 20°K could be due to ferrimagnetism caused 
by ordering of Li ions. This idea was tested by measure- 
ments on heat treated samples. A specimen held at 
600°C for several hours and then quenched in water 
gave a moment of 0.6 uz at 20°K while a sample slow- 
cooled 1°C/min from 600° dropped to 0.4 wz. Although 
no explanation of this decrease in moment is offered, 
it is contradictory to what is expected of ordering 
phenomena, for in this case the slow-cooled sample, 
being better ordered, should have a higher moment. 


Lig. 0M ny .99Se 


Figure 6 shows the behavior of this composition. The 
Curie temperature is at approximately 110°K while at 
70°K there is a sharp drop in the magnetic moment to 
a very small value. At the lower temperature a thermal 
hysteresis is present. This temperature is evidently a 
Néel point, first found by neutron diffraction as 
discussed in the following paper. The magnetic suscepti- 
bility below 70°K has a field dependence which is 
opposite to that of a standard antiferromagnetic 
substance, that is, x decreases with increasing field such 
as observed when a small ferromagnetic impurity is 
present. 

Figure 7 shows the magnetization 
increasing field strength at 


with 
77°K for each sample 


curves 
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Fic. 2. Reciprocal magnetic susceptibility (x in units of emu/gm) 
and average magnetic moment (in Bohr magnetons) per Mn atom 
vs temperature for Lio.o5Mno.9sSe. 
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TABLE I, Magnetic parameters obtained from susceptibility 
data for Li,Mn,_,Se. 


emu °K 
% 83 - 6 (°K) , ett” ( 
u( aaaie ) ( Mett (up) Mett*® (up) 
0.03 3.96 — 250 5.65 5.56 
0.05 3.19 — 53 5.08 5.33 
0.07 3.20 24 5.08 5.11 
0.10 2.80 + 55 4.76 4.79 
* Calculated on the assumption that Mn*+*++ =0 wa. 


Table I gives values of Cy, the molar Curie constant 
from which the effective magnetic moment (ers) is 
calculated. In all cases the values of were are lower than 
would be expected for (1—2x”)Mn** and xMn*** if 
we assume five electron spins for Mn** and four 
unpaired electron spins for Mn*+**+. The decrease 
corresponds within 1% to xMn*+++=Oyg with the 
possible exception of composition «=0.05. In this case 
the measurement went only to 300°C and this is 
probably not high enough to determine an accurate C yy. 
The zero perp value for Mn*+++ was also found for 
Liz,Mn,;_,0.2 This zero moment presumably arises 
because the ground state of Mn*** has J=0, that is, 
L and S are equal and opposite. It is, however, difficult 
to understand why excited states having nonzero values 
of J are not detected. 

The third column of the table, headed @, is the 
intercept on the temperature axis of the high-temper- 
ature slope of 1/x from which Cy was calculated. 
According to the analysis of double exchange by 
Anderson and Hasegawa" the shape of this curve is 
hyperbolic and the asymptote should intercept at 0°K. 
However, de Gennes'* has shown that the exact form 
of the 1/x vs T curve depends on the width of the 
energy bands with respect to kT and this could account 
for the variation found for 6. Further, in the present 
system there are two complications: (1) antiferro- 
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Fic. 3. Reciprocal magnetic susceptibility (x in units of emu/gm) 
and average magnetic moment (in Bohr magnetons) per Mn atom 
vs temperature for Lio.o7Mno.93Se. 





17P. W. Anderson and A. 
(1955). 
18 P-G. de Gennes, Phys.. Rev. 118, 141 (1960). 


Hasegawa, Phys. Rev. 100, 675 
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Fic. 4. Magnetization (arbitrary units) vs magnetic field 
at 77°K for Lio.o;7Mno.93Se. 


magnetic interactions are present ; (2) additional effects 
are caused by the precipitation of the charge carriers. 
It is therefore not surprising that @ is unequal to zero. 


III. DISCUSSION OF RESULTS 


The recent paper of de Gennes'* has added consider- 
ably to the knowledge of the effects caused by double 
exchange. The results of his paper are summarized as: 

(a) At sufficiently low temperatures a mixed-valence 
system, whose carriers are not trapped by the lattice 
polarization, will usually adopt a configuration such 
that the moments of the various sublattices are canted 
to one another. 

(b) As the temperature is raised, the canted arrange- 
ment will give way to either a ferromagnetic or anti- 
ferromagnetic order depending on the magnitudes of the 
various interactions. 

(c) If the charge carriers are trapped around im- 
purity sites, they cause local spin distortions or inhomo- 
geneities which in turn give rise to net local moments. 
At high temperatures and/or low concentrations these 
local moments behave as paramagnetic entities, that 
is, they are uncoupled. At low temperatures and/or 
high concentrations these entities may couple to give 
effects similar to (a) and (b). 

(d) The form of the 1/x vs JT hyperbolic curve 
predicted by Anderson and Hasegawa" is only correct 
if the bandwidth of the carriers is narrow compared to 
kT. If the opposite is the case, the ferromagnetic and 
extrapolated paramagnetic Curie temperatures agree. 

It will be seen that the magnetic properties of 
Li,Mn,_,Se can be, at least qualitatively, understood 
on the basis of the double-exchange coupling outlined 
above. 


Lip .osMno 97Se 


The reciprocal-susceptibility curve for this compo- 
sition (Fig. 1) shows a pronounced decrease at ~ 100°K. 
Studies of electrical resistivity and Seebeck coefficient® 
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Fic. 5. Magnetization (arbitrary units) vs magnetic field at 
20°K for Lio.o7Mno.93Se. Curve with open circles oy Mares sample 
starting in demagnetized state and is not part of hysteresis loop. 


of Lio.osMno.97Se indicate that the current carriers are 
beginning to freeze out in the neighborhood of 130°K, 
that is, the Mn*** ions become neighbors to a Lit. 

Since the 12 nearest neighbors of the Li are equiva- 
lent, these ions will be coupled by the charge carrier 
on the Mn***. As de Gennes has shown (c), under 
these conditions the double-exchange coupling will give 
rise to a local net moment. It is expected that these 
localized moments will behave paramagnetically and 
contribute the observed anomalous increases in x found 
just above the Néel temperature. Below the Néel point 
the local moments, due to exchange coupling with the 
host lattice, will be constrained as part of the antiferro- 
magnetic structure of the crystal. Because we are 
measuring powder materials no anisotropy effects are 
noticed. The relative constancy of x below Ty is felt 
to be an accidental contribution of the local moments. 

It should be pointed out that at these dilute concen- 
trations where interactions between clusters are negli- 
gible a field dependence will not arise from these 
moments even below the antiferromagnetic Néel 
temperature. The moment is simply proportional to 
the field. 
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Fic. 6. Reciprocal magnetic susceptibility (x in units of emu/gm) 
and average magnetic moment (in Bohr magnetons) per Mn atom 
vs temperature for Lio.1oMno.90Se. Arrow pointed up indicates 
measurements as temperature is lowered while arrow pointed 
down is for measurements taken as temperature is increased. 
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Fic. 7. Magnetization (arbitrary units) vs magnetic field at 
77°K for LizMm_,Se. The magnetic moment (in Bohr magnetons 
per Mn atom) listed below each curve is the value at the field 
measurement, 6480 oersteds. 
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Due to the increased Li concentration the double- 
exchange interaction is more prominent. The 1/x vs T 
decreases rapidly at 83°K indicating a magnetic tran- 
sition. Below this temperature there is a field-depend- 
ence of the susceptibility; for example, in Fig. 7 it is 
seen that saturation effects are just showing up at the 
highest fields. The magnetic clusters are now sufficiently 
close together so as to interact with one another 
slightly, thus causing the above effects. The neutron 
diffraction results show that antiferromagnetism occurs 
below 83°K. Since the diffraction lines are unaffected 
by a magnetic field at 64°K, the clusters are still 
coupled to the antiferromagnetic lattice and any 
realignment caused by the magnetic field is only through 
a relatively small angle. This is consistent with the 
magnetic measurements since the magnitude of the 
moments is less than 0.2 uz per Mn atom. 


Lio.o7Mnpo 93Se 


Below 100°K the magnetization curves (Figs. 4 and 
5) show an induced moment at 77°K while at 20°K a 
true spontaneous moment exists. That this is not 
ferrimagnetism is understood from the saturation 
measurements on quenched and slow-cooled samples 
which reveal no evidence of ordering phenomena. 

The interpretation of the magnetic data must be 
considered closely with the neutron diffraction results 
which show the region below 100°K to be antiferro- 
magnetic. At 64°K certain diffraction lines are sensitive 
to the presence of a magnetic field (in contrast to the 
x=0.05 sample). Finally, at 45°K the neutron data 
indicate a change in spin axis. 

We again assume the existence of magnetic clusters 
surrounding Li ions due to the freezing out of charge 
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carriers. The increased amount of Li and consequent 
increased number and proximity of the clusters results 
in stronger interactions between them. This in turn 
helps to overcome antiferromagnetic exchange inter- 
actions. The clusters may now be easily rotated by a 
magnetic field giving magnetization curves typical of 
Fig. 4 and this same effect would cause the antiferro- 
magnetic scattering amplitude to be reduced. The 
behavior is similar to the 0.05 Li sample, except now 
the induced magnetic moment is larger and detected 
by both magnetic measurements and neutron diffraction 
techniques. 

At 45°K the change in spin axis is interpreted as the 
formation of a canted system. This results in a nonzero 
spontaneous moment in low magnetic fields as shown 
in Fig. 5. 

Lio. 10Mno 90Se 


The Li concentration is now high enough so that the 
double-exchange interaction is dominant throughout 
the entire lattice rather than in isolated clusters. We 
observe a transition” at 70°K from ferromagnetism to 


‘8 Tt is not known at this time how closely the transition in 
Mno.9Lio.1Se compares with the transition recently reported in 
Mnz_,Cr,Sb [T. J. Swoboda et al., Phys. Rev. Letters 4, 509 
(1960) ]. It is pointed out that the phase existing above the 
transition in the first material is ferromagnetic while the phase 
in the latter material is ferrimagnetic. 
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antiferromagnetism with ordering of the third kind. 
This is confirmed by both neutron and magnetic data. 
The transition to ordering of the third kind is in accord 
with the fact that the next nearest neighbor antiferro- 
magnetic coupling is weakened by the presence of the 
double exchange. From the work of de Gennes, however, 
we must look closely to see if the transformation is 
from a ferromagnetic lattice to a canted one rather than 
purely antiferromagnetic. This can certainly be true if 
the canted moment is very small. The small magnetic 
moment associated with the ferromagnetic-type field 
dependence of x at temperatures below 70°K supports 
this hypothesis. Furthermore, the neutron diffraction 
would not detect a moment or canting angle of this 
small a magnitude. 

The final answer on the exact low-temperature spin 
structure of Lio,;Mno.9Se, and also the Lio.o7Mno.93Se 
composition, will probably require single-crystal neu- 
tron diffraction investigation. 
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The magnetic structures occurring in lithium-substituted manganese selenide (LizMni_.Se) have been 
examined by low-temperature powder neutron diffraction measurements. The composition with x=0.05 
retains the fcc ordering of the second kind found in MnSe, the transition temperature being lowered to 83°K. 
For x=0.07 the same type of ordering sets in at 73°K, but the spin direction changes abruptly as the tem- 
perature is lowered through 45°K; furthermore, the superlattice intensities decrease when an external 
magnetic field is applied along the scattering vector. At x=0.10, the spontaneous moment observed at 77°K 
by magnetization measurements is shown to be ferromagnetic, again by means of an external field, and a 
transition is found at 71°K from ferromagnetism to antiferromagnetism with the third kind of ordering. The 
results are discussed with relation to models containing canted spins and multiple antiferromagnetic axes. 


I. INTRODUCTION 


N a magnetically ordered solid the orientation of the 
spins relative to one another is determined by ex- 
change forces, and their direction relative to the crystal- 


¢ Supported in part by the National Security Agency under the 
auspices of the U. S. Atomic Energy Commission. 


line axes by other (usually weaker) forces, such as 
magnetic dipolar interactions. While transitions in- 
volving a change of spin axis with temperature are 
well established,! attempts to verify suspected structure 


1C. G. Shull, W. A. Strauser, and E. O. Wollan, Phys. Rev. 83, 
333 (1951). 
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Fic. 1. Neutron diffraction patterns of Lio.os5Mno.95Se at 
room temperature and 4.2°K. 


transitions from one type of ordering to another? have 
had no simple interpretation. The present study reports 
neutron diffraction measurements on the mixed crystal 
system Li,Mn,_,Se(0<«<0.11), which exhibits both 
kinds of transition, an anisotropy transition at x«=0.07 
and a ferromagnetic-antiferromagnetic phase change® 
at x=0.10. Complementary magnetization measure- 
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Fic. 2. Temperature dependence of the intensity of the (111) 
superlattice reflection in Lio,osMno,9;Se. 


2 W. C. Koehler and E. O. Wollan, Phys. Rev. 97, 1177 (1955). 

3B. W. Roberts, Proceedings of the Conference on Magnetism 
and Magnetic Materials, Boston, 1956 (American Institute of 
Electrical Engineers, New York, 1957), p. 225. 

*S. J. Pickart and R. Nathans, J. Appl. Phys. 30, 2805S, (1959). 

5 A brief report of this result has been given in Bull. Am. Phys. 
Soc. 4, 52 (1959). > 
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ments are described in the accompanying paper by 
Heikes, McGuire, and Happel.® 

MnSe in its stable form has the rock salt structure, 
with the metal atoms forming a face-centered cubic 
lattice. It is known to become antiferromagnetic but 
its Néel temperature is uncertain because of a thermal 
hysteresis, observed in both the susceptibility’ and para- 
magnetic resonance,’ which has been attributed by 
Lindsay’ to the occurrence of crystallographic phase 
changes. However, the Néel point probably does not 
lie below 110°K.® The antiferromagnetic structure was 
reported by Shull, Strauser, and Wollan! to be fcc or- 
dering of the second kind,’ in which the spins alternate 
in sign along each cube edge, imparting a rhombohedral 
symmetry to the magnetic lattice. The spin axis was 
not explicitly mentioned, but if it is the same as in MnO, 
it is perpendicular to the unique [111 | direction defined 
by the ordering."° 

In order to determine whether the positive double- 
exchange interaction" could be made to operate in a 
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Fic. 3. Low-angle portion of the diffraction pattern of 
Lio.osMno.93Se with and without a magnetic field applied parallel 
to the scattering vector. 


rock salt type of compound, Johnston and Heikes™ 
substituted monovalent lithium into various transition 
metal oxides, thus causing the magnetic cation to exist 
in two valence states. They ascribed the apparent non- 
occurrence of double exchange to local lattice distortions 
around the trivalent ion, and suggested that introduc- 
tion of an anion with higher polarizability would relieve 
the distortions. Subsequently, they reported that the 


®R. R. Heikes, T. R. McGuire, and R. Happel, preceding 
paper [Phys. Rev. 120, 703 (1961) ]. 

*R. Lindsay, Phys. Rev. 84, 569 (1959). 

§L. R. Maxwell and T. R. McGuire, Revs. Modern Phys. 25, 
279 (1953). 

®P. W. Anderson, Phys. Rev. 79, 705 (1950) 

“W. L. Roth, Phys. Rev. 110, 1333 (1958); 111, 

"C, Zener, Phys. Rev. 82, 403 (1951) 

2 W. D. Johnston and R. R. Heikes, J. Am. Chem. Soc. 78, 3255 
(1956); W. D. Johnston, R. R. Heikes, and D. Sestrich, J. Phys. 
Chem. Solids 1, 1 (1958). 


772 (1958). 
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replacement of one manganese atom in ten by lithium 
in MnSe did indeed result in a ferromagnetic moment." 

These neutron diffraction measurements represent an 
effort to learn in detail how the passage from an anti- 
ferromagnetic to a ferromagnetic spin lattice is ac- 
complished. Three compositions of the Li,Mn_,Se 
system (with «=0.05, 0.07, and 0.10) were examined 
at temperatures from 300° to 4.2°K and in applied 
fields up to 6800 oe. The diffractometer with its associ- 
ated magnet and cryostat has been previously 
described." 


II. EXPERIMENTAL RESULTS AND ANALYSIS 
Lio.osMnpo.9;Se 


The diffraction patterns obtained from the five per- 
cent composition at 300° and 4.2°K are illustrated in 
Fig. 1. The superlattice reflections appearing at 4.2°K 
can be indexed on a cubic cell with a lattice parameter 
twice that of the chemical cell, and are characteristic 
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Fic. 4. Neutron patterns of Lio.97Mno.93Se at 65°K 
(low-angle portion) and 4.2°K. 


of the second kind of fee antiferromagnetic ordering 
found in MnO. With the use of the divalent Mn form 
factor'® the magnetic intensities are reasonably well 
satisfied by a moment of (4.45+0.15)uz per metal atom, 
directed perpendicular to the unique [111] axis. The 
agreement between calculated and observed values is 
presented in Table I. It should be pointed out that, 
just as observed by Roth" in MnO, there is a diffuse 
base around the (111) reflection (particularly noticeable 
in Fig. 3). In both this composition and the following, 
it has been assumed that this diffuse scattering is trace- 
able to domain effects in the structure, and the diffuse 
intensity is included with the coherent. The Néel tem- 
perature of the antiferromagnetic state is found to be 
about 83°K by measuring the intensity of the principal 

13 R. R. Heikes and W. D. Johnston, Bull. Am. Phys. Soc. 3, 98 
(195 

8. J. Pickart and R. Nathans, Phys. Rev. 116, 317 (1959). 

15 [.. Corliss, N. Elliott, and J. Hastings, Phys. Rev. 104, 924 
1956). 
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Fic. 5. Temperature dependence of the (111) 
intensity in Lip,o7Mno,93Se. 


superlattice reflection as a function of temperature (see 
Fig. 2). 

Because the material exhibits a weak magnetization® 
of ~0.2 uz below 100°K, the scattering was examined 
as a function of an external field in an attempt to de- 
termine whether the moment is of ferrimagnetic or fer- 
romagnetic origin. The structure factors for the MnO- 
type ordering are such that any ferromagnetic moment 
will scatter into reflections with h, k, 1 even, while a 
ferrimagnetic moment must appear also (in sum) in 
reflections with h, k, 1 odd. If the moment can be turned 
along the scattering vector, however, the magnetic 
scattering amplitude becomes zero. As may be seenin 
Fig. 3, there was no effect on the Bragg reflections within 
the uncertainty of the measurements in a field of 5200 oe 
at 64°K. The implications of this result will be discussed 
in a later section. 


Lio.o7Mno.9;Se 


Even though the increase in lithium content over the 
preceding composition is small, a different behavior 
was observed. Reference to Fig. 4 shows that the type 
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Fic. 6. Low-angle portion of the diffraction pattern of 
.ip.o7Mno,93Se with and without a magnetic field applied along the 
scattering vector. 





PICAART, 





g 


g 


8 


— 


NEUTRONS / MONITORED TIME INTERVAL 


8 








rr rt or oe 
.e) ! 2 3 4 
H (KILO-OERSTEDS) 


Fic. 7. Peak height of the (111) reflections in Lio.o;Mno,93Se as 
a function of external field. a=the angle between the scattering 
vector and the applied field. 





of magnetic ordering is the same, but that the relative 
intensity of the (111) and (311) superlattice reflections 
changes between 65° and 4.2°K. One possible explana- 
tion for this is a change of spin axis. If one assumes a 
unique spin axis, the ratio of these two intensities is 
fairly sensitive to the angle between it and the [111 ] 
direction. At 65°K the (111) and (311) intensities are 
in the proper ratio for the spins lying within (111) 
planes, while analysis of the data taken at 4.2°K (Table 
II) shows that a satisfactory model is one with the 
spins lying about 32° off the rhombohedral axis. Powder 
measurements determine only the inclination of the 
spins relative to the unique crystallographic axis, but 
it may be pointed out that [110], at 35.3° from [111 ], 
would come quite close to satsifying the intensities ob- 
served at 4.2°K. A measurement of the temperature 
dependence of the (111) reflection (Fig. 5) locates the 
spin axis change at about 45°K and the Néel point at 
73°K. The magnitude of the moment at 4.2°K is 
(4.25+0.10)us per metal atom, when calculated with 
the Mn** form factor. 

The consequences of introducing multiple spin axes 
into fcc lattices having the second kind of ordering have 
been explored by Roth.” Because of the superposition 
of powder intensities, it may happen that several struc- 
tures are equally compatible with the observations. In 
the present case, the data below 45°K are in satisfactory 
agreement with the model discussed by Roth in which 
three of the antiferromagnetic substructures making 


TABLE I. Calculated and observed magnetic intensities for 
Lio.osMno.9;Se at 4.2°K. The moment is 4.45 waz and the spins are 
in (111) planes. 





hkl Observed 


Calculated 


(111) 801 827 
(311) 247 229 
(331) 128 137 
(511,333) 104 108 
(531) 56 54 
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Taste II. Calculated and observed magnetic intensities for 
Lio.opPMno.93Se at 4.2°K. The calculations are made assuming 
u=4.25 and an angle between the spin axis and the [111] direction 
of 32°. 








hkl Observed 


(111) 198 197 
(311) 330 319 
(331) 95 95 
(511,333) 41 48 
(531) 71 69 


Calculated 


up the lattice have their spins in (111) planes with 
directions [110], [011], and [101], while the fourth 
is directed along [111]. Since single crystal measure- 
ments are required to determine the structure uniquely, 
the interesting possibility of a transition between a 
single- and multiple-axis structure cannot at present 
be excluded. 

This composition was also measured at 64°K with 
a magnetic field to investigate the origin of the measured 
moment of about 0.5 uz. As shown in Fig. 6, the super- 
lattice reflections were noticeably decreased in this case 
by the field. The (111) peak height is plotted as a 
function of field in Fig. 7. The effect is clearly saturated, 
but when the magnet is rotated in the azimuthal plane 
24° away from the scattering vector, the decrease ob- 
served upon applying the field is smaller. Although this 
behavior would be expected of a (partially) ferrimag- 
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Fic. 8. Diffraction patterns of Lio.1oMno.9oSe at 300°K and 
4.2°K. Superlattice peaks (labeled M) in the latter case are super- 
posed on reflections from the aluminum sample holder. The weak 
superlattice reflection observed near 10° in the low-temperature 
pattern might easily be due to a small contamination of anti- 
ferromagnetic MnSe. 
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TABLE ITI. Effect of an applied field on the coherent reflections 
in Lip,1oMno,9eSe at 77°K. 








Peak counting rate 
hkl H=0 H=4700 oe 


(111) 21 4784145 


22 152-4150 
(200) 10938+104 103374101 


Background* 


2305-449 
5708-475 








* No change in background measured with and without field. 


netic material, other mechanisms (as will be discussed 
later) may be compatible with the data. 


Lip. 10Mno.9.Se 


The diffraction data obtained for this compound at 
300° and 4.2°K are shown in Fig. 8. Very little difference 
was observed between the room temperature pattern 
and one scanned at liquid nitrogen, although the sample 
possesses a spontaneous moment of 0.71 wz per molecule 
at the latter temperature.* This result implies that the 
moment is of ferromagnetic origin since the relative 
amount of magnetic scattering in that case would be 
small. To provide further confirmation of this point, 
the peak counting rates of the coherent reflections were 
measured with and without a magnetic field. The ac- 
cumulated counts for the (111) and (200) reflections 
are listed in Table III. Scaled on the nuclear scattering 
from the same peaks, the observed decreases are ap- 
propriate to a ferromagnetic moment of (1.4+0.5) us 
per metal atom, which, considering the difficulty of 


Fic. 9. (a) Arrangement of 
the antiferromagnetic substruc- 
tures in rock salt type crystals 
having the third kind of order- 
ing. (b) Single- and multiple- 
axis structures consistent with 
the observed data. The spins 
are projected on (010) with the 
solid arrows at y=0 and the 
dashed arrows at y=}. 
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Fic. 10. Temperature dependence of the (101) superlattice 
intensity in Lio.190Mno.90Se. Data were taken while sample was 
being both cooled and warmed. 


obtaining experimental precision, is felt to be in satis- 
factory agreement with the magnetization results. 

The low-temperature data in Fig. 8 indicate a spin 
structure different from the preceding compositions; 
they are in fact indicative of the third type of fcc anti- 
ferromagnetic ordering, first observed by Corliss, 
Elliott, and Hastings'® in the cubic zincblende phase of 
MnS. In this scheme the spins alternate in sign along 
only one cube edge, resulting in a tetragonal cell with 
c=2a, on which the magnetic reflections in the figure 
are indexed. The structure factors permit only reflections 
with h+k odd and / odd to be observed. For a single 
axis model, the best agreement between observed and 
calculated intensities is obtained for an angle between 
the spin direction and the tetragonal axis of 45°, especi- 
ally if one considers the sensitive ratio 7(101)/7(103). 
The moment per metal atom for this model is found to 
be (4.15+0.10)u,. Comparison of the observed intensi- 
ties with those calculated for this and other spin direc- 
tions is given in Table IV. 

The possibility of multiple axis structures must also 
be considered in this case of the third kind of ordering. 


Table IV. Observed and calculated magnetic intensities for 
Lio.1oMno.99Se at 4.2°K. The moment is 4.15 4s; various choices 
for the spin direction are shown. (¢ is the angle between the spin 
direction and the tetragonal ¢ axis.) 


Calculated 
@=0 265° 45° 90° 
hkl Observed Spin direction: [001] in (101) [102] in (001) 


(101) 479 454 «418 
(103) 52 70298 
(121) 127 99 
(123) 55 50 48 
(301) 16 14 











« After subtracting contribution from Al (111) and (200) reflections. 
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Fic. 11. Comparison of the experimental intensity vs tempera- 
ture curve in Fig. 9 with the square of the Brillouin function for 
spin 4/2. 


The generalized magnetic structure factor may be 
written 


8 
F (Akl) => payer thyit aay, 
?7=1 


where the sum is over the eight magnetic ions obtained 
by doubling the lattice parameter along one of the 
cubic axes. (Here p;=0.539S;fX10-% cm and 
q;=eXeXS;, where S; is the spin vector of the ion 
and e the normal to a given plane Akl.) Under the as- 
sumption that the |.S;| are equal, the absence of reflec- 
tions with / odd leads to the result 


F,, (hkl) /2p=qitqoe™' tt + qe"? Ord + qaeti AH, 


the lattice being decomposed into four tetragonal anti- 
ferromagnetic sublattices, as shown in Fig. 9(a). In 
like manner, extinction of reflections with h+k even 
reduces the possible number of arbitrary axes to two. 
One finds that 


Fn (hkl) /4p=qit (—1)*i'qs, 


showing that the two remaining spin directions are not 
correlated. A calculation of (g*)ti01) and (g*){103} for 
S, along [102] and S; along [102] then gives, as ex- 
pected, identical results with the uniaxial model having 
its spin direction along [102]. The observed magnetic 
intensities are therefore equally consistent with either 
the uni- or multiple-axis model illustrated in Fig. 9(b). 
Furthermore, S; could equally well be placed || to 
[012 ], so that the sublattice moments are not necessarily 
coplanar. 

To investigate further the indicated ferromagnetic- 
antiferromagnetic transition, the temperature depend- 
ence of the intensity at the (101) position was measured. 
According to the results plotted in Fig. 10 the anti- 


NATHANS, 


AND SHIRANE 

ferromagnetic order disappears rather suddenly near 
71°K, which agrees closely with the temperature at 
which the spontaneous moment arises. These intensity 
data can be matched with the square of a Brillouin 
function for spin 4/2 only if an appreciably higher Néel 
temperature is assumed (see Fig. 11), in confirmation 
of the fact that the transition is not the usual one from 
the antiferromagnetic to the paramagnetic state. 

Another feature of low-temperature data to be noted 
is the splitting of some of the nuclear reflections, for 
example (200) and (311), which suggests a crystallo- 
graphic distortion. This distortion was observed in a 
pattern taken at 65°K and probably occurs at the 
transition temperature. The deformation appears to be 
tetragonal with c/a~1.02, but this result is somewhat 
questionable because of the lack of resolution. Since 
the magnetic reflections are not split, the spacing of 
(hkl) and (khl) planes are equal, and the unique crystal- 
lographic and magnetic axes are the same; that is, the 
distortion is along the direction in which the spins 
alternate in sign. 

The dependence of the transition temperature on an 
external field is presented in Fig. 12. Although the field 
does not affect the antiferromagnetic reflections when 
applied after the ordering has occurred, the transition 
temperature is lowered when the material is cooled in 
the field. As one might expect, the decrease is linear 
with H since the free energy of the cubic ferromagnetic 
phase is lowered by an amount pH. 


BACKGROUND 


0 
rr) a 
Fic. 12. Effect of an external field on the intensity vs 
temperature relationship of the (101) superlattice reflection in 
Lio.1oMno.90Se. The insert shows the linear dependence of the 
transition temperature on the applied field. Data were taken on 
cooling only. 
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Ill. DISCUSSION AND CONCLUSIONS 


It is apparent from the foregoing description that the 
magnetic ordering phenomena in the mixed crystal 
system Li,Mn,_,Se are quite sensitive to the lithium 
concentration, even though dilute. Some aspects of the 
neutron diffraction measurements that are relevant to 
the magnetic phase diagram of this system require 
further comment. 

For the sample with five percent lithium, it should be 
noted that the intensity contributed to the nuclear 
reflections by a ferromagnetic moment as small as 
0.2 uz could hardly be detected. However, the lack of 
a field effect on the superlattice reflections would seem 
to eliminate a ferrimagnetic alignment, unless the an- 
isotropy is large. No other clue to the origin of the weak 
moment observed by magnetic measurements is pro- 
vided by the neutron data. 

In the ten percent composition, the ferromagnetic- 
antiferromagnetic transition is substantiated by both 
types of experiment. The decrease of the Bragg reflec- 
tions by the field in the ferromagnetic phase is not con- 
sistent with a field-induced magnetization ; any induced 
moment (since aligned along the scattering vector) 
would not scatter coherently, and no change would be 
observed upon applying the field. The influence of the 
double exchange interactions even below the tempera- 
ture where the ferromagnetism is destroyed may be re- 
sponsible for the fact that the ordering adopted has a 
next nearest neighborhood that is two-thirds ferromag- 
netic, rather than completely antiferromagnetic as in 
ordering of the second kind. 

In the compound with x=0.07, the decrease of the 
supposedly antiferromagnetic reflections by an external 
field denotes a more complicated behavior. As noted 
above, such behavior would be observed in an antiferro- 
magnetic material if some of its domains possessed an 
uncompensated moment which could be used to align 
the spins; a ferrimagnetism of this type, however, must 
have its origin in ordering of the Lit or Mn**, which 
is not borne out by quenching experiments on this 
sample.* (No information about ordering can be ob- 
tained from the magnetic or nuclear intensities because 
the effects are too small to be observable.) A field- 
induced anisotropy transition may also be ruled out, 
since the directional term gq’ in the magnetic structure 
factor decreases for the (111) reflection and increases 
for (311) as the spins are tilted out of the (111) planes. 
However, it would be difficult experimentally to dis- 
tinguish between a ferrimagnetic model or one in which 
the superlattice intensity is diminished by actually 
uncoupling some of the spins from the antiferromagnetic 
matrix. A possible mechanism for this process will be 
suggested in what follows. 

De Gennes'® has recently investigated the effect of 
double exchange on the spin configuration of layer and 
chain type antiferromagnetic structures. He finds that, 


16 P.-G. de Gennes, Phys. Rev. 118, 141 (1960). 
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Fic. 13. The moment per metal ion as a function of x in 
Li,Mn,_,Se. Dashed line (a) would result if the Mn** moment is 
4 up, line (b) if O up. 


because of the dependence of the hole transfer energy on 
the angle between neighboring ionic spins, the ground- 
state energy is lowered if the angle between sublattices 
(antiparallel in the unperturbed state) becomes less 
than w. It is necessary to distinguish between this 
situation, referred to as a “canted’’-spin arrangement, 
and a multiple-axis structure such as discussed above, 
in which the several substructures remain antiferro- 
magnetic within themselves but adopt more than one 
spin direction relative to the crystal axes. The canted 
lattice gives rise to ferromagnetic lattice reflections in 
addition to the antiferromagnetic superlattice reflec- 
tions; the latter gives rise to no new reflections, but the 
relative intensities may differ from the single axis 
structure. As the temperature is raised, the canted ar- 
rangement is expected to revert to either a ferromagnetic 
or antiferromagnetic lattice at some intermediate transi- 
tion temperature, depending on the exchange interac- 
tions and the impurity concentration. 

The double-exchange mechanism as treated by de 
Gennes could therefore account both for the spontaneous 
moment observed in these compositions and for the 
ferromagnetic-antiferromagnetic transition. Since no 
ferromagnetic contribution was observed in the funda- 
mental reflections, the canted-spin arrangements are 
consistent with the neutron data only for a slight de- 
parture from antiparallelism if the lattice is uniformly 
canted; alternatively, the distortions may be localized 
at dilute impurity sites. In either case there is little 
change in the coherent neutron intensities compared 
with a long-range antiferromagnetically ordered lattice. 
The second alternative is probably to be favored on 
physical grounds because of the low impurity concentra- 
tion, and, as de Gennes points out, could be more 
profitably analyzed by studying the diffuse scattering 
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around the superlattice peaks. In the immediate neigh- 
borhood of such a local spin distortion, the super- 
exchange coupling is considerably weakened by the 
presence of the double exchange, so that the cluster as a 
whole, which has a ferromagnetic component, can be 
acted upon by an external field. The decrease of the 
antiferromagnetic reflections in the «=0.07 compound 
and the apparent saturation with increasing field can 
simultaneously be accounted for by this means. Further- 
more, the anisotropy transition at 45°K may perhaps 
be connected with a spontaneous ordering of the clusters, 
which is expected to occur because of the coupling 
between the local unbalanced moments. 

Aside from the production of double exchanges, the 
trivalent manganese in the lattice also bears discussion 
because of its influence on the magnetic moment. The 
high-temperature susceptibility® of these compounds 
indicates that Mn** contributes nothing to the effective 
paramagnetic moment, and one may ask whether this 
is true in the ordered state as well. The average moments 
obtained from the diffraction data, plotted as a function 
of composition in Fig. 13, indicate that the Mn** mo- 
ment must be fairly small. The origin of this diamagne- 
tism could be either an unquenched orbital contribution 
which cancels the spin moment, or a spin moment which 
is itself quenched because of crystalline field effects. 

Although the crystalline distortion observed for the 
ten percent sample is related to the configurational 
symmetry of the magnetic lattice, it is noticeably larger 
than the rhombohedral distortions expected in the other 
compositions, which are not observable with the present 
resolution. A tetragonal distortion (if more precise 
X-ray measurements confirm this symmetry) does not fit 
in with the hypotheses of either exchange” or aniso- 
tropy'* magnetostriction, which have been proposed to 
explain the structure deformations in antiferromagnets. 


17 J. S. Smart and S. Greenwald, Phys. Rev. 82, 113 (1951). 
is Y. Y. Li, Phys. Rev. 100, 627 (1955). 
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Another possible origin of the distortion, unrelated to 
the magnetic structure, is the cooperative ordering of 
individual oxygen octahedra coordinating the Jahn- 
Teller Mn** ion. This distortion has the correct direction 
(c/a>1), but one would not expect to find the critical 
fraction of Mn** necessary to produce macroscopic ef- 
fects as low as one-tenth in the light of observations on 
other structures." 


IV. SUMMARY 


The introduction of lithium into the rock salt lattice 
of MnSe exerts a substantial influence on the magnetic 
structure. The substitution initially lowers the transi- 
tion temperature of the second kind of fcc ordering; 
at seven percent lithium an anisotropy transition is 
observed and the magnetic scattering is field dependent ; 
finally, when the lithium concentration reaches ten per- 
cent, the composition becomes ferromagnetic as the 
temperature is lowered and subsequently undergoes a 
transition to antiferromagnetic ordering of the third 
kind. In the absence of single-crystal data, the presence 
of multiple antiferromagnetic axes in this system must 
be considered a possibility. Certain features of the data 
are in accord with a model of canted-spin lattices re- 
sulting from double exchange, if the angle of canting 
is small or the distortions are localized at dilute impurity 
sites. 
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The exchange constant A and exchange integral J, and their temperature dependences, have been meas- 
ured in cobalt metal films by spin-wave resonance. At room temperature, A=1.30X10~* erg/cm and 
J=155k. J is temperature independent between 4°K and 295°K. Comparison is made with recent data 


obtained by other experimental methods. 





HE method of spin-wave resonance’ has been 
applied to cobalt metal in order to measure the 
exchange constant A, exchange integral J, and their 
temperature dependences. The cobalt samples, in the 
form of evaporated films on glass substrates, turned out 
to have resonance lines sufficiently narrow to resolve the 
spin-wave modes. This is in contrast to bulk cobalt 
metal, ordinarily having hexagonal crystal structure, in 
which the extremely large magnetocrystalline anisotropy 
makes observation of even ferromagnetic resonance 
difficult. The cobalt films used here have predominantly 
cubic structure with a lattice constant a=3.55A as 
shown by x-ray diffraction, have a uniaxial anisotropy 
of about 23 oe (independent of temperature) in the 
plane of the film, and have a g factor and saturation 
magnetization close to bulk material. 
The observations made at room temperature, 77°K, 
and 4°K all appear similar to the curve shown in Fig. 1. 
From the spacings of the subsidiary peaks, meas- 


TABLE I. Summary of results. 


Temp. A (ergs/cm) 47M, (oe) g § J (e 
295°K 1.30 10-* 16 100 0.728 

7°K = 1.42x«10-* 16 700 0.759 
; 1.43 x 10-6 16 800 0.772 


2.10 
2.09 
4°K 2.07 


+5.5% 41.2% +408% +2.0% 


SPIN WAVE ORDER NUMBER 
10 9 ee ee 
SPIN WAVE RESONANCE SPECTRUM 
COBALT FILM 
8790 MCps 
ROOM TEMP. 





T 


19065 OE 


RELATIVE ABSORPTION 


16728 OE 








MAGNETIC FIELD 


Fic. 1. Microwave absorption in 2940 A +2% cobalt film. The 
order gives the number of half-wavelengtks of spin waves within 
the sample thickness. 


. Operated with support from the U. S. Army, Navy, and Air 
Force, 

1M. H. Seavey, Jr., and P. E. Tannenwald, Phys. Rev. Letters 
1, 168 (1958); and J. Appl. Phys. 30, 2275 (1959). 


urement of thickness L, and the relation w/y=H 
+(2A/M,)(xn/L)*, the exchange constant A is de- 
termined. Independent determinations of g and 4rM, 
are made from resonance measurements with the dc 
field H applied parallel and perpendicular to the plane 
of the sample. J is computed from the relations 
A=Na2JS? and M= NS, where N is the number of 
atoms per unit volume, is the Bohr magneton, and § 
is the effective spin per atom. The results are given in 
Table I. The uncertainty associated with the tempera- 
ture variation of A and J is +2°%. Thus, J is constant 
with temperature within experimental error, as might 
be the most reasonable a priori expectation. 

Experimental determinations of the exchange con- 
stant A seem to be independent of any particular model 
for the ferromagnetic electrons.? Even though calcula- 
tions of J values, as carried out above as well as from 
other experiments, raise the dilemma of nonintegral spin 
values in a localized electron model, brief comparison on 
this basis of the results of different experiments seems 
worthwhile. 

Recently, nuclear resonance has been employed in 
cobalt to measure the temperature variation of the 
effective field at the nucleus.’ On the assumption that 
the proportionality between the field at the cobalt 
nucleus and the spontaneous magnetization is tempera- 
ture independent, these data yield the temperature 
variation of the magnetization and hence a quantity 
proportional to the exchange integral. From reference 3, 
M,(T)=M,(0°K)[1—3.3X 10-®(°K)-471}], so that iden- 
tification of the T! coefficient with (0.0294/2S)(k/2SJ)! 
according to the standard spin-wave treatment for a fcc 
crystal, yields J = 1352/S*'*. Assuming that the effective 
number of Bohr magnetons gS in the nuclear resonance 
experiment was 1.76, corresponding to bulk magnetiza- 
tion measurements in cubic material, and taking g from 
the present experiment, one obtains S=0.85 and hence 
J =177k. A further comparison can be made with recent 
neutron spectroscopy data.‘ The dispersion relation of 
spin waves was measured in a single crystal of fcc cobalt 
containing 8% iron and gave a value of J= 185k+10%. 
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The K® nuclear magnetic resonance has been observed in metallic potassium and in aqueous solutions of 
KNO; and K;Co(CN).. From these observations a Knight shift of (0.248+0.005)% has been obtained 
Using Pines’ value 0.60X10~* for the spin susceptibility gives P;=0.95 ao*. This is compared with the 
theoretical values 0.786 ao~* obtained by Callaway and 0.909 ao? obtained by a quantum defect calculation 


in this paper. 


INTRODUCTION 


ARLY in the evolution of nuclear magnetic reso- 
nance it was discovered, by Knight,' that the 
nuclear magnetic resonance of a metallic nucleus occurs 
at a higher frequency in the metal than in a compound 
containing the same nucleus. This relative shift between 
the resonance frequency in the metal and the resonance 
frequency in a compound subsequently received the 
name Knight shift. One of the most interesting classes 
of metals in which the Knight shift can be investigated 
is the alkali metals. Knight’s original work! reported 
the measurement of the Knight shift in lithium and so- 
dium; shortly thereafter Gutowsky and McGarvey?* 
reported the measurement of the Knight shift in cesium 
and rubidium. More recently Benedek and Kushida‘ 
have investigated lithium, sodium, rubidium, and 
cesium, measuring, not only the Knight shift, but also 
its pressure dependence to approximately 10 000 atmos- 
pheres. It is perhaps worth noting that Benedek and 
Kushida cornment that they did not investigate po- 
tassium because of the very poor signal-to-noise ratio. 
In fact, no value for the Knight shift in potassium has 
been published.® 
The first theoretical work was that of Townes, 
Herring, and Knight.® In this work an explanation of 
the Knight shift based on the Pauli paramagnetism of 
the conduction of electrons in metals was developed. 
Korringa’ has examined the question more precisely 
and obtained the same result as the earlier workers 
and, in addition, a relationship between the spin- 
lattice relaxation time and the Knight shift. The ex- 
pression for the Knight shift. contains two quantities 
which are characteristic of the metal being investi- 
gated; namely, the Pauli susceptibility and the proba- 


bility density of a conduction electron at the nucleus, 


1W. D. Knight, Phys. Rev. 76, 1259 (1949). 

2? H. S. Gutowsky, Phys. Rev. 83, 1073 (1951). 

*H. S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 
1472 (1952). 

4G. B. Benedek and T. Kushida, J. Phys. Chem. Solids 5, 241 
(1958). 

5 Subsequent to the completion of our experimental work we 
learned that the Knight shift in potassium has also been measured 
by R. G. Barnes and co-workers [R. G. Barnes, W. J. Jones, Jr., 
and T. P. Graham (to be published) ]. 

*C. H. Townes, C. Herring, and W. D. Knight, Phys. Rev. 77, 
852 (1950). 

7 J. Korringa, Physica 16, 601 (1950). 


averaged over states at the Fermi surface. If one of 
these is known, then the other is implied through a 
measurement of the Knight shift. The most directly 
accessible of the two quantities is the Pauli suscepti- 
bility. This has, in fact, been measured for two of the 
alkali metals and a relatively good theory, namely that 
of Pines,’ is available for the other alkali metals. As a 
result, the recent emphasis in the theoretical work has 
been on the prediction of the probability density of a 
conduction electron at the nucleus, averaged over 
states at the Fermi surface. The principal values are 
those obtained by Brooks, by Kohn, by Kohn and 
Kjeldaas, and by Callaway® and his co-workers. At 
least two of these groups have attacked each of the 
alkali metals except possibly potassium. For lithium 
and sodium relatively good agreement has been ob- 
tained. However, for rubidium and cesium the agree- 
ment is somewhat less satisfactory. 

In this paper we wish to report the measurement of 
the Knight shift and a calculation of the probability 
density of a conduction electron at the nucleus, aver- 
aged over states at the Fermi surface. The calculation 
uses the variational method of Kohn" together with 
quantum defect wave functions as discussed by Brooks 
and Ham." 

EXPERIMENTS 


Metallic potassium samples were prepared by using 
high-intensity ultrasonics to disperse molten potassium 
in molten paraffin. The paraffin was allowed to solidify 
before removing the source of ultrasonic energy in 
order to prevent coagulation of the potassium disper- 
sion. It is estimated that a dispersion consisting pri- 
marily of potassium particles of less than fifty microns 
in diameter was produced in this way. The nuclear 
magnetic resonance of K® was observed in this metallic 
dispersion as well as in aqueous solutions of KNOs; and 
K;Co(CN).5. The observations were made using a 
standard Varian model V4200 broad-line nuclear mag- 
netic resonance spectrometer operating at approxi- 

8D. Pines, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367 

®A useful tabulation of experimental and theoretical results 
for the alkali metals is given by J. Callaway, in Solid-State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1958), Vol. 7, p. 144. 

1 W. Kohn, Phys. Rev. 87, 472 (1952) 


 H. Brooks and F. S. Ham, Phys. Rev. 112, 344 (1958). 


716 





KNIGHT 


mately two megacycles. The external field was supplied 
by a twelve-inch magnet and was about ten thousand 
gauss. Field sweep was used for all observations and 
the magnetic field measured using a Harvey Wells 
gaussmeter together with a specially calibrated BC 221 
frequency meter. The details of the observations are 
given in Table I. No chemical shift between the com- 
pounds KNO; and K3;Co(CN)«. was observed, although 
it is estimated that a shift of about 0.02% could have 
been seen easily. The Knight shift was found to be 
(0.248>F0,005)%. 

The Varian spectrometer is a crossed-coil type instru- 
ment and consequently the rf head must be adjusted 
to observe either the dispersion or the absorption mode. 
It is interesting to note that with the large metallic 
potassium sample that was used it was not possible to 
balance the rf head for the absorption mode. For the 
nonmetallic samples the head could be balanced for 
either mode of operation. 


Comparison with Theory 


The relationship of the Knight shift to the Pauli 
susceptibility and the probability density of a conduc- 
tion electron at the nucleus, averaged over states at the 
Fermi surface, is given by®? 


AH 8x 
=—X,V(\p(k,0) |?)ay, (1) 


= 2 


where X, is the spin or Pauli susceptibility in volume 
units (X, is dimensionless), V is the volume in which 
¥(k,r) is normalized, and 


¥(k,0) |2).. =[42°p(Wr) ] 


x f W(k,0) |? 
J sr 


In (2), Sp is the Fermi surface in k space and p(W ) the 
density of states per unit energy at the Fermi surface. 
It is convenient to use the atomic volume for the 
normalization of the wave function. 

Since the spin susceptibility of potassium has not 
been measured, the theoretical value given by Pines,° 
X,=0.6010-* (cgs volume units), seems to be the 
best that is available. If the trend shown in the com- 
parison of Pines’ values with experiments for lithium 
and sodium persists for potassium, then the suscepti- 
bility quoted above might be 10% too low. Using 
Pines’ value for X, and 520a,* for the atomic volume, 
our measured Knight shift implies 


ads; 


grad, F 


P 7 0.95 ay 3 


This value may be as much as 10% too large due to the 
use of Pines’ X, in obtaining it. 
Callaway® has calculated Py using a perturbation 
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TABLE I. K® nuclear magnetic resonance observations. 


Nucleus 
studied 


Magnetic field 
in gauss 


Frequency 


Compound in Mc/sec Shift 


9915.6+0.5 (0.248 +0.005) % 
9940.5 +0.5 
9939.9+0.5 


1.9745 +0.0001 
1.9745 +0.0001 
1.9745 +0.0001 


Metal K# 
K3sCo(CN)e Ks 
KNO; Kk” 


approach and obtained the value 
P=0.786a 5" 


This value is barely consistent with the limits placed 
on our experimental Knight shift and the estimated 
uncertainty in Pines’ X,. Another approach, which has 
been suggested by Kohn" and by Brooks and Ham," 
involves the use of quantum defect wave functions 
together with a matching formula developed from a 
WKB approximation to evaluate the conduction elec- 
tron wave functions at the nuclear site. The result of a 
calculation of Py; based on such wave functions and 
Kohn’s variational method gives 

P,=0.91ac°, 
which is in good agreement with the experimental 
value. There are, however, some difficulties with the 
calculation which will be discussed in more detail in the 
next section. 


Quantum Defect Calculation 


The quantum defect method (QDM) was initially 
applied to solids by Kuhn and Van Vleck”~" and sub- 
sequently applied and extended by Brooks,'® Kambe,'® 


1 


and Brooks and Ham." Excellent discussions of the 
present state of the QDM and reviews of most of the 
applications to date may be found in the review articles 
by Ham" and by Brooks.'® 

We have used quantum defect (QD) wave functions 
in Kohn’s variational principle. The procedure for 
applying this variational principle in a form appropriate 
for use with QD wave functions is as follows.” Inside 
the equivalent sphere the electronic wave function is a 


hi 
(- V+V(1)-E)¥(e)=0, (4) 


2m 


solution of 


*'T. S. Kuhn and D. H. Van Vleck, Phys. Rev. 79, 382 (1950). 
[. S. Kuhn, Phys. Rev. 79, 515 (1950). 

4 J. H. Van Vleck, Proceedings of the 1953 International Con- 
ference on Theoretical Physics, Tokyo, 1954 (unpublished). 

'° H. Brooks, Phys. Rev. 91, 1027 (1953). 

16 K. Kambe, Phys. Rev. 99, 419 (1955). 

7k. S. Ham, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127. 

18 H. Brooks, Suppl. Nuovo cimento 7, 165 (1958). 

19 The following discussion is very similar to that given by 
Kohn in connection with the calculation of the Knight shift in 
Li. W. Kohn, Phys. Rev. 96, 590 (1954). 
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subject to boundary conditions 
Vin=etroty(—1, r= 8) 
oy (1) dy (—r) 


= == eztk r cosé. 
Or or 


(6) 


where & is the magnitude of the wave vector (radius of 
the Fermi surface), kr,= 1.9192, and @ is the angle be- 
tween k and r. Assume that y¥(r) can be expanded in 
terms of solutions of (4) characterized by a definite 
angular momentum, we have 


¥(r)=CoRo(r) +c: Ri(r) Pi (cosé) 
+C2R2(r)P2(cosé)+ aN (7) 


Kohn’s variational principle determines the c;’s by 
making the integral 


_ ¢ov(r) 
K -{- y*(— r)e tre co sind (8) 
s Or 
stationary. This is accomplished if the c;’s satisfy 
2Lol wocot+ (Lot+ L)ilovei + (Lot Le)Io2¢2 
+ (Lo+Ls)iloscs+ 1a" =0, 
(Lot L,)ilo.co— 2h icy + (LitLe)il ree 
—(L+Ls)Iisces+- + - =0, 


dR; 
o=|—/ Ri, r=f, 
dr 


r= f e 2ikrs 0088 P(cosd) P;(cosd) sinédé. (11) 


(9) 


where 


(10) 


Practcally, one must terminate the series (7) at some 
finite /, say 1, determine a value of the energy such that 
Eqs. (9) are consistent, and solve for the c;’s. The 
average square of the conduction electron wave func- 
tion which enters into (1) is then 


i 
P;=CPLRo(0) P/ & CPM, 


l=0 


(12) 
with 


(13) 


4ar e 
Nv.=—— f [Ri(r) Pedr. 
21+1¥ 


The QDM provides a method for evaluating R;(r,) 
by extrapolating the experimental quantum defect to 
the energy value appropriate to the solid. This is ac- 
complished by writing”® 


1 1 
Ri(r) =-U'(r) [°U'(r)— (tanwn,) 2U'(r) }. (14) 
r r 
* R, so defined is not normalized to unity at r=r,. However, 
since the normalization is not important until Py; is actually 
evaluated, the form (14) can be used for most of the calculation. 


AND 


W. B. GAGER 
The functions °U' and *U' are the two independent solu- 
tions of the radial Coulomb equation originally intro- 
duced by Wannier.”' The quantity 7; is called the ndefect. 
Brooks and Ham” have investigated the relationship 
of the » defect to the conventional atomic quantum 
defect 6,, defined by €,=—(m—56,,)~*. Here em is an 
atomic energy eigenvalue, and m is an integer which 
increases by one between successive terms of a given 
spectral series. As a result of their work, the experi- 
mental » defect can be determined from the atomic 
energy levels of a specified angular momentum. Because 
of the nature of the » defect, it can be extrapolated 
smoothly to energy values appropriate to solids. Ap- 
propriate extrapolations are given by Brooks and 
Ham!" for /=0, 1, 2, together with corrections for the 
polarization of the core by the valence electrons. 
Having this extrapolated defect, R; and its deriva- 
tive can be evaluated at r, and the Z;’s obtained for 
various energies. Eqs. (9) can then be set up and the 
value of the energy found for which they are con- 
sistent. This value of the energy is, of course, the 
Fermi energy. The consistent set is then solved for 
the ¢,’s. 

Brooks and Ham" have shown also that the value 
of Ro at r=0 is related to the value at r=r, by 


R,(0) 22'r, 


; = ~ ia 
Ro(r,) cosrnol°U(r,) — (tanwno) 2U°(r,) |] 


Since the c; obtained from the variational calculation 
are appropriate to R,(r,)=1, the left-hand side of (15) 
is just Ro(0). 

The final ingredient in the calculation of Py is N:. 
Once again Brooks and Ham" provide the appropriate 
formula 


Ki={ [°U!— (tana) 2U' Pdr 
0 


dn 
=—2 seca ni +] Pl 


de’ 


—2 tanrn)| °U 


+tan*rn)| 2U! eu] , (16) 


de 


where the square brackets of the form [.4,B | is defined 
by 
dB da 
[A,B ]=A———B, 
dr dr 


(17) 


and e’=—e(a positive number). The normalization 
21 G. Wannier, Phys. Rev. 64, 358 (1943). These functions can 
be computed conveniently with the help of tables prepared by 
F. S. Ham, Technical Report No. 204, Cruft Laboratory, Harvard 
University, Cambridge, Massachusetts, 1955 (unpublished). 
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TAbLe II. Fermi energies and P, for various I’s. 
g f 


er’ (rydbergs) Py 


0.3172 1.107 ay" 
0.3208 0.927 ao 
0.3227 0.946 ao? 

0.802 ao 


0.3241 
0.3235 0.909 ao? © 


integrals V; are given by 


dor,’ K, 
i ——_—— 
2/+1 [°U'(r,)— (tanwm) 2U"(r,) P 





The procedure outlined above has been applied to 
potassium as follows. Ham’s* tables were used to 
supply inputs to an IBM 650 program which evaluated 
the functions °U' and °D'=rd(°U"')/dr for OC /<8 and 
the functions ?U! and *D!=rd(?U')/dr for 09S 1< 2. This 
was done for e’=0.30(0.01)0.35 and the determinants 
of the coefficients in (10) set up. These determinants 
were truncated at 1=2, 3, 4, 5, 6 and evaluated. For 
each | the values of the determinants were plotted 
against energy to determine the value of the energy 
at which the equations were consistent. The Fermi 
energies obtained in this way are tabulated in Table IT. 

The function evaluating program was next used to 
obtain the U’s and D’s for each e/’ and e,//0.005. 
From these U’s and D’s the L’s and the energy deriva- 
tives appearing in the normalization equation were 
computed. Equations (12) were set up for the appro- 
priate values of e;’ and solved for the c;’s with co=1. 
The normalization integrals were evaluated using (16) 
and (18) and finally P; was evaluated. These results 
are also given in Table II. 

Both P; and e,’ as given in Table II behave much like 
the corresponding quantities in Kohn’s calculation of 
Li. P; seems to vary more drastically with 1 in our 
calculation than in Kohn’s but nonetheless seems to 
be converging. We have tested the fit of the 1=6 calcu- 
lation to the boundary condition (5) by calculating 
R(z): 

1 e1P\(2z)+¢3P3(2)+--- ; 

R(s) =———__ | ———____—— (19) 

tan(kr.z) |! coPo(z)+c2P2(z)+--- 

If the boundary condition were exactly satisfied, the 
R(z) would be identically one. Figure 1 shows R(z) as 
a function of z for the =6 calculation. From z=0 to 
z=0.75 the ratio is reasonably close to unity; however, 
between z=0.8 and z=0.9 it deviates radically from 
one. This deviation is caused by failure to match ex- 
actly the position of the zero of coPo+ceP2+csPitcoPs, 
at z=0.84, with the position of the singularity of 
tan(kr,z), at s=0.81. If the match were perfect, then 
R(z) would presumably behave much like the broken 
curve in Fig. 1. Although even the broken curve can 
hardly be called an excellent fit, we feel that it is 
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Fic. 1. The function R(z) for 1=6. 


satisfactory. Further tests could be made; however, we 
do not feel that this is warranted at this time. 


DISCUSSION 


The excellent agreement between the theoretical and 
experimental values of Py is reassuring but could be 
destroyed by further refinements. The QDM takes ap- 
proximate account of the effects of correlation and 
exchange between the conduction electrons and the 
core electrons on the wave functions of the conduction 
electrons. The calculation as carried through above 
does not, however, take into account the contribution 
of the core polarization to the spin density at the 
nucleus. Cohen e/ al.” have considered this contribu- 
tion in the metallic Li and Na and found that it results 
in an additional contribution to the effective theoretical 
values of Py of approximately 25% in the case of Li 
and approximately 5% in the case of Na. Such calcula- 
tions have not been carried out for K, however, since 
the Fermi surface for K is only slightly less spherical 
than for Na and since the 1s and 2s contributions can 
be expected to partly cancel a correction of the order 
of 10% might be reasonably expected for K. A correc- 
tion of this magnitude would increase the effective 
theoretical value of Py to 1.00 ag~* which is still in good 
agreement with the experimental result. A smaller cor- 
rection would improve the agreemert. It may be noted 
that the correction does not improve the Brooks and 
Ham results for the atomic hyperfine interaction but 
actually makes them worse. In the case of Brooks” 
calculations of the Knight shift in Li and Na by the 
QDM, one finds that the agreement with experiment 
deteriorates when the core polarization correction is 
included. Extrapolating the results of Cohen ef al. to 
the cases of Rb and Cs is tenuous at best; however, if 
the correction is only of the same sign for these elements 
as for Li and Na it would improve the agreement be- 
tween Brooks’ calculations and experiment. We may 


Soc. (London) 73, 811 (1959). 
*8H. Brooks, unpublished quoted by Callaway.® 
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summarize by saying that the core polarization effect 
does not seem to affect significantly the agreement be- 
tween our theoretical and experimental values of P;; 
however, this conclusion cannot be extended to other 


quantum defect calculations. Further investigation of 
this point would appear to be very desirable. 
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The theory of the interaction of electrons and acoustic phonons in nonpolar crystals has been formulated 
in terms of a new set of basis states, whose wave functions are essentially Bloch functions that deform 
with the lattice. The major part of the interaction may then be calculated in terms of the strain tensor rather 
than the displacement of the lattice. A result of the theory is a generalization of the deformation potential 


theorem. 


I. INTRODUCTION 


N considering the mobility of electrons in nonpolar 

semiconductors, Bardeen and Shockley! introduced 
a new approach to electron-phonon coupling. They 
showed that in certain simple semiconductors the 
electron-phonon interaction can be accounted for by 
replacing the interaction term in the Hamiltonian by 
DV -u, where u is the displacement of the lattice due to 
the thermal vibrations. The constant D is the deforma- 
tion potential. It is defined by setting the change in the 
electron energies in a homogeneously strained crystal 
equal to DV-u; hence D can be determined from experi- 
ments independent of the electron-phonon interaction.?~* 
This idea has already proved very fruitful and has been 
extended to include arbitrary strains and more com- 
plicated semiconductors.°® 

It was the feeling that the deformation potential 
approach affords a basis for a much more comprehensive 
theory of electron-phonon interactions (within the 
framework of the one-electron model) that motivated 
the present research. Moreover, it was felt that if one 
could find a means of expanding the Hamiltonian in a 
power series in the strains, instead of the lattice dis- 
placements (as is done in the standard theory‘), the 
deformation potential theorem in its most general form 
would follow immediately. 

We find that we are able to carry through this 


* Now at Department of Physics, University of Illinois, Urbana, 
Illinois. 

1 J. Bardeen and W. Shockley, Phys. Rev. 80, 724(1950). 

*G. Weinrich, T. M. Sanders, and H. G. Whité, Phys. Rev. 
114, 33 (1959). 

3 J. R. Drabble, J. Electronics and Control 5, 362 (1958). 

‘F. J. Blatt, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 4. 

5W. P. Dumke, Phys. Rev. 101, 531 (1956); and C. Herring 
and E. Vogt, Phys. Rev. 101, 944 (1956). 


program when we express the Hamiltonian in terms of 
a new representation.® The basis states of this new repre- 
sentation [orthogonalized deformed Bloch (ODB) 
functions | are essentially Bloch functions that deform 
with the lattice. These states have the convenient 
property that the matrix elements of the pertinent 
operators with respect to the ODB states can be 
expressed as matrix elements of closely related operators 
with respect to the Bloch states (Sec. III). In Sec. IV 
we show that the Hamiltonian in the ODB representa- 
tion can be expanded in a power series in the strains and 
the lattice velocity, and that the resulting first-order 
coupling terms, E'+:"', admit of a simple physical 
interpretation. EZ! is the dominant term and can be 
written as a deformation potential operator (whose 
diagonal matrix elements are shown in Sec. V to be 
just the deformation potentials) times the strain. It 
leads directly to a generalized deformation potential 
theorem (Sec. VII) which refers to the coupling between 
the ODB rather than the Bloch states. However, in 
Sec. VI we show that, to the first approximation, the 
transition rates between the Bloch or between the ODB 
states may be used interchangeably in the Boltzmann 
equation. 

E"! is shown in Sec. VII to be a small term associated 
with the fact that a moving lattice tends to drag the 
electrons with it. 


II. THE BLOCH REPRESENTATION 


The Hamiltonian for a nonpolar crystal with one 
electron in the conduction band, in the one-electron 


® George Whitfield, Phys. Rev. Letters 2, 204 (1959). Equations 
(7) and (8) of this reference are incorrect; see Sec. VII A-1 of this 
paper. 
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approximation is 

H=E+H.1; 
where 

E=H,+H1, 


and 


T i Mu (f,s)ge s9—f.2, 


H.1=V(x,q) — Vo(x). 


In the above, repeated indices are to be summed on; 
x is the position vector of the extra electron, and g 
stands for all the normal coordinates of the lattice g,,,, 
each with vibration frequency w(f,s). Although we will 
refer in this paper to a crystal with one atom per unit 
cell, we expect that the results will also apply to the 
long-wavelength acoustic mode scattering in a crystal 
with more than one atom per unit cell. At appropriate 
places below we will point out some limitations of this 
extension. The electron and ion core masses are, re- 
spectively, m and M;; the effective potential seen by 
the extra electron is V(x,g) and Vo(x)=V(x,0). The 
displacement of the vth ion core from its mean position, 
R,°, is given by 


u,=>. g:,sv(f,s) exp(iR,’-f), 


i,8 


Yf,s 


» » u,° v*(f,5) exp | —iR,"-f), 


where f is the wave vector and s refers to the 
tion of the lattice mode. 
The lattice points R,° are given by 


polariza- 


Y= v1 A+ v2Aot Vas, (0) 


where the »’s are integers and for simplicity we assume 
that the a; are mutually perpendicular. In this for- 
mulation the u, satisfy the periodic boundary conditions 


Uu, _ U,+M, ( 7 } 
where M refers to the triplet of large integers M; 
(i=1, 2, 3). hee 

The usual theory‘ of electron-phonon interactions 


treats H,, as a perturbation on the system: 
Eyi(x,q) = Eigi(x,q), (8) 


FE, =e, (k) +> [N(£,5)+3 Jho(f,s), (9) 
{,s 


g1(X,g) =Wn(X)Xtr (f,s)} (q). (10) 


{N(f,s)} refers to the entire set of phonon occupation 
numbers NV (f,s), and the lattice eigenfunction x satisfies 


ArXtwe,s)i(g)=LX NV (f,s) +3 Jhw(f,s) )Xtw 4,4) (q). 
f,s 
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nk(X)=exp(ik-x)wnx(x) [Where w»x(x) has the perio- 
dicity of the lattice] is the Bloch function of wave 
vector k and band index 2, satisfying 


H Wx (X) = €n(k)Wnx(X). 


Wnk(X) Satisfies periodic boundary conditions with the 
same period as u,, namely 


nk (X)=Wak(X 1-L.), (11) 
where L;= Maj. 

We chose the ¥,x(x) to be normalized in the rec- 
tangular parallelepiped U defined by the three vectors 
L;. We note that due to the periodic boundary con- 
ditions the Yn. are also normalized in any (possibly 
irregularly shaped) region whose bounding surfaces are 
separated by the L,. 

We will refer to the ¢ 
the Bloch representation. 


(x,g) as the basis functions of 


In the standard theories of electron-phonon inter- 
action H,., is treated in one of two models and then 
expanded in a power series in u. The deformable-ion 
(D.I.) model’ assumes that 

V (x,g) = Vo(x—u(x)), 
where 


u(x)=>> at.eV(f,s)e*!-*. 
fas Y 


Then the first order in u we have 


H,,?'=—u(x)- VV o0(x). 


The rigid-ion (R.I.) model® assumes that 


V (x,qg)=>-, vo(x—R,°—u,), (15) 


where v is some atomic-like potential.* Then to the first 
order in u, we have 


HL! =—)>, u,- Vo(x—R,"). (16) 


The matrix elements of H,, are then given by an 
integral involving the periodic parts of the Bloch 
functions and either Vo(x) or VVo(x), times the matrix 
elements of g¢,, which are given below. 


i 


h : 
a= ( Sam -) (ay oT0t-4,¢"), 
2N Ma(£,s) 


[ax 35 
(N(f£,s)—1 Qt s N(f£,s))= 


where 


‘Ds,2'5 


CN (fs) }, 


7A. Sommerfeld and H. Bethe, Handbuch der Physik, edited by 
S. Fliigge (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2; 
I’. Bloch, Z. Physik 59, 208 (1930). 

8 L. Nordheim, Ann. Physik 9, 607 (1931); and W. V. Houston, 
Phys. Rev. 88, 1321 (1952). 

* The assumption (15) corresponds to rigidly displacing ion 
cores only when 2? is spherically symmetric or when only longi- 
tudinal modes are considered. This is because (15) shifts only the 
center of the ion cores, but does not change their orientation. A 
more involved assumption could be made to include all cases, but 
for simplicity we will assume that 9 is spherically symmetric, when 
we are discussing the rigid-ion model 


rat |=6e,1 
and 
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(N (£,s)-+1|az,.t| V(£s))=[N (fs) +1] 


Ill. THE ODB REPRESENTATION 


In this section we will introduce the orthogonalized 
deformed Bloch (ODB) functions and discuss some of 
their general properties. We have not chosen these 
states because they are “better” than the Bloch states 
in the sense that the transition rates between them 
caused by the lattice vibrations are appreciably smaller 
than the corresponding transition rates between Bloch 
states. In fact, in Appendix C we show that in certain 
special cases the two transition rates are equal.” It is 
rather for their formal properties that we use them; 
chiefly that the largest part of their transition rates 
can be expressed directly in terms of the strains rather 
than the displacement of the lattice and that they 
permit the use of a much less limiting assumption for 
the form of the crystal potential in a vibrating crystal. 

The ODB functions are defined by 

n(x,9)= ¢:C(y(x),q)J—*(y (x)). (17) 
¢1(x,g) is defined in (8), (10), and (11) and y is defined 
by 


x=y+u(y), (18) 


where u(y) is given" by (13). We note from (13) and 
(5) that 
u(R,°)=u,, 
and hence if x= R, then y=R,°. In this sense then, in the 
““y space” the ion cores appear to be at their lattice 
points, and the », are essentially Bloch functions in this 
y space. 
J is the Jacobian of the transformation (18): 


8(x1(y),x2(y),«3(y)) 
(y)=— 


8(¥1,92,¥3) 
Otaly) 1/0u, Oug Atg Aug 
a (tte 
O¥a 2\Oya Ayg Ays OVa 
8(u1(y),u2(y),us(y)) 


0 (¥1,92,¥3) 





(19) 


The Jacobian is included to make the m; orthogonal. 
One can, however, develop a similar theory with non- 
orthogonal functions as is shown in Appendix A, where 
we discuss the use of the functions ¢;(y(x),g) as a basis. 

As long as J>0 the 7 remain finite and single valued, 
but the 7 are infinite when J/=0 and multivalued when 


© This similarity between the Bloch and ODB states has been 
shown only to the lowest order in u, and may in fact not extend 
to higher orders. 

1 Tf there is more than one atom per unit cell we would choose 
the polarization vector so that u, refers to the displacement of the 
center of mass of the unit cell [i-e., v(f,s)=2,; v‘(f,s)M;/2Z; Mj, 
where j runs over the atoms in the unit cell]. 


WHITFIELD 


J <0. We can see from (19) that J will be greater than 
zero except when the strains are of the order of mag- 
nitude of 1 or larger, and this sort of very large deforma- 
tion was not intended to be included in this theory. In 
fact, for such large deformations the lattice is cer- 
tainly not harmonic, and even the Bloch functions 
gi(x,g) are realistic only in that they are small. 
It is clear then on physical grounds that this pe- 
culiar behavior of the m is not a serious problem. 
These essentially formal difficulties can be avoided by 
thinking of the as being defined by (17) only in a 
connected region containing J=1 and where J>«, 
where ¢ is some small fixed number, and setting 7,=0 
elsewhere. When we do this the m are not exactly 
orthogonal or complete; however for the purposes of 
this paper they can be thought of as a complete ortho- 
normal set. 

Since u(y) satisfies the same periodic boundary con- 
dition as ¢;(x,g), we have 

ni(X,q) = n(x+L,, qg). (20) 

In short, all the functions involved whether written as 
functions of x or y are periodic in the same set of vectors, 
L,. 

Now in order to show that the are essentially 
orthonormal” we consider the integral 


(21) 


faf d>x n,*( x,q) ni (X,q). 
Vv 


Because the 7; satisfy (20), the integral with respect to 
x may be taken over any one of many equivalent regions 
one of which is the region U’ which is defined as the 
region which maps into UV when mapping from « space 
to y space. Hence (21) is precisely equal to 


faa ant (xane(xa), 
vU- 


which on changing the variables of integration becomes 


faf d*y gi*(y,g) er (y,g) =61, 
Vv 


That the 7 are essentially complete follows in a similar 
fashion from the completeness of the ¢. 

Because the 7; are complicated functions of x and qg 
we will not calculate matrix elements in this repre- 
sentation directly but relate them to matrix elements 
in the Bloch representation. Since { ¢;} and {m} can be 


The integral on g in (21) should be taken only over a region 
around J=1 where J>e, and hence over a similar region in (22). 
Therefore the right-hand side of (22) is not actually 8,1, but 
differs appreciably only for states with such large values of 
{N(f,s)} that we need not consider them. 
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regarded as two complete orthonormal sets defined in 
the same region of space, they form two bases which 


are related by a unitary transformation 7, 


lm)=T'| ¢2), 
where 
om | \ 1 
T=>°) n)<¢1). 
Then for every operator O there is another 


O’=TIOT, 
such that 


(¢i|O"| gv)=(m|O| nv). (24) 

The usual procedure for handling such a change of 
basis is to investigate the properties of the unitary 
operator 7. However, as will be shown in Appendix C, 
this operator can be handled only as a power series in 
the lattice displacement and this is just the type of 
expansion we are trying to avoid. We shall instead 
calculate the primed operators directly from (24), using 
only power series in the strains. We shall do this now 
for the dynamical variables, x, g;,., p, Pt,. to arbitrary 
order in the strain. 


Electron Position 


If we set O=x, the right-hand side of (24) becomes 


(nl x|nv)= fda fa ni* dane) 
v 


Then introducing the change of variables (18) into the 
integral, remembering that because of the periodic 
boundary conditions we need not change the region of 
integration, we get 


(ni) X nv) = fas dx vi(y,g)Lyt+uly) ler (yg) 
v 
=(¢1| X+u(Xx)/! gr). 
Comparing (25) and (24), we have 
x’=x-+u(x). 


(26) 


Hence the form of the operator relation (26) suggests 
that the change from the Bloch to the ODB represen- 
tation can be thought of as mapping the electron wave 
function so that it moves with the lattice. Equations 
(26) and (18) are complementary in the sense that while 
(26) refers to a mapping of the wave function, (18) is 
the corresponding mapping of the space. 


Normal Coordinate of the Lattice 


Following the same procedure as for x’, we get 


, 
Gt,s = Yf,s- 
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Electron Momentum 
Again we start by considering the right-hand side 
of (24). 


nt. h a 
(ni| Pa m= fd [ d*x mi*(x,q)- es nu (Xq) 
UU 


t OXa 


1 ho 
= faf is] ni*(x) —nv (x,q) 
2 v 1 OXe 


hs oa 
= -( aut nit(xa) Jne(ao)} (27) 


i OXe 


If we write :(x,g)= ¢:(y(x),g)J—*(y(x)) and differen- 
tiate the product we see that in (27) the terms involving 
derivatives of J-' cancel and we find 


h ; 0 
(ni Pa\ nv) = - fea fon gi*(y(x),9) 5 fey (),9) 
21 6) OXa 


fe) 
= ( _aa (v(x) erty (x) |). (28) 


OXe 


In order to change the variables in this integral we 
note that 


0 
oad (3 
OXe 


0u;(y) dug(y) 


OVa OY; 


dus(y) 
SS 


OVa 
Ou;(y) du;(y) Aug(y) 


OVa 


( 1 ) fe] 
By 1+-S(y) ap OYE 


where!? 


OY, OY; 


S8 (y) = dug(y)/OyVa. 
Using (29) and integrating one of the terms by parts, 


(28) becomes 


(ni| Pa nv) 


1 | 1 1 . | 
Xela) Mea) 
Kelp 145(x)) og NASR) ope]? 


and hence 
(ase) .Gase) tt ° 
-| pe{ ——- ——__- . (30 
WPM s(a) op rt 


'8 Nowhere in this paper do we distinguish between covariant 
and contravariant tensors. Superscripts are used for notational 
convenience. 


pa’ 
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Lattice Momentum 


As above, we start by considering the ODB matrix 
elements 


h 0 
P; » 1 = fa f as ni ( nm) 
*U 1 Ogi . x 
h 0 
fa [ is| ni nw) 
2i Sy Odt.s x 
0 
-( n* ) nv}. (31) 
ge p x 


Again we write = ¢J~! and note that the terms 
involving the derivatives of the Jacobian cancel, and 


(31) becomes 
ev(y( 00) 


h a 
anne faf as] oi xX a( 
2i v Og: 


d 
- (— et(y(x))) ery! xo |r x)). 
Ogt,s . 


Then by changing the variables in the integral and 
using the fact that 


0 0 1 
(2- von) 2-00) (85) 
OGt,s x oq: . 1+S(y)7 as 
Ous(y) 0 
x( ) ( - e(va)), 
Og: y OVa 


1 
jg ( ) Pa 
1+-S/7 5 


ja 


1 
+ pel ) [Pint] (32) 
1+-S7 ga 


IV. H IN THE ODB REPRESENTATION 


In Sec. VI it is shown that, in order to find the 
transition rates between the ODB states, we must find 
the matrix elements of H in the ODB representation. 
We shall do this by using the same procedure as we 
used in the preceding section, namely find the operator 
H’ whose Bloch matrix elements are equal to the ODB 
matrix elements of H. As we proceed we will see that 
it is possible to express H’ in powers of S**® and the 
lattice velocity [Hz,u], and we will keep only terms 
of the lowest order in these two quantities. 

Since H and H’ are related by a similarity trans- 
formation, H’ has the same form as H, i.e., 

Da! Pais Pt.2 
et Pet V'(x9)4 a 
2m 


we show that 


T 5 Mw" (f,s)gr,0’¢ ee (33) 


WHITFIELD 


We now evaluate each of the terms of (33), using the 
results of Sec. LI. 
(a) Electron Kinetic Energy 
From (30) we get, to the first order in strain, that 
Pa’ = Pa— 3 ppS*? (x) +S (x) ps]. 
Then using the relation 
[PayS®(x) | 


where'* K, is a diagonal operator in the Bloch repre- 
sentation defined by 


Ka| ¢i)=Ra| ¢1); 


[WK ayS*(x) ], 


as well as (34) and the relation"™ 
PaS + Sp, 


one can show that, to the lowest order in 


[H.,us |, 
Papa’ Papa ‘1s ( Pas —*) 
at oe 


2m 2m 2 m m 


( paps hKspa 
re. = + )s x8 | 
m mn 


; 
——(hKgl H.,ug 
2h 


= (2mi/h)H.,us |, 


S*8 and 


+[H.,u3 \hKs). 


(b) Lattice Hamiltonian 


In order to simplify the last two terms in (3: 
note that 
M(H 1,t0]=[P-1 


pitta Eta 


(i/h) LH 1,ua | is essentially the velocity of the lattice. 
Using (37) and (32) we are able to show, to the lowest 
order'® in [H 1,2] and S**, that 


-—— +43Mo*(f,s)q: gq “74 


2M 


P,, P.. f _ 


Papa 


~is- 
2M 


1 
(pal H 1,3 |+ 1, us |ps 
h 


2 


(c) Electron Potential Energy 


Using the ODB representation is equivalent to intro- 
ducing a mapping of the lattice so that the ion cores 
now appear (i.e., in y space) to be at their lattice points 
and the remaining departure of the mapped potential 

4 This same operator was used by E. N. Adams, J. Chem. Phys 
21, 2013 (1953). In the case where one wished to consider an 
Umklapp collision one would have to add S* x(a reciprocal 
lattice vector) to the right side of (35). 

15 Note that the order of a and £ is different here from that in 
the similar expression in (36). 

__16 Whenever w_ appears in the higher order terms neglected in 
(38), it appears either in S* or in [//z,u. ] 
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function, V(x(y),qg), from the equilibrium potential 
function, Vo(y), is small and can be reasonably approxi- 
mated by a series in the strains and their derivatives. 
In this paper we keep only terms of the lowest order in 
strain and neglect terms in the derivatives of the strain. 
We assume that 


V (x(y),¢)= Vol(y) + U 24 (y)S8(y), (39) 


where U**(y) is an unspecified function with the perio- 
dicity of the lattice. This is essentially the same assump- 
tion as that made by Bardeen and Shockley,' and by 
Pikus and Bir'’-!* in the special case of homogeneous 
strains. We feel that it is a quite realistic assumption 
when we are dealing with long-wavelength phonons, 
and that it remains a possibly useful model even for 
the shortest wavelength phonons. 

The model obtained by setting U**(y)=0 corresponds 
to the physical notion of deformable ions [but is 
identical to the standard D.I. model (12) only to the 
first order in uj. Setting 


0 
U«8(y)=>-(R,°— y)s—r(y—R,”) 


OVa 


gives a model which is equivalent to the R.I. model (16) 
for long-wavelength phonons. 

In this paper we will not assume any particular form 
for U8 but will, so far as we can, eliminate it from the 
theory by expressing the required results in terms of the 
properties of the crystal under homogeneous strain. 

Using (39) we see that 


(ni| V (x,g) | nv) = (¢r| Vo(x) + U 29 (x)S8* (x) | gy 
and therefore 


V’(x,g) = Vo(x) +U%8(x)S8*(x). (40) 


We could extend (39) to include higher orders by 
adding terms like W°87’(y)S8(y)S7’(y) and Z°°7(y) 
X (d/dy,)S*8(y), etc. The additional parameters Z and 
W are also related to the properties of statically 
strained crystals, but it is not clear to what extent they 
could be eliminated from the theory. 

In a crystal with more than one atom per unit cell, 
the locations of the ion cores in the unit cell will in 
general shift even for a homogeneous strain. The effect 
of these shifts on the effective potential, for the case of 
homogeneous strain, is included in U*8(x); but the 
dependence of these shifts on wave vector has been 
neglected in (39). Hence, for this reason also, (39) 
should be regarded as a long-wavelength approximation. 


(d) Transformed Hamiltonian 
On substituting (35), (38), and (40) in (33), we have 
H’=E+EF'+E"+2E"M, (41) 
17 G, E. Pikus, J. Tech. Phys. (U.S.S.R.) 28, 2390 (1958) 
(translation: Soviet Phys.-Tech. Phys. 3, 2194 (1958) ]. 


18 G. E. Pikus and G. L. Bir, Fiz. Tverdogo Tela 1, 1624 (1959) 
(translation: Soviet Phys.-Solid State 1, 1502 (1960)]. 
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where 


E! -_ I (Seo pee DsaSas) | 


1 
EN = ——(hKg{_H.,us |+[H.,us |hKs) 
dh 


1 
a 75 Pol ust |+LH1,us |pa), 
1 


E™ = p,p./2M; 


and where 


Do*= — paps/m+hKgpa/m+ U(x). (45) 


We call D®* the “deformation potential operator” 
and will show in Sec. V that its diagonal matrix elements 
in the Bloch representation are just the deformation 
potentials, 

We will show in Sec. VII that the major part of the 
electron-phonon coupling comes from E! and that E™ 
represents a relatively small coupling. Whereas E' is 
related to the local change of the electron energy in the 
crystal, E™ expresses the fact that a moving lattice 
tends to drag the electron with it. E'"! is a small term 
which does not contribute to the scattering because it 
is diagonal in the phonon occupation number” and it 
will be neglected for the rest of this paper (except in 
Appendix C). 

When Vo(x) and w, (x) approach constants (which 
are independent of the strain) the electron-phonon 
coupling should disappear. Although all of the matrix 
elements of E' approach zero in this limit, some of the 
matrix elements of E™ do not. In particular the matrix 
elements of E' between states of different total energy 
do not approach zero when V(x) and wy do. This is 
most easily seen if we write E' using the form of p,? in 
Appendix C. With the help of (C-3) we can show that 


lim ¢g| E™| 2, 


Vo—const 


(E,— Ev)(Xyve*** u-p+p-u|Xye'® **), 
which is zero only when E,= Ey. This results from the 
fact that the ODB states are not stationary in a lattice 
with no coupling (which is of course to be expected, 
since if there is no coupling the electron wave functions 
should not deform with the lattice as the ODB states 
do). The time dependence of the ODB states resulting 
from these matrix elements is very small and represents 
the type of time dependence which is neglected in first 

8 #Ul can be regarded as a mass renormalization in that it is 
accounted for by replacing 1/m by (1/m+1/M) in E. In fact 
mass renormalization in its earliest form [H. A. Kramers, Jnstituts 
Solvay, Huitieme Conseil de Physique, 1948 Rapports et Discussions 
(R. Stoops, Brussels, 1950); N. G. Van Kampen, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd 26, No. 15 (1951)] came 
about by applying a “displacement operator” to the Hamiltonian 
which is somewhat analogous to T (see Appendix C). 
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order perturbation theory when one replaces 
h sin*[ (E,.— Ey)t/2h | cowie 
— by 396(E,—Ey)t. 
(k,.- Evy 


Even this small time dependence does not appear in the 
results of the present work because we limit ourselves 
to first-order perturbation theory which involves only 
matrix elements of H’ between states of the same total 
energy. 

In Appendix C we introduce the deformable- and 
rigid-ion models into (41) and show that for these 
models the Bloch matrix elements of H and H’, between 
states of the same total energy, differ only by the con- 
tribution of E™!. Since this is true for both the R.I. 
and D.I. models it is probably independent of these 
models, which suggests that E'! represents the differ- 
ence between a theory which is first-order in S** and 
[H1,ua| and a theory which is first-order in #4. 


V. DEFORMATION POTENTIAL 


We will now show how the operator D** is related to 
the properties of a,homogeneously strained crystal.” 

Let Wax (x)= e** *wax(x) be one of the eigenfunctions 
of an electron in a stationary crystal,”* where the 
position of the lattice points are given by R,° which are 
defined in (6). The ¥nx(x) satisfy the periodic boundary 
conditions, (11), and are normalized in the volume 
U=(L,XL,)-L3=L,L2L3. The wax(x) have the perio- 
dicity of the lattice [i.e., wax(x+R,°)=wax(x)] and 
satisfy the equation 


h 0 2 
— -( . tite) Wnk(x)+ V o(X)Wnx(X) 
2m\ Ox 
= €,(k)wrx(Xx). 


(46) 


If we now slightly deform and rotate this crystal, we 
have another regular crystal with lattice points given 
by R,~=R,°-(1+a)=R,°+u, where a is a small, 
constant (but not symmetric) tensor. In this new 
crystal there is an electron eigenfunction” 


Wax? (x,a) = e*™ *way?(x,a). (47) 


*” The effect of homogeneous strain on the electron states in a 
crystal has been discussed by several authors: E. N. Adams, 
Phys. Rev. 96, 803 (1954); R. H. Parmenter, Phys. Rev. 99, 1759 
(1955) ; and 99, 1767 (1955) ; and references 17 and 18. In reference 
18 the case of degenerate bands (which is omitted in this paper) is 
discussed. 

21 We should of course consider a vibrating crystal in which 
there would be temperature-dependent corrections to the energy 
and hence to the deformation potentials, due to both the second 
order term in strain in the Hamiltonian, and the second order of 
the perturbation theory. We will not include them here because 
we are doing an entirely first-order theory. 

# Even though the allowed values of k in this crystal are differ- 
ent from those in the first, since they are practically a continuum 
we assume that for each value of k there are eigenfunctions in 
both. In the case where k lies near the zone boundary of one 
crystal, it may be outside the first zone of the other crystal, and 
the appropriate wave function is then that which corresponds to 
the reduced k vector in the second crystal. 
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To these new Bloch functions we apply the boundary 
conditions 


Wax’ (X,a) =a? (x+L/, a), 


where L,4#=L,- (1+ a), and we normalize these functions 
so that 


fae daat doen = (1+Trace(a))—5,, 5% x, (48) 
v' 


where U* is the parallelepiped defined by the vectors L,’. 
The wy? have the periodicity of the new lattice [i.e., 
Wn? (X,a) = Wax?(x+R,™, a) ] and satisfy the equation 
9 


sa : 
| -—( —+iks) + Vo4(x,a) 


2m \ 0% 


Wn? (Xx,a) 


=€n4(k)wnx?(x,a). (49) 


We define the deformation potential** D®*(n,k) by 
saying that 


én? (k) = en (k)+a43D*(n,k). (50) 


We evaluate D®«(n,k), by solving (49) by first-order 
perturbation theory. To do this we again make the 
change of variables 

x= y+u(y), 
but here we define 

Ual Y)= gaz. 
Then using (39) [with S*(x)=daag | for V4 and keeping 
only terms to the first order in a, (49) in terms of the 
new variables becomes 


h? 0 ~ 
{-—( - +ite) +Vol(y) wax? (y,a) 
2m OVa | 


h? 0 h 0 
+049) —- —+—tk, 


m AY.dV3 mM 


+ U®(y) bwrx® (y,a) 


OYg 


= €n¢(K)wnn’ (y,a), (51) 
where 


Wak? (¥,a)=Wan’(y: (1+ a), a). 
We note that 
Wax? (y¥+R,°, a)=wnx* (y,a), 


and because of (48) 


ff rome *(aadoan! (y,abety -1. 
Vv 


where U is the volume defined by the vectors L;. We 
can now solve (51) by perturbation theory* by as- 
suming 


Wax” (ya) =War (¥)+aapwnn?*(y)+---, (52) 


*8 The deformation potential is usually defined in terms of the 
shift of a band edge point, which is not the same as (50). This 
point is discussed in Appendix B. 

* We are not considering the situation in degenerate bands. 
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where both w® and w™ are periodic in R,°, and using 
(50) for ¢,4(k). Substituting (50) and (52) in (51) we 
get, to the lowest order in a, that 

Wae (y)=Wax(y). 
By equating the terms that are first order in a and 


setting 
atte!” Cn’ Bary, "ky 


n’ 


Wn’ 


we can show that 


d’y Wnax*(y) ES ~ SE a ae 


D#@(n,k) = 
v | am Vad Va 


ra) 
+ ihithe-—+U*=(y) oma) (53) 


oye 
-{ d*y Wnk* 
V 
h?kg 0 


2 2 
mM OyR0Va 
v —+ OA Iyax(y), (54) 


im a Va 


which is just one of the diagonal elements (¢;| D°*| ¢7) 
of the deformation potential operator defined in (45). 

Although D** is diagonal in k, it is not diagonal in 
the band index m and, as will be seen in Sec. VII; these 
interband elements are important in determining inter- 
band scattering probabilities as well as some correction 
terms for the intraband scattering probabilities. It 
would therefore be desirable to relate these parameters 
to the properties of homogeneously strained crystals 
also. Such a relaxation does exist in that the terms pro- 
portional to a? which are neglected in (50) can be seen 
to involve sums over these interband deformation 
potentials. But these relations are so complicated [they 
include terms which come from extending (39) to second 
order |, and the nonlinear energy shifts so small, that 
there seems to be little hope of determining the inter- 
band deformation potentials from homogeneous strain 
experiments. However, near a point where two bands 
are degenerate (as in the valence bands of Ge and Si) 
the energy shifts on homogeneous strain’ involve the 
interband elements of D8* (we have not considered the 
case of degenerate bands here), and scattering near 
such degenerate points is one instance where interband 
phonon scattering might be important. Certain of the 
properties of the matrix elements of D** can, of course, 
be deduced from the crystal symmetry. 


VI. TRANSPORT THEORY IN THE ODB 
REPRESENTATION 
We have stated previously that the Bloch and ODB 
representations are very similar. In this section we will 
establish that this similarity permits us to use the off- 
diagonal elements of H in either representation to give 
the transition rates needed for transport theory. 
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We will consider the electric current caused by the 
application of a constant electric field &. This field leads 
to an extra term, Hgeq= —eSx1, in the Hamiltonian, 
and from (26) we see that 


Heeia’ = — e641 4+ (x) ]. (55) 


The second term in (55) can be thought of as appearing 
because the electric field which is constant in x space 
is not constant in y space. 

1. The usual procedure* for evaluating the electric 
current is to solve the Boltzmann equation for the prob- 
ability f(,k) that an electron is in the Bloch state Pax; 


namely, 
df(n,k) df (n,k) 
ces) (tt) 
Ot / tei dl coll 


df(n, =) e& de,(k) df? 
ane h ok, dn 


df (n,k) 
(— —) = -> mf antren, k’) Rak’ onk 
al coll ~ (2m)3 


— fi(njk)Raron'e’, 


(56) 


where 


(58) 


where 
f (n,k) = f°+ f'+0(&,S-, 6S), 
(f° being the equilibrium distribution function) and 


an 


| ee »’ a | Onx:; {N}] | Hex| On’ ‘k’; 
1 


X5(en(k) — en (k’) thw(k—k’, s)). (59) 


For the sake of simplifying the argument we assume 
that after calculating the matrix elements in (59) one 
sets V(f,s) equal to its equilibrium value 

N°(f,s) = (e*#/KT—1)-1, 
Then having f'(,k), one obtains the current from 


U de, (k) 
a f'(n,k) ——. 


ty 


hon (2m) Oka 


(60) 


The standard derivation™ of this procedure relies on 
first-order perturbation theory to give (59) for the 
transition rates between the Bloch states. 

By relying on perturbation theory we could easily 
derive a similar procedure for the ODB states in which 
the transition rates would be given by (59) with 
E'+E"™ replacing H,x, and the extra terms which 
comes from putting Hgeq and J, in the ODB repre- 
sentation may be neglected (see part 3 of this section). 


26 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, London and New York, 1953), 2nd ed., Chap. IX. For 
simplicity we will use Boltzmann statistics. 
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Hence one would calculate the transport phenomenon 
with a procedure identical to (56)—(60) except that H., 
is replaced by E'+E"™. 

Although the conclusion of this argument is correct, 
the derivation of the Boltzmann equation upon which 
it is based is not very convincing.*® Since there have 
recently appeared much more satisfactory derivations 
of the Boltzmann equation,” we will go on to show 
that even in these more sophisticated derivations it 
makes little difference whether one used the Bloch or 
ODB representation. 

2. Kohn and Luttinger®’ have derived the Boltzmann 
equation from the density matrix in the Bloch repre- 
sentation. In their derivation they consider only im- 
purity scattering and assume that the electric field is 
being turned on adiabatically. We have followed their 
procedure but use the ODB representation and consider 
phonon scattering. In doing this we neglect E' and 
find that the additional term in (55) does not contribute 
to the lowest order because it is completely off-diagonal. 
The additional term in (62) which comes from putting 
the current operator in the ODB representation does 
not contribute to the lowest order because of the small- 
ness of the off-diagonal elements of the density matrix. 
Again we conclude that one need merely replace H.1, by 
E!+E" in (59) and then use the usual procedure. We 
will not present the details of this argument here 
because they follow very closely those of the original 
work.” 

3. Since we have not presented the details of the 
argument of the previous paragraph we will now present 
a plausibility argument which will show the sort of 
questions that are involved. We assume that for the 
procedure (56)—(60) to be valid it must be derivable 
from the equation of motion of the density matrix 


iho=[H+Hyeea, 0), (61) 


and the fact that 


J.=Trace (pJ a). (62) 
In such a derivation f(n,k) will appear as the diagonal 
elements of the density matrix in the Bloch represent- 
tation, 


(¢u| p| ¢1)= f(n,k)N°(E,s). 


By assuming that (61), (62) in the Bloch representa- 
tion lead to (56)-(60) we will show that (61), (62) in 
the ODB representation will, to a sufficient approxi- 
mation, lead to a procedure identical to (56)-(60) 
except that H'+E" replaces H,,. In order to do this 


26N. G. van Kampen, Physica 20, 603 (1954). 

27 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957); 
and D. A. Greenwood, Proc. Phys. Soc. (London) 71, 585 (1958). 

28 Leon Van Hove, Physica 21, 517 (1955). 

22 E. N. Adams, Westinghouse Research Laboratory Scientific 
Paper 6-43001-1-P] (unpublished). 

%®E. N. Adams, reference 29, has criticized some aspects of 
Kohn and Luttinger’s derivation, but these comments do not 
affect the validity of the conclusions of the present paper. 


WHITFIELD 


we first compare (61) in the two representations. In the 
Bloch representation, using (1), (61) becomes 


° | el \ 
ih{ gr P vu) 
=D ((¢:| E+ Her —e6x1| gy) Yi" | P| Gu’) 
—(¢,! p Gui) eu E +H or —eSx; Yu')), (63) 
and in the ODB representation, using (41) and (55) and 
remembering that (n:|O! nv)=(¢:!O"| gv), (61) becomes 


ih(ni| 6| nv) 
=Lv-((g;| EF E+ E"+ E™—@8(x, +01) | gy) 
X(nv-| p| nv)— (ni) pl nv 
(gre | EF EIFEN+E™—e8(x,4+1)| oy)). (64) 


The term —e6&u, in (64) is like a scattering term in that 
it connects states that differ by one phonon and 
conserves pseudomomentum, and hence can be grouped 
with E'+ EE" in comparison to which it is negligible for 
any reasonable electric field. The term FE! does not 
give scattering (because it is diagonal in the phonon 
occupation numbers), and may be neglected in com- 
parison to E. When we neglect £""! and —e&u, in (64), 
we see that the equation of motion of p is the same in 
the two representations except that where H,;, appears 
in (63), E'+E" appear in (64). Now, although we will 
not attempt to derive the Boltzmann equation here, it 
is clear that as far as the form of (¢;!H.z!| gy) is con- 
cerned, such a derivation would require only some very 
general properties® that (¢;|£'+£"| ¢,) would also 
have. Hence we conclude that a Boltzmann equation for 
the probabilities of occupation of the ODB states would 
be the same as (56) except that H,, would be replaced 
by E'+£" in the transition rates (59). 

Now assuming we have the ODB density matrix we 
can calculate the current from (52). Remembering to 
put J, also in the ODB representation, we get from 
(34) that 


(65) 


ee Ce ee . 
Ja=— DL (mi! el nv eu | Pa— (SP*ps+ paS**) | 91). 
mi 


Since (¢;|.S®*ps+ p—aS**| gy) is completely off-diagonal 
and provided that the off-diagonal elements of p are 
one order (with respect to S®*) smaller than the diagonal 
elements (this is the case in both Kohn and Luttinger’s 
derivation?? and Adams” extension of van Hove’s?* 
work), neither the second term in (65) nor the off- 
diagonal elements of pg contribute to the lowest order 


31 (a) According to van Hove, it is necessary only that the 
matrix elements (¢;|H,.z| ¢1) be continuous functions of their 
index (and in this respect the Bloch and ODB staies are the 
same) and that the diagonal elements of the matrix, 


Lv(¢r| Her| erv)(er| Her} gr), 

be larger than the off-diagonal elements by a factor of the square 
root of the number of ion cores in the sample. (b) The fact that 
the Boltzmann equation has the same form for many different 
kinds of scattering strongly suggests that its validity is not sen- 
sitive to the form of the scattering matrices. 
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of the current. Also we have that 


dX (n| p|m){ 91! Pa! $7, 
1 

e @ me } Jen(k) 

> | dk f’(n,k)— 


h (2r)3 n Ok 


’ 


a 


where {”’(n,k) is the solution of (56) with H,, replaced 
by E'+E", 

The conclusion of these arguments is that, in order 
to use the ODB representation to calculate transport 
properties, one replaces H., by E'+E" and then 
proceeds exactly as if the Bloch representation were 
being used. 


Oug(x) 
ne Xyveik x 
OL 


1 
Sa8( kk’) =— fersag Xnv*e-™ 
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VII. PROPERTIES OF £! AND E¥ 
A. Deformation Potential Theorem 


We have now only to investigate the Bloch matrix 
elements of E' and £". In part (B) of this section we 
will show that E" is usually small; hence the form of E! 
leads directly to a generalized deformation potential 
theorem*: 


(p:\E' gy)=4 XL See( kk’) {1 (nk; nk’) 


a,Bvn 
« Doa (nk! ; n'k’) + Do*(nk; 2k) I (nk; n’k’)}, 


where 


eae 


h , 
Zi ) | (kk) Vl (k-K), 9) 
~ \2NMo(k—k’, s) ‘ lCw’(k—k’, s)} 


(68) 


I (nk; n’k’)= fas Wnk* (X)Wn'k’(X), 
and 
pP« (nk; n’k’)= (Winx | D8? | Parke) = Sx, ee D2 (nk; n’k). 
There are two special cases where (66) reduces to a 
particularly simple form. 
1. Scattering by Long-Wavelength Phonons 
In order to consider scattering by long-wavelength 
phonons, we expand J and ® in powers of k’—k. 
0 
p84 (nk’ ; n’k’) = D8 (nk ; n’'k) + (k’—k) ,-— 
Ok, 
«K D8«(nk; n’'k)+---, 


and 

I (nk; n’k’) =8n, n+ (k’ —k) ,17(nk; n’k) 
+4(k’—k),(k’—k) pI 7’(nk; n’k)+--- 

0 


99) 
Wn'ky 


Ok, 


where 


T7(nk; n’k)= fears Wnk* 


e 
11 (nk; n’k)= fox Wnk* Wn: 
Ok,Okv 


By using the Schrédinger equation satisfied by wrx 
and making a convenient choice of the arbitrary phase 
factor we can show that 

h Prn’? (k) 


1? (nk; n’k) = : 
m «¢,(k)—e,(k) 


nn’ 


/ 
=Q, n=Nn, 


and that 


1” (nk; n’k) 


=> 17 (nk; n"k)I’(n"k; nk), n=’, 


n 


where Pan? (K)= (gn! Py| Gn’k)- 

Hence J(nk; n’k’) is expressed entirely in terms of 
the familiar matrix elements of p (which determine the 
optical absorption, dielectric constant, and part of the 
deformation potential) and the energy bands, én(k). 

If we keep only the lowest order in k—k’, Eq. (66) 
reduces to 


~T 


aB 


D2 (nk ; n’k)S*?(k,k’); = (73) 


\¥l E} Pl’) 


or if k and k’ are both 
(73) can be written 


close to some special point k°, 


~> 


ap 


D8«(nk° ; n'k®)S*(k,k’). (74) 


Yl | Dy PV 


Equation (73) or (74) (together with the facts that £" 
and FE"! are negligible and that these matrix elements 
give transition rates in the usual way) constitutes a 
generalized deformation potential theorem. These 
equations are a generalization of the original theorem* 
in that they do not require that the two & values be 
close to a band edge point, and in that they include 


2 In this section all summations will be indicated explicitly. 

‘3 The original theorem stated by Bardeen and Shockley was 
restricted to compressional waves and crystals with a band edge 
point at the center of the zone. However, the theorem has been 
used for all modes and an arbitrary band edge point. See reference 
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interband transitions and all acoustic lattice modes. The 
interband transitions and the corrections to (73) or (74) 
for higher powers of (k—k’), involve the parameters 
DP«(nk; n’k) where n#n’ which probably cannot be 
determined from homogeneous strain experiments 
except possibly near a point of degeneracy.'* Neverthe- 
less, calculations which treat them as adjustable 
parameters should still be an improvement on the 
existing‘ calculations. 

The first two corrections to (73) and (74) are obtained 


0D8@(n,k) 


(¢1| E'| ery D8«(n,k)S**(k,k’)+ L 
ap 


apy 


By differentiating (50) with respect to k, we see that 
the first two derivatives of D**(n,k) are given by the 
shift of electron velocity and effective mass with respect 
to strain. Hence, these corrections are given entirely by 
the measurable properties of the energy bands under 
strain and the matrix elements of p. 

We note that the term (k’—k),.S°8(k,k’) is essentially 
the derivative of the strain with respect to x,, and 
hence the corrections that we are discussing here are in 
this sense of the same order as terms neglected in the 
assumed form of the potential (39). 


2. Intraband Scattering by Short-W avelength Phonons 


The assumed form of the crystal potential in a 
vibrating lattice, (39), is much more limiting for short- 
than for long-wavelength phonons. [It is, however, 
always better than the D.I. model which is a special 
case of (39).] For short-wavelength phonons, terms 
involving the derivatives of the strains may well be 
important and shifts of the atoms within the unit cell 
may be different from those extrapolated from the 
shifts under homogeneous strain. Nevertheless, since 
with one more assumption we obtain a simple result for 
this case, and since we feel that the scattering by short- 
wavelength phonons is an inherently difficult problem 
for which it would be hard to make a much better 
theory, we will briefly consider this case. 

In order to reduce (66) to a simple result we assume 
that the interband matrix elements of D°* may be 
neglected in comparison to the intraband matrix ele- 
ments. With this assumption, (66) reduces to 


(gi| BE! gp) S**(k,k’) I (nk; nk’) 
a8 
D®«(n,k) + D®«(n,k’) 
2 





. (75) 


Hence the scattering is determined by the mean value 
of the measurable deformation potentials and J(nk; nk’), 
which would have to be estimated theoretically or 


(k’—k) ,S*(k,k’)+ Do - 
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directly by substituting (69), (70), (71), and (72) into 
(66). Since the resulting expression is very long, we will 
consider just the special case of intraband transition 
and also neglect all of the interband matrix elements of 
‘** in comparison to the diagonal matrix elements. (The 
neglect of these interband matrix elements is probably 
not justified and we do so merely to present a tractable 
formula which will indicate the nature of the corrections 
to (73) and (74). Under these assumptions, (66) up to 
the order (k’—k)? is 


esl 
ak, ak, 


aBy» 2 


2h? Pam’ Pmn’ 
—— Denk) |b) (WW) SC) 
m- man En Em 2 


treated as an adjustable parameter. In the case of inter- 
valley scattering in a semiconductor, one would simply 
replace k and k’ by the respective band edge wave 
vectors everywhere in (75). 


B. E"™ and the Effective Mass Equation 


1. We wish first to compare the size of (g;| E™| ¢,) 
and (¢;|E"| gy). 

The first term of (¢,| E''| gy) 
two terms like 


in (43) is composed of 


ial €n(k) — en (K’) (onus Ug Pn’ k’:N’) (76) 


In the case of transitions between two states which are 
of the same total energy and which involve an acoustic 
phonon (which is the only type of transition that we 
will consider in this paper), 


én (kk) — en (k’) = hw(k—k’) <sh' k—k’), 


where s is the maximum sound velocity in the crystal. 
Then (76) is always less than 


hkgs | k—k’ | (Onk;N | Us| Pn’k’;N 


Since | k—k’| (gnx;~|%s| Gn’x’;~w’) is of the order of mag- 
nitude of (nk; n’k’)S(k,k’), we need only compare 
hkgs to the deformation potentials in order to estimate 
the importance of this part of E". Even where k is a 
reciprocal lattice vector this term is only of the order 
of 0.1 ev, and hence may be neglected in comparison to 
the typical deformation potentials which are of the 
order of several ev (17 ev for Ge).?® 

The second term of E™ is more difficult to estimate 
in general. It is composed of two terms like 


(i/A) Ewen Pa| Wren wo (K—K’)( Gare; | Up | One’; N*)» 

(77) 
Again setting w(k—k’)=s|k—k’|, we have for (77) 
{|k—K’| (Xye™**| up| Xwe"™ “*)} 


re S) Wnk Ps Vn 'k Fs k: n’k’- (78) 
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The term in braces is of the same order of magnitude 
as S“(k,k’). Then by comparing (78) with (66) we see 
that we must compare s(Wnx! pp|Wn7n) to D°*(nk; n’’k) 
to estimate the importance of this part of E™. 

In the special case of intraband scattering by long- 
wavelength phonons, we need consider only the case 
n=n'', where for thermal electrons in a semiconductor 


Sn | Pa |Wnk) = 10-* ev, 


and even for a metal is only about 10 ev. Hence, for 
this special case the term is certainly negligible in com- 
parison to the known values of the diagonal elements 
of D** (several electron volts). 

To obtain the order of magnitude of this part of E™ 
in general we could compare s(Wnx|Pa|Wn«) to just 
one of the terms in the deformation potential, say 
(Akg/m) Wax! PalWnx). The E™ term is smaller than 
the deformation potential term by a factor s/(hks/m), 
or the ratio of the speed of sound to the electron 
velocity which is usually about 1/20 for thermal elec- 
trons in a semiconductor at room temperature, and 
much smaller for a metal. Hence, we can conclude that 
the E™ term is negligible, at all but very low tem- 
peratures, unless the part of the deformation potential 
to which we are comparing it almost cancels some 
other part of the deformation potential. Even at very 
low temperature there are other parts of the deforma- 
tion potential which would probably be much larger 
than s(Wnx| Ps\Wnrr) (i€., (Wn | U8*|Pnere)). 

2. Secondly, we wish to show how the E!! term may 
be included in an effective-mass equation and thus 
acquire a physical interpretation. We do this only in 
the simple model where we are considering only one 
band which has the shape 


e(k) = €(0)+>- 


a 2m* 
and therefore 


(Wx! Pa|Wu)= (m/m*)hkg. 


We consider only matrix elements between states of the 
same total energy and therefore, 


(¢1| [He,up || ev) = —(¢r| CH 1,u9 ]| gr). 
The local velocity of the lattice is 
Val= (i/h) [HH 1,us |, 


and then we can write 


1 m 
(yg! E™| gp) = {néa(1-— )ceu Ve" vv) 
8 2 m* 


m l \ 
i ( 1 -~)er Vie"| pr) hke’ 


m 


Then noting that to the lowest order in (k—k’) 


(gi| Va" gu) = (Xye™-*| Ve" |Xyet™’ -*), 
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we see that H,+£"! may be replaced by the effective 
Hamiltonian 


1 m 2 
> —| pt (: -~) m* v.| , 
a 2m* m* 


neglecting the (V“)? term. Hence we see that, but for 
factor (1—m/m*), E™ enters the effective Hamiltonian 
like a term which transforms to a moving coordinate 
system. The factor 1—m/m* expresses the reluctance of 
the electrons to follow the lattice. 
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APPENDIX A 


We have stated that the introduction of the ODB 
representation is essentially equivalent to mapping the 
electron wave function so that it deforms with the 
lattice as it vibrates. In this Appendix we will discuss 
the introduction of such a mapping and show explicitly 
how this approach is related to the introduction of the 
ODB representation.* 

First we consider the boundary value problem: 


H © (x,q,t) = ih (d/dt)¥ (x,q,4), 


, (A-1) 
WV (x,q,¢) =W(x+L,, q, +), 


where H is the differential form of the operator H 
defined in (1)-(4). We then introduce the change of 
variables (18) and obtain the boundary value problem: 


H™Z(y,q,t)=ihd/dtZ (y,q,t), 


A-2) 
Z(y,9,4)=Z(y+L,, q, t), ( 
where 


HY (x,9,t)= HW(x(y),¢,4) 


=H™Z(y,q,t). (A-3) 


We call H™ the Hamiltonian in “y space” and it can 
be written as 


Hw=H, y +H, ; 


where Hy) is the differential operator which can be 
obtained from the differential form of E [Eqs. (1-3)], 


% E. I. Blount [Phys. Rev. 114, 418 (1959)], in the course of 
developing a theory of ultrasonic attenuation in metals, intro- 
duces a change of variables very similar to the one used in this 
paper. He gives a discussion of the transformed Hamiltonian in 
which he tacitly neglects the non-Hermitian part (which we feel 
is probably quite appropriate for the special case of ultrasonic 
attenuation). The reasons he gives for introducing the change 
of variables are to a large extent the same reasons that motivated 
this work. 
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by replacing all the x’s by y’s, (including, of course, the 
variables which are held constant when differentiating 
with respect tog). H,“ isa complicated non-Hermitian*® 
differential operator proportional to S% and [H1z,ta |, 
which we will not write down explicitly, but we will 
show below that to the first order in S* the Hermitian 
part of H,™ is just E'+EF'+E£"'" (written as a dif- 
ferential operator with y replacing x). 

Having introduced the change of variables, we could 
now use (38) for the crystal potential and solve the 
boundary value problem (A-2) by perturbation methods, 
obtaining a set of eigenfunctions Z;(y,g,4) and eigen- 
values &). 

For each eigenfunction in “y space” there is a cor- 
responding eigenfunction W,(x,g,4)=ZAy(x),g,é), in 
“x space” having the same eigenvalue &;. Then the 
expected value of some operator O“ for a system in 
the state V,(x,9,4) is given by 


(¥,(x)|O® wi(a))= f aya Zi*(y,q,t) 


XJ“ (y)OMZily,g,t), (A-4) 


where O“ is defined in the same way as H“” and J~'(y) 
is easily expressed in powers of the strain [see (19) ]. If 
O® is Hermitian, (A-4) will, of course, always be real 
even though O™ is in general not Hermitian. This then 
constitutes an entirely adequate procedure for solving 
a problem in the “y space,” which we will show is 
essentially the same as introducing the ODB functions. 

Since the above procedure can be thought of as a 
mapping of the quantum operators, we would expect 
that there is an equivalent procedure which involves a 
mapping of the basis states. In order to see what these 
new basis states are, we first define the matrix elements 
of an operator O in “‘y space” as 


[Am|O!0, |= fun y,gO™ 8, (y,q)d*ydq, 


where {@,(y,g)} is some complete orthonormal set in 
the “‘y space” (i.e., [0m!@n]=4Sm,n and >>n|On][6,| is 
the identity operator). It is then easily seen that 


[Om | O| On |= (Om (y(x))| JO | On(y(x))), 


from which it is clear that (0,,(y(x))|J~! and | @,,(y(x))) 
are the covariant and contravariant basis vectors of a 
nonorthogonal representation in the “‘x space,” the use 
of which is equivalent to mapping the operators into 
the “‘y space.” ; 

We are concerned here with the Bloch functions 
gi(x,g) and the corresponding mapped ¢;(y(x),q), 


5 It is not surprising that H™ is not Hermitian since it is easily 
seen that even the momentum in “‘y space,” 
hod hdugly) 2 
ba Wx + - — 


iva i Ova Os 


(to the first order in strain), is non-Hermitian. 
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which we call the deformed Bloch (DB) functions, and 
which may be thought of as Bloch functions that 
deform with the lattice. The fact that the DB functions 
are not orthogonal is no serious obstacle to their use, 
although it leads to some awkwardness when talking 
about transition rates. We have chosen to orthogonalize 
them because it can easily be done without essentially 
changing their character. In fact, we will now show that 
to the first order in S*’ an operator in the ODB repre- 
sentation is just the Hermitian part of the corresponding 
operator in “‘y space,” and it is in this sense that the 
use of the ODB representation is equivalent to intro- 
ducing a change of variables in the Hamiltonian. 

Proof: First we note that the operator O”, defined so 
that 


(gi(x)|O”"| oy (x) 


is given by 
O”=S—0S, 
where 


S=Dir| or(y(x)))(¢r(x) |, 
S7=F 1! gr(x) Ker(y(x))| J, 


SSt=J, (S)iSt=/J 


; 


and that 


Then since J~! transforms from DB to the ODB repre- 
sentation, we have that 


O’= J-SOSt/}. 


But we have to the first order in S° that 


J~i=1+4S, 


and hence 

1(0”" +0" 0’, 
or an operator in the ODB representation is just the 
Hermitian part of the corresponding operator in “y 
space.” 


APPENDIX B 


There are two other reasonable definitions of the 
deformation potential besides (50). The first of these, 
Dex,**, is the one directly obtained from most homo- 
geneous strain experiments and can be defined: 


€n? (Ko*) = €, (Ko) + dagD exp?* (nko), (B-1) 


where ko and ko’ are the band edge points in the 
unstrained and strained crystals, respectively. This 
definition is not convenient for theoretical work because 
one does not know where the new band edge point will 
be. Another choice for the deformation potential which 
is close to D.x,®* and yet convenient for theoretical use 
is B8 defined by: 
én? (k- (1—a)) =e, (k)+a.3B9*(n,k). (B-2) 
Then to the first order in a, we have that 
hkg 
D®«(n,k) = B8*(n,k) + Wnk| Pal Wnk)» 


m 


(B-3) 
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When k is a band edge point, 
Je, (k) 


Wu! Pa Wak =m 
O(hk,) 


and D*«= B=, Tf k is close to a band edge point which 
is at the center of the zone, the two deformation poten- 
tials are still very close [e.g., for a thermal electron in 
a semiconductor (hkg/m)(n,k! pa\n,k) ~(m*/m)KT, 
which is about 0.02 ev at room temperature when 
m*=m_ |. If k is close to a band edge point which is not 
near the center of the zone, D§*— B’« would be about 
5 ev at room temperature, which although it is not a 
large term may not always be negligible. However for 
a completely general point in the zone D§«— B8* may 
be as large as several ev, which is the same order of 
magnitude as Dé§-, 

By comparing (B-3) with (45) we see that we can 
define another deformation potential operator, 


B= — pap./m+ U(x), (B-4) 
such that 


B@ (nk) = War (Rea Wak s (B-5) 


It is possible to write H’ in terms of ®** and develop 
an adequate scattering theory based on this form of 1’. 
We have chosen to formulate the theory in terms D** 
instead of @*, largely because B8*(n,k) does not 
approach zero when the electron-phonon coupling does 
[i.e., when Vo(x) and w,x(x) approach constants inde- 
pendent of strain, B®*(n,k) approaches —??k.ks/m ]; 
whereas D®«(n,k) does approach zero when the coupling 
does. 


APPENDIX C 


In order to compare the present work with the 
standard theory,‘ we will now rewrite H’ using the 
deformable- and rigid-ion models. From the statement 
of the deformable-ion model in (12) we get that 


V (x(y),q)= Vo(yt+u(y)—ulx(y))), 
which to the lowest order in u gives that 


V (x(y),q)= Vo(y). 
[Therefore 
V pr’ ( X,g j= V of Xx), 


where the prime has the same meaning as in (24). From 
(15) we see that the rigid-ion model gives, to the first 
order in u(y)—u,, that 
0 
V(x(y),q)=Vol(y) +X [u(y)—u, Ja—v(y—R,"), 
y OV 


and hence 


V ry (x,g)= Vo(x)—Het™'+ A ™, (C-2) 


where H,,?! and H,,™! are defined in (14) and (16). 
It is convenient for our present purpose to use a 
slightly different form of the electron kinetic energy 
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than we did in Sec. IV. Using (34) and noting that 


Sb (j h)[ pa, |, 


we can show that 


papa Papa i 
= + 


[PaPa, (uspst pats) |. 
4mh 


2m 2m 


Then adding and subtracting 


OV o(x) 
<< =H,,>!, 


OX, 


1 
[ Vo, (uspst+psus) |= —ug 
2h 


we get that 


Pa'Pa’ Paa 


2m 2m 


; 
+H. ; [H., (ugpat+ pats) |. (C-3) 
i 


Them combining (C-3 
that 


, (C-1), (C-2), and (38), we get 


1 dion 
H'=E+ X-—[E, (uapstpaus)]——, 
2h 2M 


(C-4) 


where iis either 7.,”' or H,,*', depending on which 
model we are using. (C-4) is then (41) in the R.I. or 
D.I. models. The standard theory (Sec. IT) is based on 
the Hamiltonian 


H=E+ &. (C-5) 


We will now discuss the difference between (C-4) and 
(C-5). The last term of (C-4) is a small term that may 
be thought of as the correction to the electron energy 
in ““y space” due to the mapping away of the zero-point 
motion of the lattice. It is diagonal in the electron wave 
vector k and hence gives no intraband transitions, but 
it does give a correction to the e,(k) which we neglect 
here but which we expect will be important in a self- 
energy calculation. The term does have interband 
matrix elements, but since it is diagonal in the phonon 
number these matrix elements cannot be thought of 
as giving transitions either. This term is of interest to 
us in that it expresses the difference between a theory 
which is taken to the first order in ug, i.e., (C-5), anda 
theory, like that in the body of this paper and in (C-4) 
excepting the potential energy part, which is taken to 
first order in S* and [E,;,u }. 

That there should in fact be a difference is not sur- 
prising when we remember that in Sec. III we intro- 
duced a change of variables so that certain terms 
involving all powers of u are absorbed into the variable 
y and then treated exactly. 

If we neglect the last term in (C-4) we see that H 
and H’ are related, to the first order in u, by a unitary 
transiormation: 


H'=TiHT, 
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where 


i 
T=1——(uspat pats). 
2h 


It is easy to show that this is the same T (to the first 
order in ug) as was defined in (23), and it is clear from 
its form that it is an operator that translates the electron 
a distance u. We also note that the electric field operator 
Hei’ (55) and pa’ (34) are obtained, to the first order 
in %, by application of T to Hetcc and pa. 

Since in the body of this paper we neglect the last 
term in (C-4) (i.e., E™"') the only difference in the 
physical approximation made when using the ODB 
instead of the Bloch functions, is the use of (39) instead 
of the R.I. or D.I. models (i.e., except for E™! and the 
model used for the effective potential, H and H’ are 
related by a similarity transformation and therefore are 
equivalent). We note further that since the third term 
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in (C-4) involves a factor (#,—EF,), it is zero for 
matrix elements between states of the same total 
energy. Hence, the matrix elements of H, éo the first 
order in u, in the D.I. and R.I. models and between 
states of the same energy, are exactly the same in the 
Bloch and ODB representations. Since this property is 
true for both the R.I. and D.I. models, it is probably 
independent of the model used. These similarities prob- 
ably do not extend to higher orders.** 


36 In second order perturbation theory, matrix elements between 
states of different energy are important and one may think that 
terms like the third term in (C-4) will become very large. The 
fact that these terms result from a change of representation rather 
than a different physical approximation suggests that they will 
have no profound effect on the observables. A situation somewhat 
similar to this was encountered by J. M. Ziman, Proc. Cambridge 
Phil. Soc. 51, 707 (1955), and it became clear that these terms 
did not lead to an important physical effect. Bernard Goodman, 
Phys. Rev. 110, 888 (1958); J. C. Taylor, Proc. Cambridge Phil. 


* Soc. 52, 693 (1956). In a situation like ultrasonic absorption 


where wu is large, and the theory must be expanded in powers of 
S*8, there might be some real effect 
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Decay of Excess Carriers in Semiconductors. II 
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A physical interpretation is given of the nonlinear differential equations which govern the decay of excess 
carrier populations through recombination centers. No restrictions are placed on the magnitudes of the 
excess carrier densities or the center density. Criteria for trapping are presented; with semiconductors for 
which the trapping level lies in the opposite half of the intrinsic gap from the Fermi level, it is shown that 
trapping can be described as being of either a temporary or permanent nature. The variety of possible modes 
of decay are illustrated with the aid of numerical solutions and approximate analytic solutions. 


I, INTRODUCTION 


HE lifetime of an excess carrier population is for 
many semiconductors controlled by a process in 
which the charge of a recombination center changes by 
+e and —e alternately. For example, when a recom- 
bination center captures a hole of charge +e, the next 
process experienced by this center may be either the 
reliberation of the hole or the capture of a previously 
free electron. Either process will restore the center to 
its original charge state. 

The details of the carrier dynamics will depend on a 
number of parameters and variables. As parameters we 
should list the absolute and relative magnitudes of the 
electron and hole capture cross sections, and the density 
and energy of recombination levels. Variables which 
enter into the problem comprise the equilibrium Fermi 
level (which characterizes the thermal-equilibrium 
carrier densities mo and po) and the concentrations of 
excess carriers. The excess free carrier densities 
An=(n—mno) and Ap=(p— fo) are not necessarily the 
same, since intermediate levels tend to indulge in 


trapping as well as recombination. For this reason, we 
shall use the terms “trap” and ‘“‘recombination center” 
interchangeably in this paper. 

The kinetics of the excess carriers during buildup, 
maintenance and decay may be described in terms of 
two coupled first order differential equations which are 
expressed in terms of the above mentioned parameters 
and variables. Solutions of these equations for the 
special case of steady state nonequilibrium have been 
presented by Shockley and Read! and by Hall.? Even 
then, these published solutions are valid only for the 
limiting conditions of vanishing trap density or van- 
ishing excess carrier density. More recently the tran- 
sient behavior of excess carrier populations confronted 
with arbitrary trap density has been discussed by us* 
in a paper to which we shall in future refer as NB1. 

From the study of the general decay equations in 

1W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

?R. N. Hall, Phys. Rev. 87, 387 (1952). 


3K. C. Nomura and J. S. Blakemore, Phys. Rev. 112, 1607 
(1958). 
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NBI1, it was concluded that the methods to be used in 
attempting solutions could be divided into two classes, 
Class I and Class II. Class I conditions exist when the 
equilibrium Fermi level lies in the same half of the 
intrinsic energy gap as the trap levels [i.e., n-type 
semiconductors with traps in the upper half of the gap, 
p-type semiconductors with traps in the lower half of 
the gap ]. Class II conditions are deemed to hold when 
the traps and equilibrium Fermi level are in opposite 
halves of the intrinsic gap. In NB1 we concentrated on 
the forms of solution for Class I decay. In the present 
paper we wish to examine critically the conditions for 
trapping and to provide solutions for Class II decay. 
The differential equations are the same, but the relative 
influence of certain terms is drastically changed. 

The differential equations under study are highly 
nonlinear ; at best they can be reduced only to a general 
form of Abel’s differential equation of the first kind.‘ 
Solutions are known only for certain restrictive values 
of the parameters since this equation defines new 
transcendental functions. Perturbation methods neces- 
sarily fail since all terms in the equation assume com- 
parable importance in the range of interest. This does 
not, however, create an insuperable difficulty. A con- 
siderable amount of insight into the physical aspects 
of the decay process can be inferred from approximate 
solutions when the excess populations are supposed to 
be very large or very small. Since the equations are of a 
type easily handled by a digital computer, our con- 
clusions are supported and augmented by solutions 
numerically evaluated with an IBM 650, a procedure 
we found helpful in NB1. 


II. GENERAL DECAY EQUATIONS 


The continuity equations for excess electron and hole 
densities customarily contain terms describing gen- 
eration, recombination, diffusion, and drift. It is not 
necessary for our purposes to include the complications 
of spatially varying carrier densities. Thus, when excess 
generation of carriers in a homogeneous semiconductor 
has ceased, the continuity equations can be expressed as 


—dAn/dt=C,[ (not+ An) (1—fd)— mi fi], (1) 
—dAp/dt=C,[ (pot Ap) fr— pr(i— fr) ]. (2) 


The notation is essentially that of Shockley and Read.! 
All the symbols used are defined in Table I, and corre- 
spond with the terminology employed in NB1. 

The quantity f/f; is the fraction of traps occupied by 
an electron. It is customary to eliminate this from (1) 
and (2) by using the charge neutrality condition. We 
then have two new equations for the time derivatives 
of An and Ap. At this point, however, it is convenient 
to go over to a dimensionless notation we employed in 
NB1, in which densities are renormalized by the equi- 


4E. Kamke, Differentialgleichungen Lisungsmethoden und 
Liésungen, (Akademische Verlogsgesellschaft Geest and Portig 
K. G., Leipzig, 1956). 
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TABLE I. List of symbols. 


no=thermal equilibrium electron density in con- 
duction band 
po=thermal equilibrium hole density in valence 
band 
An=excess free electron density 
Ap=excess free hole density 
N.=density of traps 
n,=thermal electron density when the Fermi level 
is at the energy of a nondegenerate trap 
pi=thermal hole density when the Fermi level is 
at the energy of a nondegenerate trap 
Cr=Ncn)=1/7n0=probability per unit time that an 
electron will be captured by any of 
a set of NV; available sites 
C,=Ndc,y)=1/rpo=probability per unit time that a hole 
will be captured by any of a set of 
N;, available sites 
f:=fraction of traps occupied by electrons 
fro= (1+ po/ pi) = (1+mi/no)=value of f; in thermal equi- 
librium 
x=An/po; y=Ap/pPo 
a=n/ po; b=p, Po 
Cn=Tno/tpo; N=N;/ po 


I Cy 
=t/r»9=normalized time scale 


librium free hole density fo and time is renormalized 
by tno=(C,)~. This renormalization procedure is 
adopted as being especially convenient for p-type semi- 
conductors, but it will always be cbvious how results 
would apply to ”-type semiconductors. 

In terms of the dimensionless parameters and 
variables, the continuity equations are: 


— Nx’ = («—y)[a#+a(1+b) ]+N2/(1+8), (3) 
— (N/y)y' = (y—x) [y+ (1+) J+ Nby/(1+5). (4) 


It will be noted that the dimensionless symbols used 
are all in Table I. A variety of approximate solutions 
for Eqs. (3) and (4) were given in NB1 for some 
limiting ranges of key parameters [e.g., N very small, 
N very large, etc. ]. In NB1 such solutions were con- 
sidered in the context of Class I decay, but they can 
equally well be applied to Class II decay by an appro- 
priate change in the relative importance of a and 6. It 
is not then necessary to explore this field of approximate 
solutions any further at the present. It is more im- 
portant for us to consider the detailed physical picture 
of trapping and how this influences the general pattern 
of decay. 


Ill. TRAPPING 


One of the very useful quantities in the analysis of 
trapping phenomena is the ratio of excess electron to 
excess hole densities in the final stages of decay: 


; x dx 
r= lim (-) sac ‘ (5) 
20,490 y dy z=0,y=0 


As we have remarked in NB1, this ratio is rarely equal 
to unity ; for contrary to popular belief, trapping almost 
always occurs when recombination centers control the 
decay. The deviation from unity of the ratio r estab- 
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lishes the kind of trapping which must occur. Electron 
trapping is the characteristic of a situation for which 
the parameter r<1, while hole trapping is always the 
rule if r>1. 


{(1+0)(a+1P +N (1—78) (2 a—y)+N(1—yb)(1+b)-*)}'—[(1+6) (ay 
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The ratio r can be obtained as follows. First Eq. (3) 
is divided by Eq. (4). Numerator and denominator are 
divided by y. When the limit of this ratio is taken, a 
quadratic equation results for r with the solution 


)+N (1—yb)(1+6)] 





(6) 


2y(1+5) 


The criteria for trapping can be established by means 
of this seemingly cumbersome equation. For example, 
we know that—at any rate for vanishingly small excess 
populations—there is no trapping when r=1. This 
forces the condition [from Eq. (6) ] that 


N(i—yb)=0 for r=1. (7) 


For an arbitrary value of yb, we obtain the obvious 
result that trapping can be absent (r=1) only if the 
trap density is very small. Actually, the upper limit 
on trap density consistent with r~1 is that 


_ (1+6)?(a+y) 
i 


— for (8) 
|1—+6| 


r=1 


’ 


as may be verified by solution of Eq. (6). When N is 
small enough to satisfy the condition (8), the decay of 
an excess population has the form 


-= ———— In 


tes” 


y+1+ab 
(1+) )(a+y) 
y(1+ab) 


T (1—a)(1— yb) ~) 


valid for any magnitude of the excess population y=. 
This result was previously derived as Eq. (13) of NB1, 
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Fic. 1. Illustration of five possible positions for the trap energy 
E,, and the kind of trapping corresponding with such positions 
when the Fermi level ¢ is in the lower half of the gap. This figure 
is drawn for donor-like traps, y= (C,/C,) <1. (a) Majority hole 
trapping when yb>1, so that E;<[@+&T In(y) ]. (b) No trapping 
when yb=1. (c) Minority electron trapping whenever yb <1, so 
that E,>[o+&T In(y)]. This trapping is essentially permanent 
if y>a so that E,.<[2y—o+kT nL (d) Trapping is ‘“‘semi- 
permanent” when y=a. (e) Trapping temporary when y <a, 
E.>(2¥—@+hkT In(y)]. 


though a at that time the nature of the restriction (8) 
was not explicitly stated. 

While we should not be surprised that trapping 
becomes imperceptible when V is very small, it is 
rather less obvious why Eq. (7) should require an 
absence of low-modulation trapping when yb=1, 
irrespective of the magnitude of .V. But as we showed in 
NB1, even for a very large trap density, there is no 
disparity between x and y for any degree of carrier 
modulation when the mutual relationship of the trap 
energy and the Fermi level is such that yb=1. The 
solutions for this remarkable case are 


x= y= xo exp[ — 7 /(1+5) ]. (10) 


If we now solve for V in Eq. (6), the 
criteria for trapping may be determined. 


een 1—r 
= V0, 
r 1—yb 


remaining 
Thus 


so that for any finite trap density we require that 


(1—r)/(1—yb)>0. (12) 


When ydb<1, the condition (12) indicates that r is 
smaller than unity; the situation is one of electron 
trapping. Similarly, yb>1 is the mark of a hole trapping 
situation. The relative magnitudes of y and (1/0) 
clearly establish the essential nature of the trapping. 

We have attempted in Fig. 1 to illustrate the relative 
positions of Fermi level and trap energy for various 
kinds of trapping. This figure is an arbitrary choice 
based on a p-type semiconductor mo(=abpy)<&po; then 
the Fermi level ¢ lies in the lower half of the intrinsic 
gap. The figure is drawn supposing donor-like traps 
(y <1), but of course an analogous figure could equally 
well have been drawn for acceptor-type traps of y>1. 

Part (b) of Fig. 1 indicates the relationship of trap 
energy to Fermi level when trapping can not occur, 
yb=1. The trap energy £; is kT In(y) higher than the 
Fermi level ¢ [for donor traps, In(y) is a negative 
quantity ]. When £, is lower than this special position, 
as in part (a) of the figure, majority holes are trapped, 
while minority electron trapping must ensue if 
E,>o+hkT I|n(y) 

Then parts (c), (d), and (e) of Fig. 1 all correspond 
with electron trapping situations. It will be shown in 
the next section that this classification should be divided 
again depending on whether trapped electrons tend to 
be re-excited or not. 
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IV. CLASS II DECAY 
The general pattern of decay can easily be con- 
structed from a study of the initial and final stages of 
the process. The electron and hole lifetimes, rn, 7p, can 
be written down from the form of Eqs. (3) and (4): 


Tn 1-7 1 


(y—x)Lx+a(1+5)) ] * 


2 is} 
Nx 


x | "Ty 


(y—x)(y+1+6) )* 
Ny 


; > 
=! + 


(14) 
y’ l140 


TnO 


We do not propose to consider intrinsic semiconductors 
here, but rather extrinsic p-type materials for which 
ab= (no/po)<1. In NB1 we discussed Class I decay 
and now wish to concentrate on Class II processes for 
which in p-type material y will always be larger than 
x, and 6 will always be much smaller than unity. This 
enables us to simplify (13) and (14) to read 
-—1 


(2-1)()}. cus, as 
ae eal 


This section concentrates first on analytic and then on 
computed solutions. 


y 


y+1 
rome - Class IT. (16) 
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(a) The Initial Stages of Decay 


When the excess populations are equal, +=y [as 
they are, for instance, in the initial moments of decay 
following a delta function burst of generation ], 7, tends 
to tno While 7, is very large. The physics behind this 
is easy to see. For in a Class II situation, the traps are 
well above the Fermi level (for a p-type semiconductor) ; 
they are completely denuded of electrons and are all 
available for electron capture as soon as excess carrier 
pairs are created. Hole capture can not begin to get 
under way uniil the traps have captured some electrons. 
This produces the early disparity of « and y which will 
be reflected all through the course of the subsequent 
decay. 

Figure 2 illustrates an important point; that the 
initial values assumed for « and y are not important 
after a very short time. Curves of y and x diverging 
from the initial condition yo=ao=1 at time /=44 rrp 
rapidly coalesce with the decay curves for a situation 
involving the same density and kind of traps but a 
larger initial carrier disturbance at an earlier time. Our 
principal interest lies in the dynamics of decay when the 
initial stages have been completed. 


(b) The Final Stages of Decay 


When Class II decay is pursued into the final stages 
of decay, the ratio (x/y) tends towards a constant value, 


) 
\ 
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the quantity r of Eq. (6). Since <1 in Class II cases 
this may be simplified to 
: (2y) '{E (a+ V —*)*+ 


r 


4a }} —(a+ V—-y)}, 
Class IT. 


(17) 
Such a statement of course carries the implication that 
the time constants for electron and hole decay must 
eventually become equal. This final lifetime may be 
found from the limit of («/x’) in Eq. (3) as «> 0, 

Te rN 
=lim(—x/x’) 
TnO — 


(18) 


rN—a(1—-r) 
By substituting r from Eq. (17), we have 


Tx 


$7 pot (a+N+y)*—4yN }'+ (a+N+y)}. (19) 


The same result could equally well have been obtained 
by dropping second order terms in (3) and (4), then 
solving the pair of equations simultaneously. 
Evidently 7, can not be smaller than 7, nor can it 
be larger than [tnot7po(a+) |. Where it lies in 
between depends on the relative magnitudes of a, N, 
and y. Whereas r depends primarily on the magnitude 
of the trap density, the functional dependence of the 
time constant is more crucially affected by the ratio 
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Fic. 2. Coalescence of decay curves for different initial con- 
ditions but the same trap parameters [V=0.5, y=0.1, a=0.02, 
ab1]. Solid curves for y= (Ap/ po), broken curves for x= (An/po). 
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a/y. The value of that ratio is significant in differenti- 
ating between what might be called temporary and 
permanent trapping. 

In NB1, when we discussed Class I situations, a 
trapped minority electron had virtually no chance of 
being re-excited to the conduction band. In this sense, 
trapping of an electron was always ‘“‘permanent,” the 
proceedings always being terminated by the subsequent 
capture of a hole. On the other hand, when the traps 
are much closer to the conduction band (as they are 
for Class II situations) capture of an electron can be 
followed by either of two processes; (a) capture of a 
hole, or (b) emission of an electron. We prefer to think 
of the trapping of an electron as being merely “tem- 
porary” when it has more than a 50% chance of 
re-excitation. 

From Eqs. (1) and (2) in dimensionless form, the 
ratio of the rates of electron emission to hole capture is 
a/y(1+y). Except for very large excess hole densities, 
the border-line between temporary and permanent 
trapping occurs for a=y. This borderline case of 
“semipermanent trapping” is indicated in part (d) of 
Fig. 1. Where y denotes the intrinsic position of the 
Fermi level, semi-permanent trapping occurs when the 
trap energy is kt In(y) higher than the position (2¥—¢). 
This position for a trapping level of [2)—@+&T In(y) ] 


x=(An/p,) and ¥* (Ap/po) 
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Fic. 4. Showing “‘semipermanent” decay [ab&1, a=y=10] 
for acceptor-like traps, indicating the slowing of the final decay 
(in terms of rno) and the widening gulf between x and y when NV 
becomes large. 


has been called the “level of equality”” by Shockley® 
and the “demarcation level” by Rose.® 

We think of trapping as being a very temporary 
phenomenon when traps are closer to the conduction 
band than this “level of equality” to make a>~y. Under 
such conditions an electron is likely to be trapped and 
re-excited several times before a free hole can be pro- 
cured with which to annihilate it. This is particularly 
prone to happen with very asymmetric traps for which 
y<1, such as those reported in silicon by Hornbeck 
and Haynes.’ 

When a hole is captured, the probability of re- 
emission compared with the probability of electron 
capture is [7b/(ab+<x)]. For an extrinsic Class II 
situation this ratio is much smaller than unity and 
decreases with increasing excess electron density. 


X= (An/p,) ond Y¥ = (Ap/p,) 


(c) Decay Involving Acceptor-Like Traps 


The general features of Class II decay via acceptor- 
like traps® are illustrated by the curves of Fig. 3. This 


5 W. Shockley, Proc. I. R. E. 46, 973 (1958). 
30 6A. Rose, Progress in Semiconductors (John Wiley & Sons, 
T#*.t/Tno New York, 1957), Vol. 2, p. 111. 
7 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 
Fic. 3. Excess carrier decay for acceptor-like traps of low density 8A trap is said to be “acceptor-like” if y=(Cp/C,)>1. An 
[LN <0.1, y=10, ab<1, a as indicated]. acceptor impurity is expected to have such a nature since Coulomb 
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particular figure is drawn supposing that y= 10, and a 
rather small trap density; thus the curves for 
x=(An/po) and y=(Ap/po) are indistinguishable. An 
initial condition *#9=yo= 100 has been supposed for our 
examples, so that the large modulation decay region 
can be seen. It is well known that the time constant in 
that region is t»o(1+1/y), which for acceptor-like 
traps is not much larger than ry itself. Trapping is 
decidedly permanent for the curve of a=1 and very 
temporary for a= 100. The center curve is for traps at 
the “level of equality,” when the time constant tends 
to 2rno if N«K(a+y). For progressively larger trap 
densities, not only does the limiting carrier ratio r 
become less than unity; also the final time constant r,, 
tends towards [taott po(a+N)] in accordance with 
Eq. (19). These tendencies for the final stages of decay 
are illustrated by the curves of Fig. 4, which are for the 
same values of a, y, etc., as the center curve of Fig. 3. 
Whereas for V <1, the final time constant is 7,,= 2rno 
when traps are at the level of equality, a final time 
constant some 70% larger (in terms of rn) results for 
N=20. This trap density also makes the final excess 
carrier ratio r= (2'—1)=0.41. 
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Fic. 5. The form of decay for acceptor-like traps of large density 
[N=20, y=10, ab<1] with values of a ranging from permanent 
to temporary trapping. 


attraction should assist in hole capture when ionized (negatively 
charged) but not in electron capture when the center is neutral. 
Similarly, a donor-like trap is one for which y <1. 
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Fic. 6. The transformation from permanent to temporary 
trapping for a moderately small density of donor-like traps 
[N=0.1, y=0.1, ab<«1]. 


The increase of the parameter a in the three curves 
of Fig. 3 suggests the effect of increasing temperature. 
The three corresponding pairs of curves in Fig. 5 show 
that when there are many traps, an increase of tem- 
perature tends to decrease the proportion of trapped 
carriers at every stage of the decay and brings r closer 
to unity. 


(d) Decay Involving Donor-Like Traps 


The modes of decay of excess carriers via donor-like 
traps (y<1) are illustrated in Fig. 6 for a moderately 
small trap density. Several interesting features may be 
noted in this figure. The first of these is the obvious 
transition from permanent to temporary trapping as 
the ratio a/y is increased from a small value to one 
larger than unity. Secondly, we note that the electron 
to hole ratio approaches unity as a is increased. This 
has the physical interpretation that re-excitation of 
electrons is now highly likely and trapping becomes 
negligible. 

Permanent trapping assumes a more prominent role 
when the trap density is increased, as shown in Fig. 7. 
When JN is large, the limiting excess carrier ratio r 
diminishes rapidly, though this headlong collapse of 
(x/y) is eventually checked. Ultimately, electrons and 
holes assume the same time constant and (x/y) becomes 
fixed. This can be seen to occur when x falls below 10-? 
in the curves of Fig. 7 for N=0.5. It can be seen from 
Eq. (17) that when traps are rather numerous [enough 
to make N>y], r=a/(N—vy), which is capable of 
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Fic. 7. Illustrating the pronounced influence of trapping on the 
decay for increasing values of N with donor-like traps if a<+y <1 
[In this example, y=0.1, a=0.02, ab<1, as for one pair of curves 
in Fig. 6.] 


becoming very small compared with unity. This was 
a feature which we noted in NB1 for Class I decay 
when centers were rather close to the center of the gap: 
that the ratio («/y) could tend towards an extremely 
small value in highly extrinsic semiconductors. 


(e) The Approach of the Fermi Level to 


In the numerical examples we have illustrated up to 
the present, it has been assumed that the semiconductor 
was rather strongly extrinsic; ab<1 and (~—@)>A&T. 
The rate of carrier decay is in fact a little larger if the 
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Fic. 8. The speeding up of the final decay when n; is not neces 
sarily negligible compared with \ Na)ion. For ab=0, 
ni<<(Na—Na)ion. For ‘ab=0.172, n;=0.5(N NV a)ion For 
ab=0.610, n;=2(Na—Na) ion. For ab =0.905, ny; =10(Na—Na) ion 


material is semi-intrinsic. This can be demonstrated 
graphically from the curves of Fig. 8. Of the four curves 
in this figure, the one with the slowest decay is identical 
with the curve for a=4 in Fig. 6. The three remaining 
curves show the speeding up of the final decay when 
n; is not negligibly small compared with (Va—N4)ion. 
Completely intrinsic material would correspond with 
ab=1, and this is almost true for the fastest of the four 
curves. 
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Formulas are derived for the transition probabilities per unit time for both inelastic coherent scattering 
of neutrons by crystals, and resonant emission of photons and neutrons by nuclei bound in crystals, without 
making the assumption that the crystal is harmonic. In deriving these transition probabilities, the analytic 
structure of thermodynamic correlation or Green’s functions, considered as functions of complex tempera 
tures and times, is developed and used. In particular a spectral form is found for the phonon Green’s func 
tion. Only one assumption is made about the crystal, namely that the displacement of the nuclei due to the 
forces exerted by the neutron in scattering are linear functions of these forces. This leads to an evaluation 
of the transition probabilities in terms of the exact thermodynamic displacement autocorrelation function 
This evaluation obeys the detailed balancing condition, and Placzek’s sum rule. A consequence of this evalua 
tion is that the widths of the “one-phonon” peaks in the neutron scattering are exactly equal to the widths 


of the corresponding phonon states of the crystal. 


I. INTRODUCTION 


.EVERAL authors! have derived expressions for the 
transition probabilities for inelastic coherent scat- 
tering of neutrons by crystals, and for resonant absorp- 
tion and emission of neutrons and photons by nuclei in 
crystals. These have been derived under the assumption 
that the crystal is harmonic, i.e., that the displacements 
of the nuclei from equilibrium may be described by a 
set of independent harmonic oscillators. In an actual 
crystal, however, the harmonic oscillators are not inde- 
pendent, and the phonon states therefore have finite 
lifetimes. The effects of these lifetimes on the cross sec- 
tions are not seen in the harmonic approximation. Thus 
it would be desirable to avoid this assumption and to 
derive an expression that shows how the transition 
probabilities depend on the more exact structure of the 
phonon field in the crystal. It is the purpose of this 
paper to show how such an expression may be obtained. 
By making the approximation that the crystal .re- 
sponds linearly to the forces exerted by the neutron in 
scattering, we shall derive an expression for the transi- 
tion probabilities in terms of the exact thermodynamic 
displacement autocorrelation function, or phonon 
Green’s function. To do this we shall use the analytic 
structure of thermodynamic correlation functions? con- 
sidered as functions of complex temperatures and times, 
together with variational derivative techniques of 
quantum field theory. 
We consider for simplicity a monatomic crystal de- 
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scribed by an infinite Bravais lattice of fixed vectors, 
¢, h, ---. Each of these lattice sites is taken to be the 
rest position of a nucleus with mass M. The small dis- 
placements of the nuclei from equilibrium will be de- 
scribed in the Heisenberg representation by the vector 
field ¢,(¢); then the nucleus whose rest position is g 
will be at the point $+ ¢, instantaneously. The Hamil- 
tonian of the crystal we call H, and we set #=1. 

First we outline the general aspects of the problem of 
inelastic coherent scattering of neutrons. The total 
transition probability W(w) for inelastic coherent scat- 
tering of a neutron from initial energy Z,, initial mo- 
mentum Kk, to final energy £,,—w and final momentum 
k’, by a crystal with initial energy £;, is given in the 
Born approximation by 


W (w)=2r(E;| V t6(E;+a—H)V | E;), (1) 

E;) is the initial energy eigenstate of the crystal. V is 
the matrix element between the initial and final neu- 
tron states of a pseudopotential with scattering length 
a appropriate to coherent scattering of neutrons by 
nuclei of the « rystal : 


27a 


6(r— g— ¢,)e'* ty 


2ra 


2 expliK:(g+¢.)], (2) 


m 


m is the neutron mass, and K= k—k’ is the momentum 
lost by the neutron. The matrix element V still con- 
tains the displacements, ¢, as operators. We then have 
for the transition probability per nucleus 


" 2ra\? k 
W ( K.w) = z 
& 


m 


E;\exp[—iK- (g+¢,) ] 


X 276(E;+w— HH) expliK: (h+¢,)]/F:). (3) 


The displacements ¢, and ¢» are at the same time in 


this expression. However, using e‘#* (¢’)e~t#(-) 
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= ¢(#), (3) may be written as 
W (Kw) 


2a 
-(- *) S elik-( (h— ef dt ei#(t-"’) 


m 
x (E;|exp[—iK- ¢,(¢)] exp[iK- ¢n(t’)]| Fi). (4) 


Instead of an initial state of fixed energy for the crystal, 
we must take a thermal average of states of definite 
energy. The thermal average, for temperature T, of the 
expectation value of an operator X is given by 


(X)°=Tr(e#X)/Tr(e~##), (5) 


where 8=1/KT, and the trace is over a complete set of 
states of the crystal for which the number of nuclei is 
fixed. We shall assume that the presence of the decreas- 
ing exponential function of energy, e~°”, is sufficient 
to guarantee that for any operator X, whose diagonal 
matrix element (£;|X{|E;), between states of fixed 
energy, is not an exponentially increasing function of 
energy, Tr(e~®#X) converges absolutely, i.e., >>; e~**' 
K | (Ei |X 


After we take a thermal average W becomes 


W8(K,w) 


2ra 
-(- ‘) 2X exp[—iK- (g— wif dt e#(t-t’) 


X(exp[—iK- ¢,(t)] exp[iK- ¢,(¢’)])*. (6) 


The transition probability is thus given in terms of the 
correlation function (exp[—iK- ¢,(é) ] exp[iK- ¢1(é’) ])* 
which depends on only the crystal dynamics and the 
momentum K, transferred to the crystal by the neutron. 


Il. THE PHONON GREEN’S FUNCTION 


Our principal object is to calculate the correlation 
function (exp[—iK- ¢,(é) ] exp[iK- ¢1(é’) ])* in terms of 
the phonon Green’s function D. This is defined by 


DP (%,h, t—t’)= si 1 (d,s (bn, ;(¢’))4 dB, (7) 


where ( ), denotes the time-ordered product. For a 
crystal that is not acted on by time-dependent external 
forces, D is a function of ‘—?#’. We may derive a spectral 
form for D by considering the function 


D> if ($,hs)= —1(b¢,i(b)bn,;(0))*, (8) 
in terms of which 
(D>. (8,h,0), i>0 
D,(g,h,f) = (9) 
| D. ;6(h,g, —2), 1<0. 


Let us introduce the variable r= —i8. From the assump- 
tion of absolute convergence of the traces for real posi- 
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tive 8, it follows that D,*‘", which may be written as 


1 Trle i(r— ONb (O)e bn (0)] 
D> 43'*(8,h,!) =- — 


i Tr(e itH) 


(10) 


converges, and hence is an analytic function of r for r 
in the lower half plane. In addition, the traces still 
converge if we give ¢ an imaginary part such that 
02Imé>Imr. Therefore D,‘*(¢) is analytic in the strip 
in the é plane defined by 0>Imés>Imr. 

This analyticity in + and # holds for any ensemble 
average of the form: 


Fir(t—?’) = (X(t) V(t’) 


Later we shall evaluate 
(exp[ —iK- ¢,(¢) ] exp[iK- ¢,(?’) ] 


for complex 7 and a limited time region, and then, by 
analytic continuation, infer the desired evaluation for 
both purely imaginary 7 (i.e., real 8) and the entire 
real time axis. 

From the cyclic property of the trace, 


Tr(ABC)=Tr(BCA), etc., 
we deduce the boundary condition on Dy: 
Dy *7(8,h,t) = Dy ;;'7(h, g, T=), 


Equation (11) becomes a simple condition on the 
Fourier transform of D, in the strip 02>Im/>Imr. 
Since D, is bounded in the strip, the Fourier transform 
exists in the generalized sense along every line in this 
strip parallel to the real axis and along the real axis. 
Hence 


O2Imi>Imr. (11) 


“ dw 


D>.si"(&hy)= f e~#'d,, «;*7(g, hw) 
a 2r 


0>Imt>Imr, (12) 


(11) we have 
ds ;'7(¢,hw) = e's, ;; 


From (9), the Fourier transform d(w) of D for real ¢ is 
given by 


‘ dw’ 
dsr(ghe)= feat fads. ghede™ 
0 2x 
du’ 
+f eat { — -dy. 
| pee ds ‘7 (g,h,w’) 
=1 
2r = w—w' +ie 


f= ds, 5i*7 (h,g, —o’) 
=f j 
2a w—w’—ie 


Introducing the function 


and from 


ir(h,g, —w). (13) 


*’ (hg, —w )eé 


(14) 


A j;'"($,hw)=i(1—e-'*) dy, ;;'*(8, hw), (15) 
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we have, from (13), 


dey’ Ay'"(g,h,w’) 1 


d,;*"(g,h,w) = — 
2r wtie—w’ 1—e-*’* 


dw’ A,;'"*(g,hw’) 1 


1—e’? 


(16) 
24 w—ie—w’ 


Since 1 ‘(wtie)= P(1/w)F rid (w), (16) is equivalent to 
Ais"($,h, wtie) Av't(8,h, wie) 
dP tah ee 


—eiwr 1—ei" 


where the Green’s function A of the complex variable z 
is defined by 


dw Aj;'*(£, hw) 
aui"(hs)= f- — 


PA 2—-W 


(18) 


The phonon Green’s function d(w) is thus a linear 
combination of boundary values of A(z). 

We note that the spectral weight function A (g,h,w) 
is just the Fourier transform of the displacement- 
displacement commutator: 


a 
A sir(ghe)= f dtc -)(T be, c(t),bn,i(’)])*. (19) 
From this form of A we may deduce two sum rules, 
and a symmetry relation. If we integrate both sides of 
(19) over all frequencies we find 


dw : 
f- Aus*($,ho) = ([be.c(2),bn.3(0)])*"=0, (20) 


Pais 
since the displacements commute at the same time. 
Also, using the equal-time commutation relations of 
momentum with displacement, we find 


dw d hw ** 
f “Meda (Gshus)=i¢ | M—4,.(0,00,00 |) 
Qr dt 


= ¢ndij, (21) 


since M (d/dt)p,,:(¢) is just the momentum conjugate 
to o¢,;(#). 

The symmetry A;;(g,h,w)=—A;;(h,g, —w) follows 
obviously from the antisymmetry of the commutator 
in (19). From the inversion symmetry of the lattice, 
and the fact that A depends only on the difference g—h, 
we then have the symmetry 


Aj;($,h,w) = — Aji(8,h, —w). (22) 


In addition to Fourier transforms in time, we intro- 
duce spatial Fourier transforms: 


Dj;*"(k,t) = Ls exp — ik- (g— h) |D,;*"(,h,2), (23) 
and 


A ij it(kw) Pa Le exp —ik- (g-— h) JA i*7(£,hw). (24) 
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To invert these transforms we use the formula 


(25) 


’ dk 
af —— exp(—ik- g) =6,0, 
(2m)? 


where @ is the volume of a unit cell of the crystal, and 
the prime means that the integration is carried out only 
over the first Brillouin zone. Thus, for example, 

/ 13 


¢ 
Di;*"(8,h,t) =2 f exp[ik- (g—h)]D,;'"(k,)——. (26) 
(2m)? 


From the Green’s function A(z), one may deduce the 
polarization and frequency versus wave number de- 
pendence of the low-frequency lattice oscillations, or 
phonons, and in addition the lifetime of these oscilla- 
tions. The frequencies of the undamped phonons are 
found from the poles of A(k,z). We may see this in the 
following: 

From (10) and (15) we may write A(k,w) as 

1—e' 
A,;'*(k,w) =— -S° (EE | b¢,:205(H— E—w) 
2 at 
x (Le Mn.) | Ege *r®, 


h 


(27) 


where ¢ represents the eigenvalues of the rest of a com- 
plete set of observables compatible with the energy. 
Then the absolute convergence of the trace, together 
with the positive definite structure of the operator 
¢,,:0(H —E—w)¢x,;, implies that the integral of A (k,w) 
over all frequencies is absolutely convergent. Hence 
A(k,z) is analytic off the real z axis; consequently its 
possible poles are on the real axis and arise from the 
delta functions of A (kw). 

It is clear from (27) that A will have a delta func- 
tion whenever, for some 2, and for all |£f¢), 
(2->>, exp(ik-h)¢,)| EE) is a discrete energy eigen- 
state of the crystal. The energy difference between this 
state and | Ef) may then be regarded as due to the addi- 
tion or removal of a single quantum of lattice oscilla- 
tion. 4 is the polarization vector of the phonon. For an 
actual system, one will not have sharp delta functions, 
but rather will have resonances, the widths of which 
correspond to the lifetimes of the phonon states.’ 


Ill. METHOD OF EVALUATION 


Let us add to the Hamiltonian, H, the term 


De Je(t)- de (8), 


which represents the interaction of each nucleus in the 
crystal with an externa! time-dependent force J,(é). 
We then define, for Rer>0, an expectation value be- 
tween states at time ‘=0, and ‘= Rer: 


(r|X|0)s=> (Ef, t=Rer| X| Eg, t=0)e# ™*. 
Eft 


(28) 


3A more complete account of the properties of the phonon 
Green’s function, as well as an approximate evaluation of it for a 
model of a metal, will be published elsewhere. 
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The eigenvalues /,¢ are those of the unperturbed 
Hamiltonian and the rest of a complete set of observ- 
ables compatible with the unperturbed energy. We shall 
assume that these observables do not depend explicitly 
on J. The state | Eft, ‘= Rer) is that into which | Ef, ‘=0) 
develops in the Heisenberg representation, under the 
dynamics of the full Hamiltonian, H+ D0, Jg(é)- ¢¢(¢). 
In the absence of the external force, i.e., J=0, we have 


(Eg, t= Rer| = (Et, =0| e~## Rer, 29) 


so that (r|X|0),; reduces to Tr(e~'*#X) when J=0. 
We will now show how to express thermal averages 
of time ordered functions of the nuclear displacement, 
¢, as variational derivatives of (r|0) with respect to J. 
The variation 6;(2£fi¢;| Eofete) in a transformation 
function (£4f14;| Eofel2) induced by the change in the 
dynamics due to a variation of J in the Hamiltonian 
is given by* 
by (Etat | Ef ot) 


ft 


=—i{ Fab f > 65, (2)- 6.(0) Esk). (30) 
tg & | 


The variational derivative, [6/5J,(¢) }(Eigiti| Eofote) is 
then the coefficient of 6J,(¢) in the right side of (30). 
Thus 


[6/63 (t) (Erg its| Eof2f2) 


| — Ev its| bg (t) | Ef ote), ly >t>te 
= (31) 


| 0, otherwise. 
In particular 


5(r|0) 5/65 .(t) = —i(r| b,(t)|0)5, (32) 


Rer>i>0. 


The second variational derivative [6/5J,(¢’) |[6/6J,(¢) 
X (Eifits| Eofot2) may be calculated from (30) and (31) 
by adding two complete sets of intermediate states at 
time f, i.e., 


(6/65, (¢) )(Eigiti | Bot ate) 


=== (Exvity | E al) (E sl | ¢,(t) | Egal) 
E3fsE4v« 


X (Eg | Ef ote), 


and using the product rule for differentiation. Thus, 
varying Jin the Hamiltonian, we find 


55{[6, 65, (t) (Exgits| Ef ot )} 
=—i DL) (6s(Eigih| Esfst)) (Est at| be(0) | Eft) 


E3vs 


—1 > (Exits | $,(t) | Eg) (6x Egtal | Ef ote)) 


Exh, 


=(- i Bath f EUG) 6())s- Ia) | Eats), 
\Vto h 


* See J. Schwinger, Phys. Rev. 91, 713 (1953), for further details. 
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We have used 6;(£3¢3¢| 6(¢)| East) =0, since all the 
times in this matrix element are equal, so that it does 
not depend on the dynamics, and neither ¢ nor the 
operators whose eigenvalues define the states depend 
explicitly on J. Hence 
[6/63 n(¢’) [46/6 ,(4) (| 0) 
= —i(r| (bg (t)dn(t’)),!0), 

When the external force is set equal to zero, the right 
side of (33) clearly becomes the Green’s function 
D'*(g,h, ¢—?’) times Tre~‘7”. 

By successive applications of the procedure used to 
derive (33), we may prove that 


Rer>#, t’>0. 


(I 15/67 g,:(ti))(7|0)=(7| AT ¥¢.(¢:))+| 0), 
i=l l 


Rer>t;>0. (34) 


This may be further generalized from polynomials to 
arbitrary time-ordered functions of ¢. Thus, to evaluate 
the thermal expectation value for complex 8, of a time- 
ordered function of the displacement coordinate, ¢, we 
need only evaluate (7,0) in terms of J, then apply the 
appropriate variational derivatives, and finally set J 
equal to zero. In particular, if J,/(é) is a 
function, 


Rer . 
({ew(-ix f dl 40-0) ] ) 
i we : 
Rer . 
-\lene f dt J)'(t)-[6 510 |(r10) 
b l 0 


X (<r }Q)o) 


c-number 


We can easily carry out the variational differentia- 
tions in (32). This is because the effect of the exponenti- 
ated 6/6J, is to induce a translation of J,(#) by the 
amount J,’(#) in the functional, (7\0);, to its right. 
Once we have carried out the translation, J may be set 
equal to zero. Thus we find 


Rer 
({ew(-iz f av 40-100) ) 
0 + 


Read backwards, (36) is readily recognized as the usual 
formula for the transformation function 
interaction representation. 

For the case of neutron scattering, we want to evalu- 
ate (36) with the external force J taken to be 


Ji(é")= K[6,:5(¢— 0’) —5n:5 (t’— 2’) ], 


O0<ié, #’<Rer, 


T\O)o. (36) 


r'0); in the 


(37) 
since with this force, the left side of (36) becomes 


((expl—iK- ¢,(¢) ] exp[iK- 6 (¢’) ]),)*”. 
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We see then that what we must calculate is the trans- 
formation function that describes the response of the 
crystal to a force that imparts momentum K to the 
nucleus at g at time ¢ and momentum —K to the 
nucleus at h at time t’. This force, of course, is just that 
exerted by the neutron when forward scattering in the 
second Born approximation. We turn then to the prob- 
lem of finding an explicit evaluation of the transforma- 
tion function (7|0);. 

We shall evaluate (7|0); by making the approxima- 
tion that the nuclear displacement [that is defined by 
(| @_(t)|0)/(r|0)] induced by an external force J,,(é’), 
is a linear functional of that force. The statement of 
linear response is just the statement that if one force 
produces a certain vibrational excitation, and a second 
force produces a second excitation, then the excitation 
produced by the sum of the two forces is just the sum 
of the two individual excitations. What we are assuming 
then is that the crystal possesses a spectrum of vibra- 
tional excitations, or phonons, that may be additively 
excited or de-excited by the external force. In other 
words, the individual phonons created or absorbed by 
the external force are taken to develop in time in the 
same way as would a single phonon interacting with the 
crystal at temperature ir. We make no assumptions 
about this time development—it is described by the 
phonon Green’s function D, or alternatively, by the 
spectral weight function A (w). It should also be pointed 
out that the assumption that the crystal responds 
linearly to external forces does not imply that the in- 


1 Rer 
(r|O J T | 0)oexp|— > 


2i gh So 


The linear coefficient of J in In(r|0), which from (39) 
equals (@);=0'7, vanishes because the @’s are the dis- 
placements from the nuclear equilibrium positions. 
IV. NEUTRON SCATTERING 
From (41) and (36), using the force given in (37), 

we find 
((exp[—iK- ¢,(¢) ] exp[iK- bn(é’) })4)*" 

=exp[ — ((K- ¢)?)'"+iK- Di*(g,h, t—#’)-K]. (42) 
Let us consider t’ — 0. Then for Rer>#>0, we have the 
relation 
(exp[—iK- ¢,(é) ] exp[iK- ¢1(0) })*” 

=exp[ — ((K- ¢)?)'*+ K- (¢,(¢)¢n(0))**-K]. (43) 
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ternal interparticle forces in the crystal are themselves 
linear, or harmonic, forces. On the other hand, for a 
harmonic crystal our approximation is exact. 

As we have seen, the validity of the approximation of 
linear response in.the case of neutron scattering depends 
on there not being significant interaction between the 
particular phonons created or absorbed by the neutron 
in passing through the crystal. Furthermore, the ap- 
proximation may be expected to break down when the 
energy transferred to the crystal by the neutron is 
comparable to the characteristic binding energies of the 
crystal. 

The linearity assumption is equivalent to the assump- 
tion that [6/6J,(t’) (7! 6, (2) |0)/(r 0) ] is independent 
of J, or alternatively, that it is satisfactorily approxi- 
mated by its value for J=0. Now, on the one hand, 

[6/53 n(t’) Ir | }¢(2) |0)/(7|0) ] 
= —i(r | (Ge(t)$u(¢"))0)/(r 0) 
— il (r| bg(#)|0)/(7!0) JE (7 | bn (8) |0)/ 7 0)], 
0<z, ’<Rer, 


and the right side for J=0 is just D'*(g,h, #—?’). On the 
other hand, from (32) 


(r| b(t) 0)/(r|0)=7[6/6J,(4) ] In(r\0), 
so that we find the approximate equation for (7 |0): 


i[6/6 In (¢’) [6/5 ,(é) ] In(r|0)= D'*(g,h, s—2’). 


(39) 


(40) 


This has the immediate solution 


(41) 


Both sides of (43) are boundary values of functions of 
¢ analytic in the strip 0>Imé#>Imr. Hence (43) must 
hold everywhere in the strip, since an analytic function 
is determined uniquely by its boundary values in an 
open set of a line segment of its boundary. This latter 
theorem is a consequence of the Schwarz reflection 
principle. 

We now take the boundary values of both sides of 
(43) everywhere along the real é axis; hence (43) holds 
everywhere along the real ¢ axis. Analytically continuing 


in r to r= — i, we find 


(exp[—iK- ¢,(#)] exp[iK- $x (?’)])*=exp[—((K- ¢)’)?+K- (62) 6n(¢))*- K] 


~exp| — (K-93 frm t 


1—e—8"’ Qn 


K- A(¢,hw’)- K dw’ 
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This evaluation is basic to both coherent inelastic neutron scattering and resonant emission and absorp- 


tion of neutrons and photons. 


Substituting (44) in (6), we find for the transition probability per nucleus: 


2na\? . 
w#(Kw)=(—) > exp[iK- ih) f dl exp] io(t—1)— (K-49 fe wilde — 
m & / 


This is the same formula as that derived by Glauber for 
a harmonic crystal,® only here the spectral weight func- 
tion A(w) may be perfectly general, and not just that 
for a harmonic crystal. The actual calculation of A (w) 
is a separate problem, and one need not make the same 
assumption in calculating A (w) as was made in deriving 
(45). The important point is that (45) expresses the 
neutron scattering probabilities in terms of the struc- 
ture of the phonon field, without it being necessary to 
specify that structure. If one expands the term 
exp J e~i#’ (#0 K- A - K/(1—e-#*’)] on the right of 
(45) in a power series, then the term in W®(K,w) 
containing 


de! K-A(g,hw’): ‘ 


1 —e~ 8’ 


may be interpreted as the transition probability, 
W ,.°(K,w), for the process in which the neutron suffers 
an energy loss by exciting phonons, and gains energy 
by absorbing other phonons, such that the total number 
of phonons involved is ». The transition probability per 
nucleus for a one-phonon process is then 


? 


Wit(Kw)=( ) > exp[iK- (h— g) | 
m & 


K- A(¢g,hw)-K : 
X- expl — ((K- ¢)?)*] 


1—e¢ 


2ra 2K-A(Kw)-K 
an (—) a exp[ — ((K- ¢)*)*]. 
m i—é¢ Bw 
(46) 


In an actual experiment, for K fixed, one observes 
peaks in the energy spectrum of the outgoing neutron, 
above a diffuse background. These peaks come from the 
w resonances in A(Kw), for K fixed, in (46). The 
center of a peak is at the energy of a phonon with 
wave number K, and we see clearly from (46) that the 
width of the peak is exactly the inverse of the phonon 
lifetime.® In principle, then, one may infer A(K,w) 
and hence the structure of the phonon field in the 
crystal from such an experiment. The diffuse back- 
ground is caused by the multiphonon processes. The 


®>R. J. Glauber, reference 1. 

* Van Hove has noted this result, without derivation. L. Van 
Hove, Solid-State and Molecular Theory Group, Technical Re- 
port No. 11, Massachusetts Institute of Technology, Cambridge, 
Massachusetts, March, 1959 (unpublished). 


dw’ K- A(g,hw’)- K 
A EAE EL Ag 


2r 1—e— 8’ 


9 


quantity exp[—((K- ¢)*)*] is the Debye-Waller factor 
which multiplies each W,°(K,w). Since the average 
squared displacement increases with temperature, the 
Debye-Waller factor is a decreasing function of 
temperature. 

It is of interest to note that the expression for 
W*(Kw) that we have calculated obeys Placzek’s 
exact sum rule’: 


22 dw 2ra 2 K* 
f wnt (22) = 
oP. 2r m 2M 


Multiplying both sides of (45) by w and integrating 
over all frequencies, holding K fixed, we find: 


dw 
JWR) — 
2r 


2ra\? 
-( ) > exp[iK- (h— g) ] 


m 


(47) 


Xexp{—3((K- (¢,.—¢n) ?}) 


du’ K- A(g,hw’)- K 
x f= ° 


Qn 1— eB’ 


(48) 


The numerator of the last integral is even in w’, from 
(22), so the last integral may be written as 


1 edu’ 
[eo K-A(e ho’) KE Bu") —14- (1 — fe’) 1) 
2/ 2n 


K2 


Sch, (49) 


1 pdu’ 
=- [—wK-4 (¢,hw’)- K=- 
2/ Qn 2M 


using (21). Equation (47) then follows from substituting 
(49) in (48). It is also seen from (49) and (46) that the 
one-phonon peak obeys the sum rule, 


2ra\? K? 
f WP Kw)odo= ( ) exp[ — ((K-¢)?)*], (50) 


m 


i.e., the total intensity under the one-phonon peak for 
fixed K is just the Debye-Waller factor times the total 
scattered intensity for fixed K. 
Finally, expression (42) obeys the detailed balancing 
condition, 
W*(—K, —w)=e-**W4(K,w). 


7G. Placzek, Phys. Rev. 86, 377 (1952) 
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This is an immediate consequence of the boundary 
condition (11) on Dy. 


V. EMISSION OF NEUTRONS AND PHOTONS 


We will treat at the same time both the cases of 
emission of neutrons and of photons, since they differ 
only in the structure of the internal nuclear matrix 
element. The total transition probability W.(w) for 
emission of a neutron or photon with energy by a single 
excited nucleus, is, to within a constant factor, 

(Et 


V Eo +-wo, fo) |? 
> : 


W .(w) =) ’ 
Et (E+w— Eo—wo)?+T?/4 


(51) 


Eo+wo, fo) is the initial state of the crystal; wo is the 
excitation energy of the excited nucleus (not including 
the rest mass of the neutron, in the case of nonrela- 


x 


dt exp[ —i(w—wo)[—T | t| /2 ]( Fogo! e'? 


L 


W.(K.w) = 


. 


x 


( dt exp —i(w—wo)t(—T | t) /2 (Fok 


Ld 


eX} 


Averaging over a canonical ensemble of initial crystal 
states, at temperature T=1/K8, and neglecting the 
variation of I with crystal energy, we find 
W A(Kw) 
-{ dt exp[—i(w—wo)f—T' | t|/2] 
3) 


X(exp[—iK- ¢,(¢) ] exp[iK-¢,(0)])®. (53) 


The thermally averaged matrix element in (53) is 
exactly the same one that we evaluated for neutron 
scattering. Thus from (44) 

2 


W(Kw)= | dt exp[—i(w—wo)t—T' J t| /2] 


Xexpl—((K-¢)2)°+K-(4(0)64(0))* KJ. (54) 
Once more we may expand exp[K-(¢(#)¢(0))- K] in 
a power series and identify multiphonon terms. Of 
particular interest is the zero-phonon term, i.e., 
W..08 (Kw) 


'] dt exp[ —i(w—wy)t—T | t| /2] expl—((K- ¢)?)* ] 


0 


[T'/((w—wo)?+1/4) ] exp[— ((K- ¢)*)* ]. 


(55) 
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tivistic neutron emission), and Ep is the initial crystal 
energy. We assume that the internal degrees of freedom 
of the nucieus are dynamically separable from those of 
the crystal. | £¢) is the final state of the crystal, and 
1/T is the total lifetime of the excited nucleus bound in 
the crystal. V is the matrix element between internal 
nuclear states of the emission interaction. It still con- 
tains the center-of-mass coordinate of the nucleus as an 
operator. As in the case of neutron scattering, this de- 
pendence enters in a factor exp[—iK- ($+ ¢,) ], where 
now K is the momentum of the emitted neutron or 
photon. 

Using 


(E2+1?/4)'= (1 rf e-itBTi tl 2qp, 


W.(K,w) becomes, again to within a constant factor: 


exp[ —iK- (g+¢,) Je~*” exp[iK- (+¢,) ]| Eofo) 


[—iK- ¢,(t) | exp[iK- ¢,(0) One 


This term gives rise to a peak in the energy distribution 
of the emitted neutron or photon, with a width that is 
just the inverse of the lifetime of the excited nucleus 
bound in the crystal. Since the distribution is centered 
about the actual excitation energy of the nucleus,* there 
is no energy of recoil associated with the emission. It is 
this peak that is responsible for the Méssbauer effect.® 
Che temperature dependence of the height of the peak 
enters through the Debye-Waller factor, which, as we 
have mentioned, is a decreasing function of temperature. 
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8 There is actually a slight second order ‘‘Doppler” shift of the 
center of this peak; the excitation energy of the nucleus leads to a 
decrease in the kinetic energy of the excited nucleus due to its 
increased mass. This energy shift is approximately 5m/m times 
the average nuclear kinetic energy, where m is the mass of the 
unexcited nucleus, and m+é6m the mass of the excited nucleus. 
See R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 274 
(1960). 

*R. L. Méssbauer, Z. Physik 151, 124 (1958); Naturwissen 
schaften 45, 538 (1958); Z. Naturforsch. 14a, 211 (1959). 
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Effect of Pressure on the Mobility of Interstitial Oxygen and Nitrogen in Vanadium* 
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(Received September 13, 1960) 


Measurements of stress relaxation as a function of hydrostatic pressure up to 9000 kg/cm? have been 
made on a vanadium sample containing approximately 0.1 atomic percent dissolved oxygen and 0.2 atomic 
percent dissolved nitrogen. In the temperature range 83.0° to 98.0°C, the relaxation time due to dissolved 
oxygen is found to increase exponentially with pressure, the value at 9000 kg/cm? being about 1.7 times 
the value at 1 kg/cm’. The pressure dependence of the stress relaxation can be interpreted in terms of an 
activation volume of 1.7 cm’/mole which is about equal to the molar volume of the diffusing oxygen atoms. 
The relaxation times due to the dissolved nitrogen have been measured at 156.8°C and 163.0°C. The values 
at 9000 kg/cm? are about 1.3 times the values at 1 kg/cm?, the activation volume being about 1.1 cm*/mole. 





INTRODUCTION 


| es a recent paper,’ results were reported for the 
effect of pressure on anelastic relaxation in an alpha 
silver-zinc solid solution. The stress relaxation process 
in this alloy is generally attributed to diffusion. It is 
generally assumed that the relaxation phenomenon can 
be described by a simple rate-theoretic expression 
relating the observed time to inflection, 7», with the 
change in Gibbs free energy of the crystal required for 
formation (AG,,) of vacancies, as 


Tm=T0 exp(AGs+AG,,)/RT, (1) 


where 7o’ is a constant independent of pressure and 
temperature, R the gas constant, and T the absolute 
temperature. One may define an “activation volume’” 
by 


AV=AV;+ AV » 


0(AG;+AG») 0 Intm 
-| ; -R1|—"| . (2) 
oP T OP Jr 


The term AV, can be identified with the molar 
volume of the defect responsible for diffusion, and the 
term AV,, with the expansion of the crystal during a 
diffusional jump. The experimentally determined value 
of AV of 5.36 cm*/mole for AgZn was unexpectedly 
low for the assumed vacancy mechanism, implying that 
the sum of AV; and AV, is only of the order of half an 
atomic volume. If even the highly relaxed vacancy 
proposed by Tewordt* is presumed correct, this result 
admits only an extremely small dilatation during a 
diffusional jump, in marked disagreement with usual 
theoretical models. 

It was therefore felt desirable to investigate other 
materials in which the diffusing defects were not 

* Supported in part by the U. S. Atomic Energy Commission. 

t Present address: Philips Research Laboratories, Eindhoven, 
The Netherlands. 

1G. W. Tichelaar and D. Lazarus, Phys. Rev. 113, 438 (1959). 

2 N. H. Nachtrieb, J. A. Weil, E. Catalano, and A. W. Lawson, 
J. Chem. Phys. 20, 1189 (1952); N. H. Nachtrieb and A. W. 
Lawson, J. Chem. Phys. 23, 1193 (1955). 

+L. Tewordt, Phys, Rev. 109, 61 (1958). 


introduced thermally. In this way, it should be possible 
to evaluate the dilatational term AV,, directly. The 
first systems chosen for this investigation were va- 
nadium-oxygen and vanadium-nitrogen, which have 
anelastic relaxation peaks in the same temperature 
range as a-AgZn, and have been extensively studied at 
atmospheric pressure by Stanley and Wert,‘ Powers 
and Doyle,’ and by Powers.® 

In body-centered cubic vanadium, the dissolved 
oxygen and nitrogen atoms presumably occupy random 
interstitial positions in the lattice. When the crystal is 
subjected to a uniaxial strain, some interstitial positions 
become favored, and the applied stress required to 
maintain a constant strain decreases with time as the 
oxygen and nitrogen atoms diffuse to the lower energy 
interstitial sites. These effects occur at temperatures of 
the order of 100°C in times of about 100 seconds. 

The only previous study of the effect of pressure on 
the mobility of interstitial impurities in a similar 
lattice is that of Bosman, Brommer, and Rathenau.’:* 
These investigators measured the effect of pressures to 
3000 kg/cm? on the decay of the magnetic permeability 
of iron containing either interstitial nitrogen or carbon. 
They found that the rate of this process, which can be 
correlated with the rate of diffusion of the nitrogen or 
carbon atoms, was essentially unaffected by pressure 
in the range studied. The relaxation times increased by 
only about one percent in the case of nitrogen and 
decreased by about the same amount in the case of 
carbon at the highest pressures. According to their 
result, the activation volume associated with the 
motion of interstitial nitrogen in a-iron is only about 
0.04 cm*/mole, less than one percent of the molar 
volume of iron, and about four percent of the molar 
volume of the diffusing nitrogen atoms. Their results 
for carbon in a-iron give a value for AV, of —0.04 
cm*/mole. 


‘J. T. Stanley and C. A. Wert, Acta Met. 3, 107 (1955). 


3 
®R. W. Powers and M. V. Doyle, Acta Met. 4, 23 
®R. W. Powers, Acta Met. 2, 604 (1954). 
7 A. J. Bosman, P. E. Brommer, and G. W. Rathenau, Physica 
23, 1001 (1957). 
® A. J. Bosman, thesis, University of Amsterdam, 1960 (unpub- 


lished). 


3 (1956). 
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EXPERIMENTAL PROCEDURE 


The apparatus used in the present experiment is 
identical with that used for the study of anelastic 
relaxation in AgZn,' and so need not be described here. 
The specimens were made from vanadium wire, 
initially of 0.030-inch diameter, kindly furnished by 
Professor C. A. Wert of the Department of Metallurgy 
at this University. Since difficulty was encountered in 
reducing the wire size by drawing, the final specimen 
was prepared by etching the wire in nitric acid to a 
diameter of 0.015 inch. The etched wire, of length 40 
inches, was coiled into a helix of length 0.5 inch and 
diameter 0.375 inch for use in the high pressure appa- 
ratus. The helix, which was extremely hard when 
formed, was heated in a vacuum of 10-° mm Hg to a 
temperature of about 900°C for 5 minutes to equilibrate 
the dissolved oxygen and nitrogen and to remove the 
cold work. 

No attempt was made deliberately to add oxygen or 
nitrogen to the specimen. A sufficient amount was 
evidently present as a result of prior heat treatment to 
provide a sizeable relaxation. The actual amount of 
dissolved oxygen could be estimated from the observed 
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(a) Experimental curves for oxygen-induced relaxation. 
Experimental curves for nitrogen-induced relaxation. 


ENTERSTITIAL O 


AND 


50 





40 


30 





awe ee | 


4000 6000 8000 10000 
—= PRESSURE IN kg/cm* 


Fic. 2. Isotherms for relaxation time as a function of 9 
pressure for oxygen-induced relaxation. 
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relaxation strength by comparison with the results of 
Powers and Doyle.® In the present case, the oxygen 
impurity was evidently about 0.1 atomic percent. The 
amount of nitrogen was considerably more, giving a 
relaxation strength about twice that of oxygen. 

After being placed in the high-pressure apparatus, 
the specimen was further annealed at a temperature of 
170°C for 40 hours before relaxation measurements 
were begun. Since this temperature is in excess of any 
used during actual measurements, it is felt that the 
specimen was presumably equilibrated during all runs. 
No hysteresis effects were observed following the 
annealing treatment. 

High pressure experiments were carried out using the 
methods previously described.! Pressures were read 
from a calibrated manganin resistance gauge, and were 
maintained constant during each run to within +5 
kg/cm*®. The temperature of the specimen was main- 
tained constant by means of an oil bath and a therm- 
istor-bridge controller to within +0.01°C. 

During each run, the specimen was strained by means 
of a magnetic solenoid to a total strain of about 5X 10-°. 
The relaxation process was followed by determining 
the minimum current through the solenoid required to 
keep the specimen at constant extension as a function 
of time. Following relaxation, the solenoid current was 
turned off, and the specimen allowed to relax to its 
original state during a time much longer than the 
observed relaxation time. 

As in the case of AgZn, the stress relaxation induced 
by the motion of the interstitial impurities did not 
follow a simple exponential decay, and the relaxation 
time, tm, was taken as the time to inflection in a plot 
of the logarithm of stress versus time, using the graph- 
ical construction described in reference 1. 
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T Se activation energy AH. For the oxygen-induced relax- 
‘ ation: 


: ° 156.8°C 
t ' 1 kg/cm’: 


ro= 10-7 min; AH=27.9+0.99 kcal/mole, 


163.0°C r 
9000 kg/cm?: 


ro= 10763 min; AH=29.2+2.5 kcal/mole. 
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Fic. 3. Isotherms for relaxation time as a function of in kg/cm? in °C in min in cm*/mole 
pressure for nitrogen-induced relaxation. 7? 
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The experimental measurements give the decrease 2835 
with time of the stress, o, necessary to maintain a Fane 
constant strain in the vanadium sample. Typical 50380 
experimental curves for oxygen and nitrogen are shown pened 
in Fig. 1. The four curves were taken for the same aaa 
constant value of strain and show high and low pressure 5160 


runs for both oxygen and nitrogen, the oxygen data 5190 
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Although the stress relaxation process does not obey a 6859 
simple exponential time dependence of the form, 6721 

‘ 7 . 7470 
o=a,;(1+ée-'/"®), all the observations for either the 7470 


to 
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oxygen or nitrogen relaxation can be superimposed in 7470 
a single simple curve on a reduced time plot. Thus the oa 
character of the relaxation process appears to be inde- 8700 
pendent of both temperature and pressure variations. 8850 

The measured relaxation times at a variety of — 
temperature and pressures, together with values of 195 1.89-+0.08 
AV. calculated from Eq. (2), are given in Tables I i 
and II. The data are plotted as a function of pressure 300 
in Figs. 2 and 3. The pressure dependence of rT» appears 413 
to be exponential; a least-squares analysis leads to the 
following equations for the oxygen-induced relaxation : 3820 


3820 
83.0°C: logrm= (1.390-+0.006) + (2.57-+0.10)10-5P, ps 

—_ . ee 7272 
91.7°C: logrm= (0.973-£0.006) + (2.77+0.12)10-5P, 7318 

| - 7582 
98.0°C: logrm= (0.702+0.006)+ (2.11+0,.09)10-5P. 7765 
7788 
7834 
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For the nitrogen-induced relaxation: 
344 


156.8°C: logrm=(1.077-0.007) + (1.31-0.17)10-5P, = 
163.0°C: logrm = (0.811-0.008)+ (1.49-0.17)10-8P. = 
4623 

P is in kg/cm’, and the 7,, is in minutes. The indicated yon 
limits of error are standard deviations. 5024 
The temperature variation of the relaxation time is a 
shown in Figs. 4 and 5 and may be described by a 8740 
simple Arrhenius equation +,=79 exp(AH/RT). The 9061 
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TaBLe IT. Relaxation times for nitrogen-induced relaxation. 


Pressure Temperature Tm AV 
in kg/cm? in °C in min in cm’/mole 
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For the nitrogen induced relaxation: 
1 kg/cm?: 


To=10-" 2 min; AH=36.7+2.1 kcal/mole, 


9000 kg/cm?: 
ro= 10-6 3 min; 


AH = 34.6+2.1 kcal/mole. 


The limits of error are calculated using the standard 
deviations in the least-squares plot of logr» as a function 
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Fic. 4, Temperature dependence of relaxation time due to 
oxygen-induced relaxation at high and low pressure. 
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Fic. 5. Temperature dependence of relaxation time due to 
nitrogen-induced relaxation at high and low pressure. 
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of pressure. For the nitrogen-induced relaxation, the 
maximum possible error obtained in AH by allowing a 
}-min uncertainty in each measured value of rm would 
be about +4.8 kcal/mole. The fact that AH appears 
to decrease with increase of pressure is, therefore, 
probably not significant; more accurate data would be 
needed to determine directly the change in AH with 
pressure. 
DISCUSSION 


The present values for the activation energies at 
1 kg/cm? of 27.9+-0.9 kcal/mole for the oxygen-induced 
relaxation and 36.7+2.1 kcal/mole for the nitrogen- 
induced relaxation agree reasonably well with the 
previous values of 29.3+0.3 kcal/mole (Powers and 
Doyle®) and 34.1 kcal/mole (Powers®) obtained over a 
much wider temperature range. In the case of the 
oxygen-induced relaxation, the application of pressure 
is found to produce a fairly large increase in the relax- 
ation time, the value at 9000 kg/cm? being about 1.7 
times the value at 1 kg/cm*. The activation volume 
calculated with Eq. (2) from these measurements is 
about 1.7 cm*/mole, roughly equal to the molar volume 
of the dissolved oxygen atoms and about 20% of the 
molar volume of the vanadium atoms. 

For the nitrogen-induced relaxation the increase in 
relaxation time with pressure is found to be about 40% 
less than in the case of oxygen, the value at 9000 kg/cm? 
being about 1.3 times the value at 1 kg/cm’. The 
activation volume calculated from these measurements 
is about 1.1 cm*/mole, which is somewhat smaller than 
the molar volume of dissolved nitrogen and about 
13% of the molar volume of the vanadium atoms, 
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The value of the activation volume for nitrogen is 
considerably smaller than that for oxygen. On the basis 
of the ionic radii of the interstitial atoms alone, one 
might expect nitrogen to show a larger effect, since the 
nitrogen and oxygen ionic radii are 1.71 A and 1.40 A, 
respectively. However, any chemical affinity between 
oxygen and the vanadium atoms may cause the inter- 
stitial volume to be effectively larger for oxygen than 
for nitrogen. 

The present results are in sharp distinction to those 
obtained by Bosman, Brommer, and Rathenau’*® in 
the analogous a-iron-nitrogen and a-iron-carbon sys- 
tems. The activation volumes for interstitial oxygen 
and nitrogen in vanadium are apparently much larger 
than for nitrogen in iron, the value for oxygen being 
forty times larger and the value for nitrogen being 
thirty times larger. For carbon in a-iron, Bosman, 
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AND LAZARUS 

Brommer, and Rathenau obtain a negative activation 
volume. At present, the reasons for this discrepancy 
are completely obscure. However, neither the present 
measurement nor that of Bosman e/ al. involve direct 
measurements of diffusion; possibly the processes are 
somewhat more complicated than generally supposed. 
It is hoped that this situation may be clarified by 
additional experiments. 
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Electron Effective Masses of InAs and GaAs as a Function of 
Temperature and Doping 


MANUEL CARDONA 
Laboratories RCA Lid., Zurich, Switzerland 
(Received September 19, 1960) 


The electron effective masses of several GaAs and InAs samples at room and liquid nitrogen temperatures 
have been determined from Faraday rotation and infrared reflectivity measurements. An increase in effective 
mass with increasing carrier concentration has been found in both materials. This increase can be quanti 
tatively interpreted in InAs in terms of the nonparabolic nature of the conduction band. In GaAs the 
increase in effective mass with doping suggests the existence of another set of conduction band minima above 
the lowest (000) minimum. The measured temperature variation of the effective mass can be attributed to 
two mechanisms: the increase in effective mass produced by the spread in the Fermi distribution because of 
the nonparabolic shape of the band, and the variation in the band structure produced by the thermal ex 
pansion of the lattice. 

The Faraday rotation due to the interband transitions has been measured in GaAs and InAs. This rotation 
is clockwise along the direction of motion of the radiation and the magnetic field for GaAs and counterclock 
wise for InAs. This effect is compared with the corresponding effect in other semiconductors. 


1. INTRODUCTION 


HE variation of the electron effective mass with 
temperature found experimentally in Ge? has 

been interpreted as due to the slight nonparabolicity of 
the energy band and the variation of the corresponding 
energy gap with volume.' The temperature variation of 
the effective mass produced by the nonparabolicity of 
the band and the one due to the change of the energy 
gap have opposite signs for the III-V semiconductors 
with a lowest (000) conduction band minimum. Hence, 
a very small variation of the effective mass with temper- 
ature should be expected for these semiconductors. This 
conclusion has been experimentally confirmed by the 
author, who found a temperature variation smaller than 
1M. Cardona, W. Paul, and H. Brooks, Helv. Phys. Acta (to 


be published). 
* D. Geist, Z. Physik 137, 335 (1959). 


2% between 80 and 297°K in the electron effective mass 
of GaAs and InP as determined from the infrared re- 
flectivity of these materials.’ 

A large increase in the electron effective mass of InSb 
with increasing carrier concentration has been found by 
several authors.*:® This effect can be explained in terms 
of the strong nonparabolic character of the conduction 
band of this material, produced by the small energy gap. 
A somewhat smaller effect should be expected for InAs 
and a much smaller one for GaAs. 

In this paper, infrared reflectivity and Faraday rota- 
tion measurements on InAs and GaAs at several temper- 
atures and dopings are reported. The electron effective 

3M. Cardona, to be reported at the Prague Conference on 
Semiconductors, August-September, 1960. 

4 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 


5S. D. Smith, T. S. Moss, and K. W. Taylor, J. Phys. Chem. 
Solids 11, 131 (1959). 
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masses derived from these measurements are compared 
with the theoretical predictions. Also the Faraday rota- 
tion produced by the interband transitions in these 
materials is compared with the corresponding effect in 
other semiconductors. 


2. EXPERIMENTAL METHOD 
(a) Faraday Rotation Measurements 


The optical set up used for Faraday rotation measure- 
ments can be seen in Fig. 1. A Leiss single monochroma- 
tor with a quartz or a KBr prism was used to obtain 
monochromatic radiation. The radiation from a globar 
was chopped at 13 cps. A Reeder radiation thermocouple 
with KRS-5 window was used with the KBr prism and 
a PbS photocell with the quartz prism. A set of two 
spherical and one plane mirror produced a parallel beam 
which was polarized by means of a Glan-Thompson 
prism in the quartz region and by two parallel germanium 
plates in the KBr region. The germanium plates polar- 
ized by transmission at the Brewster angle (76°). The 
theoretical degree of polarization produced by each 
plate was 88%. A transmission polarizer was used in- 
stead of a reflection one to simplify the collimation 
problem. The radiation passed through the drilled plane 
pole pieces of a Newport magnet. The diameter of the 
hole was 1.6 cm and hence the availabie aperture was 
fairly small. The samples were placed inside a cryostat 
between the pole pieces of the magnet with a 2-cm gap. 
The analyzer was slowly rotated by means of a motor; 
a notched wheel with 36 notches produced, in conjunc- 
tion with a microswitch, a mark on an x—t¢ recorder each 
10° of rotation. The transmitted energy was amplified 
and recorded as a function of the analyzer angle. The 
position of the maxima or minima was determined to 
+0.5° from several pairs of symmetrical points. 

The samples were ground and polished with Linde 
A-5175 and B-5125 poiishing compounds. They were 
held against a copper block in the cryostat by means of 
a spring. The temperature was measured with a copper- 
constantan thermocouple soldered to the spring and 
held against the sample. 

The Hall constants were determined at room temper- 
ature on bars cut from the optical samples after the 
optical measurements had been performed. Low-re- 
sistivity contacts were placed on InAs by means of silver 
paste and on GaAs by the method of Willardson and 
Duga.*® Indium was soldered to the sample after etching 
in a mixture of 1 part of HCl and 1 part of HNO; and 
rinsing in distilled water. The use of ultrasonics was not 
found necessary for the soldering. The sample was then 
baked for 1 hour at 250°C in an argon atmosphere. The 
carrier concentration was calculated for all samples as- 
suming the ratio of Hall to conductivity mobility equal 
to one. It has been shown by Ehrenreich’ that this ratio 

©R. K. Willardson and J. J. Duga, Proc. Phys. So@ (London) 
75, 280 (1960). 

7H. Ehrenreich, J. Phys. Chem. Solids 9, 129 (1959). 


GLOBAR 
ft 
LYM 
Ly 


MONOCHROMATOR} 


CHOPPER 














GERMANIUM 


GERMANIUM ANALYZER 
) DETECTOR 
Fic. 1. Optical setup used for Faraday rotation measurements. 


lies between 1 and 1.1 for intrinsic InSb. With increasing 
degeneracy of the statistics, this ratio will deviate less 
from one. For InAs and GaAs the mobility ratio should 
not significantly differ from the ratio for InSb. The error 
introduced by assuming the ratio of these mobilities 
equal to 1 will be smaller in the Faraday rotation 
measurements where m* is proportional to the carrier 
concentration JV. 


(b) Reflectivity Measurements 


The method used for the reflectivity measurements 
has been described elsewhere.' The reflectivity was de- 
termined by comparison with the reflectivity of intrinsic 
germanium. One of the sides of the sample was optically 
polished and the sample placed inside an optical cryostat 
with one KBr window. The reflectivity was measured at 
an angle of incidence of 5°. Under these circumstances, 
the measured reflectivity differs from the reflectivity for 
normal incidence by an amount much smaller than the 
experimental error. 


3. RESULTS 
(a) GaAs 


The Faraday rotation as a function of wavelength 
was measured on two n-type GaAs samples. The sample 
with a carrier concentration V=2.36X10'® cm~ was 
measured for wavelengths between 1 and 2.8 microns 
with quartz optics. The other sample, carrier concen- 
tration N=1.48X10'? cm-*, was measured between 1 
and 10 microns with KBr optics. Both samples were 
0.83 mm thick. The linearity of the rotation as a func- 
tion of magnetic field B was checked at a fixed wave- 
length. The measurements as a function of wavelength 
were performed at a fixed value of B= 8330 gauss and 
for two opposite directions of B. 
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Figure 2 shows the Faraday rotation observed in the 
GaAs sample with V=2.36X 10'* cm~™ as a function of 
the square of the wavelength and at two different tem- 
peratures (296 and 98°K). At wavelengths above 1.7 u, 
the rotation increases linearly with the square of the 
wavelength; it seems reasonable to assign this rotation 
to the free electrons in the conduction band. All the 
effective-mass determinations have been made from the 
slope of the linear part of these curves by using the 


formula®: 
e° + ,BN\3 
mo fael): 
82c* eo nO 


where mks units are used, e is the elementary charge, 
c is the speed of light, \ is the wavelength, ¢ is the 
dielectric constant of vacuum, » is the refractive index 
of the material, and @ is the rotation per unit length 
(in rad/m). 

When approaching the energy gap, the rotation in- 
creases very rapidly. This contribution to the rotation 
must be produced by the interband transitions. The 
difference between the rotation at room temperature 
and at 98°K was fitted by the least-squares method. 
From this fit and after correcting for the variation of 
with temperature,’ we find that, between 98 and 297°K, 
Am*=—(1+3)%. The calculated value of the optical 
effective mass is m,*= (0.083-0.005)m. This sample is 
degenerate at room temperature so that no error is 
introduced by assuming a ratio of Hall to conductivity 
mobility equal to one. The error in m* stems from the 
error in the determination of @ and the error in the 
determination of the Hall constant. 

Figure 3 shows the Faraday rotation produced by the 
GaAs sample with V= 1,48 X 10"? cm~ at room temper- 
ature and at 100°K. The rotation produced by the 
interband transitions is similar to the one produced by 
the other GaAs sample. From the free-carrier effect, the 
effective mass mop*=0.067m is found. This value is 
affected by a +2% error produced by the inaccuracy of 
the Hall measurement and the assumption the ratio of 
Hall to conductivity mobility is equal to one. The 
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Fic. 2. Faraday rotation produced by an n-type GaAs sample as 
a function of the square of the wavelength. 
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Fic. 3. Faraday rotation in an n-type GaAs sample as a function 
of the square of the wavelength. 


difference between the rotation at room temperature 
and at 100°K, fitted by the least-squares method, yields 
an increase in m* of (2+2)% between 100 and 296°K. 


(b) InAs 


Two InAs samples were measured. One of them had a 
carrier concentration V=4.9X10'* cm-*, and a thick- 
ness of 1.92 mm. Its Faraday rotation was measured 
between 5 and 10 microns with KBr optics. The other 
sample, carrier concentration 5.1710'8 cm, was 
measured by the reflectivity method, as Faraday rota- 
tion could not be observed due to the high absorption 
coefficient. Figure 4 shows the Faraday rotation pro- 
duced by the first sample in a field of +8330 gauss as a 
function of the square of the wavelength. In contrast to 
GaAs, the Faraday rotation produced by the interband 
transitions in InAs is opposite to the effect of the free 
electrons. 

An increase in the slope of the linear part of the curves 
with decreasing temperature can be clearly observed. 
The difference between the rotations at 100°K and at 
296°K, fitted by the least-squares method and corrected 
for the variation of the refractive index with tempera- 
ture,’ yields an increase in m* with increasing tem- 
perature of 541% between 100 and 296°K. The effec- 
tive mass at room temperature calculated by means of 
Eq. (1) is mop*=0.027m. This value is affected by an 
error of +1% due to the error in the measurement of @ 
and (+7, —2)% error due to the inaccuracy in the 
measurement and interpretation of the Hall constant. 
The total error is thus (+8, —3)%. 

Figure 5 shows the reflectivity of InAs with N=5.17 
<10'8 cm-* at 296 and 100°K. Figure 6 shows the 
dielectric constant ¢ (with respect to the vacuum) calcu- 
lated from the reflectivity as a function of the square of 
the wavelength. The effective mass can be found from 
these data by means of the equation (in mks units): 

eN 
¢=¢,-————__, 
EK" Mop * 


where ¢; is the dielectric constant of the intrinsic ma- 
terial with respect to the vacuum. We obtain for the 
material under consideration mo,* = (0.052+-0.005)m. 
The difference between the dielectric constant at 
296°K and 100°K, fitted as a function of the square of 
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Fic. 4. Faraday rotation produced by an n-type InAs sample as a 
function of the square of the wavelength. 


the wavelength by the least-squares method, gives a 
(1+1.6)% decrease in m,,* with increasing temperature. 


4. DISCUSSION 
(a) Interband Faraday Rotation 


It has been shown in Sec. 3 that the Faraday rotations 
produced by the interband polarizability in GaAs and 
InAs have opposite signs. For GaAs this rotation has the 
same sign as the free electron rotation. The interband 
Faraday rotation has also been measured for GaP, Si, 
InP,’ InSb,® and Ge.’ In all except InSb the rotation 
has the same sign as the free electron rotation. This 
effect can be easily understood for nondegenerate 
valence and conduction bands” (not the real case). In 
this case, the levels in each band coalesce into two 
ladders of Landau levels corresponding to the two pos- 
sible spin orientations. Each ladder has infinite levels 
characterized by the quantum number /=0, 1, 2--- (see 
Fig. 7). The distance between the levels in both ladders 
corresponding to the same / number is determined by 
the effective g factor of the band. In Fig. 7 both g 
factors have been taken positive. Under these condi- 
tions, the only transitions allowed are these for which 
Al=0 and AJ,=+1; AJz=+1 corresponds to circu- 
larly polarized radiation clockwise along the direction of 
motion of the radiation and AJ,=—1 corresponds to 
the counterclockwise polarization. Figure 7 shows that 
for the counterclockwise polarization the transitions 
occur at smaller energies than for the clockwise polariza- 
tion and a larger polarizability for these transitions 
should be expected at energies smaller than the energy 
gap (the probabilities are the same for both transitions). 
Hence a clockwise rotation will result (the free electron 
rotation is also clockwise). If both g factors were nega- 
tive, we should have found a counterclockwise rotation. 
For a positive and a negative g factor, a compensation 
occurs and the sense of the rotation is determined by the 
largest g factor. Actually the valence band at k=0 is 
fourfold degenerate in the absence of a magnetic field 
and the above considerations cannot be applied rigor- 


8 H. Kimmel, Z. Naturforsch. 12, 1016 (1957). 

® 4. K. Walton and T. S. Moss, J. Appl. Phys. 30, 951 (1959). 

10 —, Burstein, G. S. Picus, R. F. Wallis, and F. Blatt, Phys. Rev. 
113, 15 (1959). 
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ously. Exact calculations would only be possible in the 
case of germanium where the valence band energy levels 
in the presence of a magnetic field and the matrix ele- 
ments for the optical transitions have been calculated.” 
The g factor of the conduction band in germanium is 
—3. Hence, to explain the clockwise rotation found 
experimentally, we must conclude that the valence 
band behaves as a nondegenerate band with a positive 
g factor. The same thing must be true for all other 
semiconductor for which clockwise interband rotation 
has been observed. For InAs and InSb the g factors are 
—32 and —54, respectively; the effect of these large 
negative g factors is dominant and a counterclockwise 
rotation is observed. 


(b) Free-Carrier Effect in GaAs 


The conduction band of a semiconductor around the 
(000) minimum, considering only the interaction be- 
tween this minimum and the valence band maximum, 
is given by the solution of" 


E'(E'+2A)(E'+E,+24)—#82(E'+2E,+2A)=0, (3) 


where the energy E= E’+ (h?k®/2m), k is the crystal 
momentum, 24 is the energy gap, 6° is the square of the 
matrix element of the linear momentum between con- 
duction and valence band at k=0, and E, is the spin- 
orbit splitting. For the GaAs samples under considera- 
tion E’~E, E<2A, and E,«<2A; hence from (3) we 
obtain 


Ex —A+(A2+k62)!. (4) 


For the energy bands given by Eq. (4) it is possible 
to show that the Faraday rotation effective mass defined 
by Eq. (1) and the reflectivity effective mass defined by 
Eq. (2) are identical and given by the expression (see 
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1 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 
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Appendix) : 


a) 


xl f(x— nde) 


a a ; . 
f of(e—n)de| 


where m* is the effective mass at the bottom of the band, 
k is the Boltzmann constant, f is the Fermi function, 
and »=Epr/kT, where Er is the Fermi energy. The 
Fermi energy Er can be found from 

v2(kT)'m*) 


’ 


rh' 


“ 5 kT 
| f wh f(a—a)de+—— f 
0 4A Jy 


For completely degenerate statistics, Eq. (5) becomes 


1 1 Er 
—-—|i- | 
Moyp* m* A 


Figure 8 shows the values of the effective mass in n-type 
material found by Moss,” Spitzer and Whelan,” and 
ourselves as a function of the position of the Fermi level 
at 0°K. Some of these effective masses were measured 
at room temperature, but their temperature coefficient 
was shown in Sec. 3 to be very small so that we can 
assume the points in Fig. 8 to be the effective masses at 
0°K. The broken line in Fig. 8 has the slope of Eq. (7). 
The solid line is the least-squares fit to the experimental 
points. The agreement between the theoretical and the 
experimental line is good within the probable error of 
the least-squares fit. 

For the temperature increase in the effective mass 
produced by the nonparabolicity of the band, Eq. (5) 
yields 5.7% for the sample with N= 1.48 10"? cm~ and 
4.8% for the sample with V=2.36X10'*. From these 
increments we have to subtract the decrease in the 
effective mass produced by the thermal expansion of the 


@ 


aAf(e—nde (6) 


(7) 


12 T, S. Moss and A. K. Walton, Proc. Phys. Soc. (London) 74, 
131 (1959). 
18 W. G. Spitzer and J. M. Whelan, Phys. Rev. 114, 59 (1959). 
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lattice.":'> This effect can be estimated by assuming that 
the matrix element £6 is 
m* =? A/s?, we get 


dm* dA OA 1 soV 1 soV dT 
m* A l(;;), Mat? = bog A’ 
where V is the volume, pf is the applied pressure, 
(1/V)(0V/dp)r is the compressibility of the material" 
=1.3210-* cm?/kg, (1/3V)(A0V/dT)p is the linear 
thermal expansion coefficient'® =5.7 10-®(°C)—, and 
(0A/0p)r=7X10-* evXcm?2/kg."? The calculated effect 
between 100 and 296°K is a decrease in m* of 2.5%. 

A net increase in mo,* between 100 and 296°K of 
3.2% should thus be observed for V= 1.48 10!7 cm= 
and an increase of 2% for V=2.36X 10'8. These values 
are in good agreement with the experimental ones 
described in Sec. 3. 


constant. Differentiating 


(8) 


(c) Free Carrier Effect in InAs 


The approximations E&2A and E,<«2A introduced in 
Eq. (3) for GaAs are not valid in general for InAs. For 
the measured material, however, E<2A+2E, and we 
can write in first approximation : 

24+4E, 
E=—A+(A?+F*y)!, with y=, : 
2A+E, 
which is similar to Eq. (4). A second order correction to 
Eq. (9) can be found for k*y*«<A? by expanding Eq. (3) 
in a power series of k*y?/A?. We get 
7 . y' 


E= (1—2A A)’, 


-——_G— 
B,radiation 


| 


ro 
Js J**3 


a 
B, radiation 


Jety 











Fic. 7. Energy levels and allowed transitions for nondegenerate 
energy bands with positive g factors with an applied magnetic field 
along the direction of the incident radiation. 


4 J.C. Phillips, Phys. Rev. 113, 147 (1959). 

1° J. Callaway, J. Electron. 2, 330 (1957). 

16H. Welker, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1956), Vol. III, p. 51. 

17D. M. Warschauer and W. Paul (private communication). 
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For InAs, 2440.1. We can take care of this correc- 
tion by using Eq. (9) with an effective energy gap 10% 
larger than the real one. Thus, for Er<A (sample with 
N=4.9X10'® cm-*), Eq. (5) can be used with 10% 
higher than the corresponding value for InAs. When Er 
is not much smaller than A (sample with V=5.17 x 10"* 
cm~*), this series expansion is not usable and Eqs. (4) 
and (5) are not valid. One can, however, find a simple 
exact expression for V and m* at 0°K for the approxi- 
mate energy band of Eq. (9). Substituting Eq. (9) 
into (11): 


1 
= fees B—Ey)dk / 
Mo,,* 


»p 


[si f se enyae (11) 


1 . 
V = J s@-Enudk, 
dar’ 


one finds exactly at 0°K: 
1 y’ 


Ep}(Er+2A)! 
og” : Ert+A , 


(12) 
39 

In this case one can also calculate the variation of mo,* 
with temperature for Ey>>kT by using the expansion’: 


ns of 
- f 6) —aE=0(Er) 


ol 
r a’ 
n ary( ) + 
6 dk?/ rp 


where ¢ is an arbitrary function of the energy. 

Figure 9 shows the effective mass of InAs found by 
Spitzer and Fan‘ and the values reported in this work 
as a function of carrier concentration. The solid curve 
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Fic. 8. Effective mass of n-type GaAs as a function of the position 
of the fermi level. 
18 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1954), p. 13. 
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has been calculated by using Eq. (12) and the value of 
Moy* found for V=4.9X 10'* cm-, 

For V=4.8X 10'* cm~ Eq. (6) yields a 16% increase 
in m* between 100 and 296°K. To calculate the effect 
produced by the thermal expansion we assume that the 
compressibility of InAs is 7X 10~’ cm?/kg, the average 
between the compressibilities of InSb and Ge, as no 
experimental data for InAs have been found in the 
literature. If the pressure coefficient of the energy gap is 
taken to be 1.5X10-> evXcm?/kg, the same as for 
InSb,” one finds a decrease of 8°% in m* between these 
temperatures. This yields a net increase of 8% with 
increasing temperature which, considering the inac- 
curacy of the above estimate, is in reasonable agreement 
with the 5% found experimentally. 

For the InAs sample with V=5.17X 10'S cm-, the 
nonparabolic effect can be calculated by using Eq. (13). 
The effective mass increases with temperature because 
of the spread in the Fermi distribution but also de- 
creases because of the lowering of the Fermi level. The 
net calculated effect is smaller than 1%. The effect of 
the thermal expansion can be calculated from Eq. (12) 
taking into account the A dependence of y given by 
Eq. (9). A 2% decrease in m* between 100 and 296°K 
is found. This value reasonably agrees with the experi- 
mental value reported in Sec. 3. 
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APPENDIX 


The free-carrier polarizability for arbitrary energy 
surfaces can be calculated from Eq. (11). For spherical 
energy surfaces the integral which appears in the 

9 W. Paul, J. Phys. Chem. Solids 8, 196 (1959). 
*” D. Long, Phys. Rev. 99, 388 (1955). 
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numerator of Eq. (11) can be written: 


f VE f(E—Ep)dk 


at 
= inf (» 
o aE 


where & is the magnitude of k. Under the same assump- 
tion the carrier density becomes: 


dE 
) {(E—Ep)dE, (Al) 
dk 


1 ¢ 1 i 
N = fie-e \dk =— f k{(E—Ep)dk. (A2) 
4? rT 


Let us assume that the energy can be expanded in power 
series of k as follows: 


E=Ak*+ B’k'+---. (A3) 


By substituting Eq. (A3) into Eq. (A1) and neglecting 
all powers of & higher than &*, we find 


[verse-En id= f A"(3AR+4B’k*) fdE. (A4) 


Solving Eq. (A3) for & and substituting into Eq. (A4), 
we obtain 


* 3k 5 B’ 
feesE- Enh f 1 +— blue. (AS) 
P A} 6 A? 


By substituting Eq. (A3) into Eq. (A2) we find the 
carrier density : 


(A6) 


Equations (A5) and (A6) substituted into Eq. (11) 
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yield the reflectivity effective mass: 


0 


| f kTx3 f(x—n)dx | 
2A 10 B’ Jy | 
=—/] 1+ —}|. 


(A7) 


The Faraday rotation per unit length can be calculated 
from the expression,” 


Be’ Of(E— Ep) 
quieras f 
Sr nh*encu* OF 


OE @E CE dE VE 
x| “e | dk, 
Ok, Ok,Ok, Ok, dk-IJOR, 


which for spherical energy surfaces becomes 


Be’ 0 
6=— -f f(E— Ep) 
Or nhtenca J 


dE PE 
x| ( ) + 2k( ) ke 
dk dk? 


Substituting Eq. (A3) into Eq. (A9), we obtain 


Be , 25 B 
A= fe( L pak, (A10) 
2x nh*eocw” 6 A? 


Equations (A10) and (A2) compared with Eq. (1) 
yield for the Faraday rotation effective mass the value 
given by Eq. (A7). The Faraday rotation effective mass 
has thus been shown to be identical with the reflectivity 
effective mass for energy bands of the form (A3). 
Substituting into Eq. (A7) the values of A and B found 
by expanding Eq. (4), Eq. (5) is found. 


21M. J. Stephen and A. B. Lidiard, J. Phys. Chem. Solids 9, 43 
(1959). 
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The physical properties of single crystals of the noncubic I-V semiconducting compounds ZngAso, 
ZnAs2, ZnSb, Cd3As2, CdAse, and CdSb have been investigated. Energy gaps in these materials vary from 
approximately 0.13 to 1.0 ev. Mobilities at 297°K range from 10 cm?/volt sec to 15 000 cm*/volt sec and 
increase at low temperature. Resistivity and mobility anisotropy have been investigated in detail for 
CdAs». Except for the A;!B,Y compounds, high optical transmission has been observed from the intrinsic 


edge to approximately 30 microns. 


INTRODUCTION 

HE purpose of this paper is to describe in general 

the physical properties of the II-V semicon- 
ductors: Zn3Ase, ZnAse, ZnSb, Cd3Ase, CdAse, and 
CdSb. The preparation, purification and crystal growth 
have been carried out by Silvey, Lyons, and Silvestri 
and are described elsewhere.'* All measurements were 
on single-crystal material and more emphasis was 
placed on CdAs2** and CdSb* than the other com- 
pounds because the technology of crystal growth was 
more advanced and the physical properties of these 
were found to be interesting. 


EXPERIMENTAL 

Hall effect and resistivity measurements were made 
using conventional de methods. The thermal conduc- 
tivity and Seebeck coefficients were measured at room 
temperature using the method described by Harman 
el al.® This consists of allowing the Peltier heat gener- 
ated at the current contacts to maintain a temperature 
gradient along the sample. From measurements of this 
gradient and the associated thermal voltages produced 
across the sample, one can calculate the Seebeck 
coefficients and the thermal conductivity. Transmission 
and reflection measurements were made at 300° and 
77°K on optically polished monocrystalline samples in 
the spectral range of 0.8-38 microns. Absorption 
coefficients and reflectivities were calculated from these 
data using the well-known formulas for the transmission 
and reflection coefficients for a plane parallel plate. 
The x-ray data referred to are by various workers’ 
“IGA Silvey, V. J. Lyons, and V. J. Silvestri (to be published). 

2G. A. Silvey and V. J. Lyons, J. Electrochem. Soc. 106, 61C 
(1959). 

3 W. J. Turner, A. S. Fischler, and W. E. Reese, J. Electrochem. 
Soc. 106, 206C (1959). 

4A. S. Fischler (to be published). 

6 W. J. Turner, A. S. Fischler, and W. E. Reese Proceedings of 
the Prague Semiconductor Conference (to be published). 

6 T. C. Harman, J. H. Cahn, and M. J. Logan, J. Appl. Phys. 
30, 1351 (1959). 

7M. V. Stackelberg and R. Paulus, Z. physik. Chem. B28, 427 
(1935). 

8K. E. Almin, Acta. Chem. Scand. 2, 400 (1948). 

°H. Cole, F. W. Chambers, and H. Dunn, Acta Cryst. 9, 685 
(1956). 

10M. E. Senko, H. M. Dunn, J. Weidenborner, and H. Cole, 
Acta Cryst. 12, 76 (1959). 

11N. R. Stemple and M. E. Senko, Acta Cryst. (to be pub- 
lished). 


while the cyclotron resonance studies were made at 
24 000 and 35 000 Mc/sec at helium temperatures by 
Stevenson.!?-!8 


GENERAL 


Table I outlines some of the general properties of the 
materials. It should be noted that none of the materials 
are cubic. Therefore, it was necessary to make measure- 
ments as a function of crystai orientation. The electrical 
and optical properties of ZnAsp and CdAse showed 
marked anisotropy. For CdAsy it was possible to inter- 
pret the results of a detailed study of the anisotropy. 
Irreversible changes in the Hall coefficient and resis- 
tivity are observed above 400°K in all cases as a result 
of thermal dissociation of the compounds. Conse- 
quently, most electrical measurements were made in 
the temperature range of 77-400°K. This meant that 
the intrinsic electrical properties usually could not be 
measured. The gaps were, therefore, determined from 
optical absorption data. There does not appear to be 
any simple relationship between the energy gap and 
the melting point as has been observed for other 
materials, e.g., III-V compounds. In fact it is difficult 
to discern any trends in the energy gaps. For example 
Zn3Asz and ZnAsz have comparable gaps while Cd3Ase 
has a small gap compared to CdAse. Moreover, ZnSb 
and CdSb have gaps which are of the same order of 
magnitude and approximately 3 times that of Cd3Aso. 

The approximate Hall mobilities at room temperature 
are shown. The six compounds have a wide range of 
mobilities. The hole mobilities in the zinc compounds 
are very low. In the cadmium compounds hole mobility 
has been measured only for CdSb where it is consider- 
ably greater than in the zinc compounds. Judging from 
cyclotron resonance effective mass data the holes in 
CdAse might be expected to be more mobile than the 
electrons; hence, more mobile than the holes in ZnAso. 
An increase in mobility and decrease in gap are observed 
in other compounds as the metallic atom is replaced 
with one of higher atomic number but in the same 
group, e.g., AlSb, GaSb, InSb. Thus, the higher 
mobilities in the cadmium compounds are consistent 
with this trend. The electron mobility in Cd3Asz is very 


2M. J. Stevenson, Phys. Rev. Letters 3, 464 (1959). 
‘SM. J. Stevenson, Proceedings of the Prague Semiconductor 
Conference (to be published). 
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TaBLe I. General physical properties of several II-V semiconductors." 





Lowest 

Melting carrier 
point 
(°C) 

1015¢. 
7684 


AEop 
(ev) at 
297°K 
0.93 
E\\c, 0.90 
E Le, 0.93 
0.53 


Com- 


pound Type 


Crystal 

system? (cm=*)e 

“108 
1016 


Zn3As2 p tetragonal 


ZnAs2 p 


monoclinic 


ZnSb orthorhombic 4x 108 


Cd3As2 tetragonal 0.13 


3X 10'8 


CdAse E\\c, 1.00 


Ele, 1.04 


5x 10" 


tetragonal 


CdSb orthorhombic 456° 0.46 10'6 


concentration 


Mobility 

at 297°K 

(cm?*/volt 
sec) 
50 


Thermal Thermo- 
conductivity electric 
(watts/cm power 


(uv/°K) 


Effective mass 


10 1.110 110 mi/my=0.175+0.010« 
m,/mo=0.146+0.010 

Sign of carrier unidentified 
m* /m,y=0.10+0.05 
electrons 


15 000 1.1107 


a axis, 100 
c axis, 400 


mi/mo=0.150+0.030! 
m,/mo=0.580+0.040 
electrons 
m,/my=0.094+0.030 
m:/mo=0.346+0.025 


holes 
mi/mo=0.140+0.010! 
m:/mo=0.159+0.010 

Sign of carrier unidentified 


1X10 300! 





* See note added in proof. 
» See text for references. 


M. Hanson, Constitution of Binary Alloys (McGraw-Hill Book Company, Inc., New York, New York, 1958), 2nd ed 


4V. J. Lyons, J. Phys. Chem. 63, 1142 (1959). 
« Undoped material. ; 
! For carrier concentration of 10'* cm~3. 


« M. J. Stevenson, Proceedings of the Prague Semiconductor Conference (to be published). 


high considering the carrier concentration. For CdAse 
the electron mobility in the ¢ direction is four times 
that in the a direction. 

Despite low room-temperature mobilities and rela- 
tively large carrier concentrations, cyclotron resonance 
has been observed in CdAso,”'* CdSb and ZnSb." A 
comprehensive discussion of the cyclotron resonance 
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Fic. 1. Hall coefficient and resistivity of an undoped sample 
(E-29-1) and a selenium-doped sample (E-34-1) of p type 
Zn3Asz. 











data will be presented by Stevenson in a forthcoming 
paper.“ An average value of electron effective mass in 
Cd3As2 was obtained from optical and thermoelectric 
data. The approximate room temperature values of 
carrier concentration, Hall mobilities, thermal conduc- 
tivities, and Seebeck coefficients are also listed for 
convenience. 


DETAILED RESULTS AND DISCUSSION 
Zn;As> 


Below 659+3°C zinc arsenide (Zn3Ase)!5 is tetrag- 
onal with a c/a ratio of 2.007. This form is called 
the a phase while the phase which exists above 659+3°C 
is called the 8 phase and has an unknown crystal 
structure. The electrical properties of two p-type 
samples of Zn3As2 are shown in Fig. 1. Measurements 
carried out above 400°K resulted in irreversible changes 
in the Hall coefficient and resistivity due to thermal 
decomposition. The dashed curves are a semilogarithmic 
plot of Hall coefficient vs 10°/7. The lower curve is 
for an undoped sample while the upper curve is for a 
selenium-doped sample. The semilogarithmic plot of 
resistivity vs 10°/T is shown (solid lines) for the same 
samples. The lower resistivity is for the undoped 
sample. As demonstrated in these curves for Se it was 
found that group VI elements act as compensators in 
p-type Zn3Aso. Therefore, as was described by Silvey 
and co-workers' great pains were taken to remove 


4M. J. Stevenson (to be published). 


18 G,. A. Silvey, J. Appl. Phys. 29, 226 (1958). 
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sulfur and selenium which are always present in arsenic 
and are not detectable spectroscopically. The Hall 
coefficient for the undoped E-29-1 sample is almost 
flat over the temperature range and indicates a net 
hole concentration of approximately 10'® cm-*, A 
logarithmic plot of mobility vs absolute temperature is 
shown for the same samples in Fig. 2. At higher temper- 
atures the mobility follows a 7—'" law. As one might 
expect for the Se-doped sample the onset of impurity 
scattering occurs at higher temperatures than for the 
undoped sample. The values of mobility for the doped 
sample above 100°K are somewhat higher than the 
undoped sample. This is not to be expected and may 
result from differences in orientation of the two samples. 
The optical absorption coefficient K vs photon energy 
in ev is shown in Fig. 3. The optical edge from this 
curve is taken to be 0.93 ev. 


ZnAs>» 


Although the semiconducting behavior of ZnAse has 
been reported earlier by Heike'® and Fritzsche,"’ rela- 
tively little physical information has been published. 
Von Stackelberg and Paulus’ reported ZnAsz to be 
orthorhombic. However, Senko" and co-workers have 
found it to be monoclinic. 

Measurements of Hall coefficient and resistivity for 
p-type ZnAs,'* samples were made in the temperature 
range 77° to 600°K. Above 400°K the thermal dissoci- 
ation of ZnAse into Zn3sAs2 and As, prevented repro- 
ducible electrical measurements. . Nevertheless, an 
intrinsic gap of approximately 1.2 ev was obtained from 
the resistivity data. 
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Fic. 2. Temperature dependence of the Hall mobility in Zn3Asz2 
for the samples of Fig. 1. 


16 W. Heike, Z. anorg. Chem. 118, 264 (1921). 

17 C, Fritzsche, Ann. Physik 17, 94 (1955). 

18 W. J. Turner, A. S. Fischler, V. J. Lyons, and W. E. Reese, 
Bull. Am. Phys. Soc. 3, 379 (1958). 
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Fic. 3. Optical absorption coefficient as a function of photon 
energy for a typical sample of Zn3Asz. 
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Fic. 4. Resistivity of three oriented samples of ZnAsz cut from 
the same single crystal. 
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field and sample current. These measurements indicated 
comparable Hall anisotropy. At room temperature the 
average value of the Hall coefficient would indicate a 
net carrier concentration of 10'* cm~*. The large 
anisotropy in the resistivities and the Hall coefficients 
which increases with decreasing temperature may result 
from (1) the presence of multiple valence bands as 
suggested by Fox’ or (2) the presence of unknown 
inhomogeneities introduced during crystal growth. 
Since pressure contacts were unsatisfactory the usual 
method of resistivity profiling could not be used. This, 
coupled with the low symmetry, made it impossible to 
distinguish the effect of inhomogeneities from true 
t electrical anisotropy. 
le 65 0 IS 20 25 Optical transmission studies have been made on 
SELES - ONES oriented single crystals. Figure 5 shows the transmission 
Fic. 5. Optical transmission of ZnAs2 (uncorrected for reflection asa function of wavelength for light traveling in the c 
err age py nn they wavelength for unpolarized light propa- direction through an optically polished single crystal 
plate 0.94 mm thick. The curve is uncorrected for 
reflection losses. The optical gap as determined by 
extrapolating the slope of the curve of absorption 
coefficient vs photon energy to zero absorption is 0.92 
ev. Transmission curves for the light traveling in the 
a’ and 6b directions are similar in shape, but differ in 
magnitude as might be expected for an anisotropic 
crystal. All samples exhibit high transmission from the 
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Three oriented samples of ZnAsg E-23A were cut 
with their lengths parallel to the directions a’, b, and 
c, as shown in the upper left-hand corner of Fig. 4. 
The 6 and ¢ refer to crystal axes, while a’ is normal to 
b and ¢ and is inclined at approximately 12° to the 
monoclinic a axis. 

At room temperature the resistivity in the a’ direction 
is a factor of ten larger than the resistivity in the c 
direction. At nitrogen temperature this factor increases the transmission gradually decreases and finally falls 
to 1000. For the same temperature range, Hall measure- to zero at about 32 microns. An average value of 3.38 
ments were made for various orientations of magnetic _ for the index of refraction was determined from multiple 


intrinsic edge to the 19-micron absorption band. Then 
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ZnAsz for two orientations of the 
E vector. 


PERCENT TRANSMISSION 
Oo 


nm 
(eo) 


i 


a 


a 
—__—. 


E vector 


Ce ad 8) 


1.5 1,6 1.7 1.8 
WAVELENGTH , A, microns 











TD). Fox, Bull. Am. Phys. Soc. 3, 379 (1958). 





PHYSICAL PROPERTIES OF SI 
rellection peaks in the transmission curve of a thin 
unoriented sample with nonpolarized light. Perhaps 
the most interesting feature of ZnAse other than the 
resistivity anisotropy can be seen in the results of 
polarized light transmission studies near the edge. 
Figure 6 shows the transmission vs wavelength for a 
“b axis” sample. The higher transmission occurs when 
the # vector is perpendicular to the ¢ axis. For £ 
parallel to the ¢ axis the transmission is reduced by 
30%. Part of this drop is due to a change of the index 
of refraction. However, only about 7% absolute out 
of 20% absolute change could be attributed to reflection 
loss differences. It also is significant that the apparent 
gap for E perpendicular to the ¢ axis is approximately 
0.03 ev larger than for Z parallel to the c axis. Although 
both the electrical and optical measurements indicated 
that ZnAs¢ is highly anisotropic, it is apparent that the 
low symmetry as well as crystal inhomogeneities make 
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Fic. 7. Hall coefficient and resistivity of sample 
P-9 of p-type ZnSb. 
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investigation of the nature of this anisotropy very 
difficult if not impossible. 


ZnSb 

This material is orthorhombic.* As grown it was p 
type with a net carrier concentration of approximately 
4X 10'* cm obtained from Hall data (Fig. 7). The 
Hall mobility (Fig. 8) at 300°K as computed from R/p 
is only 10 cm*/volt sec. Even with this high carrier 
concentration it was possible to get an appreciable 
amount of light through several optical samples. The 
optical absorption coefficient vs photon energy obtained 
for a typical sample is seen in Fig. 9. Although the 
intrinsic edge is quite rounded it is still possible to 
estimate the gap at approximately 0.53 ev. Further 
work is in progress to determine this more precisely. 
The long-wavelength cutoff is near 27 microns or 0.045 
ev. Cyclotron resonance absorption measurements by 
Stevenson indicate the surfaces of constant energy for 
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Fic. 8. Temperature dependence of the Hall mobility for the 


sample of ZnSb shown in Fig. 6. 


one of the carriers are slightly prolate spheroids with a 
symmetry axis along the a direction."* Room tempera- 
ture thermal measurements on ZnSb yield a Seebeck 
coefficient of 110 wv/°K and a thermal conductivity of 
1.1X10-* watt/em °K for the 4X10'*-cm-* hole 
concentration. 


Cd;As> 


Cd3As2 is tetragonal’ with a solid-solid phase 
transition at 578°C.2! While this transition leads to 
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Fic. 9. Optical absorption coefficient of ZnSb, as 
function of photon energy. 


* N. R. Stemple (private communication). 
21M. Hanson, Constitution of Binary Allows (McGraw-Hill 
Book Company, Inc., New York, 1958), 2nd ed., p. 156. 
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ES Fic. 10. Hall coefficient and resistivity of a sample of n-type 
&Cd;Ase cut from a pulled crystal. 





extremely poor physical appearance of the crystals, 
Cd3Asz has the highest electron mobility of all the II-V 
compounds studied. Rosenberg and Harman” have 
reported room temperature mobilities as high as 10 000 
cm?/volt sec while the authors, have measured a Hall 
mobility of 15000 cm?/volt sec at room temperature 
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Fic. 11. Optical absorption coefficient as a function of photon 
energy for a sample of n-type Cd3Aso. 


* A. J. Rosenberg and T. C. Harman, J. Appl. Phys. 30, 1621 
(1959). 
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on pulled crystals with a mobility temperature variation 
of T-°-88, The technique of growing the crystals affected 
mobility greatly. Mobilities at room temperature varied 
from about 4000 cm?/volt sec for crystals grown by a 
directional freeze method to 15000 cm?/volt sec for 
pulled crystals. Figure 10 shows a typical plot of R and 
p vs 10/7. While the data is shown only to 77°K the 
measurements have been extended to helium temper- 
ature. Even at the lowest temperatures the Hall 
coefficient continued to be flat and the resistivity never 
reached a minimum. Moss” has reported an electrical 
gap for Cd3Asz of 0.14 ev while a value of 0.13 ev seems 
appropriate from a plot of absorption coefficient vs 
photon energy (Fig. 11). An estimate of the electron 
effective mass of 0.1m+0.05m) was obtained from 
(1) the value of the absorption coefficient in the free- 
carrier region, (2) the wavelength of the minimum in 
reflectivity due to the electronic contribution to the 
electric susceptibility at long wavelengths, and (3) the 
value of the thermoelectric power. 

For samples of net electron concentration of approxi- 
mately 3X10'® cm, a room temperature Seebeck 
coefficient of 143 uv/°K and a thermal conductivity of 
0.11 watt/cm °K was observed. 


CdAs> 


As grown CdAs, is n-type. The purest material 
studied had a net electron concentration in excess of 
5X10" cm-*. Since CdAsz is tetragonal," both Hall and 
resistivity are tensor quantities. It can be shown that 
the number of independent components of the Hall 
tensor is two, corresponding to the cases when H is 
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Fic. 12. Hall coefficient for several oriented samples of n-type 
CdAsz in the extrinsic temperature range. 


*8T. S. Moss, Proc. Phys. Soc. (London) B63, 167 (1950). 
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parallel and H is perpendicular to the fourfold symmetry 
axis (c axis).2* The Hall coefficient has been studied as 
a function of sample orientation and direction of 
magnetic field. Within experimental error the inde- 
pendent components of the Hall tensor are equal.‘ The 
Hall coefficient R vs 10°/T is shown in Fig. 12 for 
several samples. The variation in R is small over the 
temperature range of 77-295°K and can be attributed 
to a change in the scattering mechanism. 

Resistivity vs 10°/T is shown in Fig. 13 for the 
samples of Fig. 12. Both resistivity and Hall data 
indicate a region of predominantly lattice scattering 
from 77-295°K. The Hall mobility varies approxi- 
mately as 7—! although in no sample did logu show a 
linear dependence on log7 over an extended tempera- 
ture range. 

There are two independent components of the resis- 
tivity tensor corresponding to the principal @ and c 
directions. Samples E-10P2-A and E-10P2-C were cut 
from adjacent slices of the same crystal with their 
length parallel to a and c crystal axes, respectively. 
Since their carrier concentrations were the same, the 
ratio of Hall mobilities could be directly determined 
from the resistivity data. 
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*4 J. F. Nye, Physical Properties of Crystals (Oxford University 
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Fic. 14. Optical transmission of a polished plate of CdAse cut 
perpendicular to the ¢ axis. The curve is uncorrected for the 
reflection loss which was approximately 399. 


Resistivity anisotropy with isotropic Hall coefficient 
indicates that the surfaces of constant energy may be 
represented by ellipsoids of revolution oriented along 
the c axis of the tetragonal system, i.e., the axis of 
fourfold symmetry.”®> An isotropic relaxation time is 
indicated by the same temperature variation of the 
mobilities. Using a single ellipsoidal model and an 
isotropic relaxation time the ratio of electron effective 
mass in the @ direction to that in the c direction is equal 
to the resistivity ratio. The value so obtained is 4.0. 
This is in good agreement with the value of 3.87 
obtained by Stevenson”: from cyclotron resonance. 

The absence of a longitudinal magnetoresistance 
supports the assumption of c-oriented constant energy 
surfaces. The mobility computed from the transverse 
magnetoresistance assuming ellipsoidal energy surfaces 
and lattice scattering is in substantial agreement with 
the Hall mobility. 

CdAs2 shows maximum optical transmission for non- 
polarized light when the light is propagated along the 
¢ axis of the crystal. A typical curve of transmission vs 
wavelength is shown in Fig. 14 for a polished plate 
0.026 cm thick cut perpendicular to the ¢ axis. The 
curve is uncorrected for reflection losses. The high flat 
transmission over the wide spectral range makes this a 
potential infrared window material. Polarized light 
studies have been carried out near the intrinsic edge. 
Figure 15 shows the results for light propagated 
perpendicular to a sample containing the c axis in the 
plane of the sample. From these curves the apparent 
optical gaps are 1.04 ev for the & vector perpendicular 
to c and 1.00 ev for E parallel to c. In the straight-line 
region of the edge, one notes that the absorption coeffi- 
cient for £ parallel to the ¢ axis is almost double the 
value for E perpendicular. As suggested by Dumke,? 
this could mean that the matrix element between the 


2» V. A. Johnson, Phys. Rev. 75, 1631 (1949). 
26 W. P. Dumke (private communication). 
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valence and conduction bands of the component of the 
momentum operator parallel to the c axis is greater 
than the matrix element of the component perpendicular 
to the ¢ axis. This is consistent with the observed 
effective-mass data. 


CdSb 


While several investigators®§"-*? have reported on 
electrical and thermal properties of CdSb, until recently 
optical data were not available.*> The optical absorp- 
tion coefficient as a function of photon energy (Fig. 16) 
has been measured at 78°K and 300°K. The optical 
energy gap is found to be 0.465 ev at 300° and 0.585 ev 
at 78°K. If it is assumed that the energy gap E, depends 
on temperature as /,(7)=£,(0)+a7, then a value of 
—5.4x10- ev/°K is found for a. 

Resistivity measurements (Fig. 17) on single-crystal 
samples of p-type CdSb give a value of about 0.5 ev 
for the energy gap extrapolated to absolute zero. To 
obtain the energy gap from the Hall curve (Fig. 17) 
at elevated temperatures one must know the tempera- 
ature variation of u./u,<1, where u, and y, are electron 
and hole mobilities, respectively. 

The extrinsic behavior of p-type materials shows a 
marked dependence upon impurity scattering. At any 
given temperature an increase in the Hall constant 

27 E. Justi and G. Lautz, Z. Naturforsch. 7a, 191 (1952). 

8 E. Justi and G. Lautz, Z. Naturforsch. 7a, 602 (1952). 

*” E. Justi and G. Lautz, Abhandl. braunschweig. wiss. Ges. 4, 
107 (1952). 

* 7. M. Pilat, Phys. Metals and Metallography 4, 31 (1957). 

31 G, Kretschmar, R. F. Potter, and P. R. Bradshaw, Bull. Am. 
Phys. Soc. 4, 134 (1958). 

# J. Yahia and R. Overstreet, Bull. Am. Phys. Soc. 4, 134 
(1958). 

33 A, Euchen and G. Geldhoff, Bull. Physik Ges. 169 (1912). 

* V. A. Iurkov and N. W. Alekseeva, Soviet Phys.-Tech. Phys. 
1, 898 (1957). 

55 H. Hida, Kanazawa Daigaku Kogakubu Kiyo 2, 6 (1957). 

35 A. J. Strauss, J. Electrochem. Soc. 106, 206C (1959). 

37 G. Lautz, Z. Naturforsch. 8a, 361 (1953). 
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from sample to sample, corresponds to a lower resis- 
tivity (Fig. 17) and to a stronger mobility-temperature 
dependence (Fig. 18). 

Lautz*’ reported no reversal of the sign of the Hall 
coefficient to temperatures approaching the melting 
point (734°K). However, Silvestri*® has measured a 
cadmium vapor pressure above CdSb of 10-* mm 
Hg at 560°K, and the authors have found CdSb 
to become more p-type due to loss of cadmium. There- 
fore care must be exercised in attributing the lack of a 
Hall reversal to up> pe. 

Indium-doped material prepared in this laboratory 
which showed n-type conductivity at room temperature 
exhibited reversals in the sign of the Hall coefficient 
both at lower temperatures (200°K) and _ higher 
temperatures (400°K). Upon thermal cycling to 
(525°K) the n-type region disappeared. 

Thermal measurements were made using the appa- 
ratus previously mentioned. For silver-doped CdSb 
with a hole concentration of 3 10'* cm~* the Seebeck 
coefficient was 323 wv/°K and the thermal conductivity 
was 10-* watt/cm °K. 


SUMMARY 


The II-V semiconductors studied are noncubic with 
complex unit cells. Nevertheless, cyclotron resonance 
measurements in CdAss, CdSb, and ZnSb indicate 
relatively simple constant-energy surfaces. This pro- 
vides a basis for analysis of the results of other physical 
data. The thermal dissociation of the compounds at 
relatively low temperatures (7 >400°K) makes high- 
temperature electrical and thermal studies difficult. 
This complicates the interpretation of the absence of 
Hall reversals in p-type Zn3As2, ZnAs2, and CdSb. 
Although the temperature variation of the mobilities 
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Fic. 16. Optical absorption coefficient versus photon energy for a 
typical sample of p-type CdSb at 300°K and 78°K 


% V. J. Silvestri, J. Phys. Chem. 64, 826 (1960). 
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may be such that at elevated temperatures the electron 
mobility is less than the hole mobility, e.g., CdSb, this 
cannot be established by electrical measurements 
without regard to thermal dissociation. 

The compounds show a wide spectrum of mobilities 
(see Table I) with the electron mobility of Cd;As. 
comparable to that of the highest reported for semi- 
conductors at 3 10!8 cm-*. 

Both ZnAsz and CdAs2 show marked anisotropy in 
their optical and electrical properties. For CdAs» the 
anisotropy of the Hall mobility can be directly related 
to the oblate ellipsoids of constant energy for a single 
conduction-band minimum at k=0. Additional trans- 
port experiments as well as direct observation by 
cyclotron resonance of effective mass anisotropy support 
this simple energy-band model. 

ZnAse, ZnSb, CdAse, and CdSb all show a wide 
region of high optical transmission while Cd;Ase shows 
free-carrier absorption and dispersion in reflectivity 
due to free-carrier resonance. Finally, both CdSb and 
ZnSb have low thermal conductivities. These properties 
serve to point the way toward future detailed studies. 
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Nole added in proof. The following additional infor- 
mation on ZnSb, Cd;Ase, and CdSb was obtained after 
the paper was submitted for publication. 

ZnSb. The authors have measured a value of hole 
mobility of 10 cm?/volt sec at room temperature. Mo- 
bility values as high as 300 cm?/volt sec have been 
reported.® 

Cd3A 5s». Zdanowicz® reports an electrical energy gap 
of 0.14 ev and effective mass value of 0.05m) from 
thermoelectric power measurements. 

CdSb. Stourac, Tauc, and Zavetova*' and Andronik 
and Kot® report anisotropy of the Hall coefficient and 
resistivity with a resulting hole mobility anisotropy. 
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Impurity conduction at low temperature was investigated for 
various p- and n-type silicon samples. Emphasis was placed on 
the study of samples of low impurity concentration where the 
conduction is attributed to charge exchange between impurity 
centers which are partially ionized by some compensating im- 
purity. A new method was used to determine the compensation. 
Donors were added to p-type samples by heat treatment. From 
changes in the room temperature resistivity and the Hall co- 
efficient in the deionization range, the added compensation and 
the original compensation were determined. The measurement of 
various samples gave the dependence of the activation energy of 


conduction on impurity concentration and degree of compen- 
sation. The activation energy was much larger for the Ga- and 
Al-doped samples than for the B-doped samples of comparable 
impurity concentration. However, it was found that the high 
activation energies may be the result of ion-pairing between 
gallium or aluminum atoms and the compensating impurity in 
the sample. The conductivities of the various samples may be 
correlated by an expression of conductivity which involves the 
impurity concentration and the radius of impurity wave function. 
The results are discussed in the light of current theories of im- 
purity conduction. 





I. INTRODUCTION 


HE resistivity and Hall coefficient of silicon 

exhibit the characteristics of impurity con- 
duction at sufficiently low temperature.'~* The Hall 
coefficient passes through a maximum and the resis- 
tivity increases more slowly with decreasing tempera- 
ture, corresponding to an activation energy which is 
much lower than the ionization energy of the impurity. 
These phenomena are indicative of impurity conduc- 


tion which has been observed in various semicon- 


ductors.‘ The most extensive investigations have been 


made in the case of germanium,*-” in which the 
impurity conduction was first discovered by Hung and 
Gliessman.® Measurements on samples of a wide range 
of impurity concentration’® suggest that different 
conduction processes may be distinguished. 

At high impurity concentration, the conduction may 
be explained in terms of an impurity band formed as a 
result of the overlapping of the wave functions of 
neighboring impurity atoms.*"-* Carriers in this band 
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may give conduction. The presence of compensating 
impurities is not necessary. At low impurity concen- 
tration, overlapping of the wave functions is not 
sufficient to form a band. The carriers are localized on 
the isolated impurity atoms at low temperature. Con- 
duction is not possible in a set of weakly interacting 
impurities which are all neutral. However, any com- 
pensating impurity that is present ionizes some of the 
majority impurity atoms. Charge exchange between 
the neutral and the ionized centers becomes possible, 
giving rise to conduction. Thus an ionized center may be 
considered as having a carrier for impurity conduction. 
Atoms of the compensating impurity are permanently 
ionized and do not actually take part in the conduction, 
but their presence is essential. 

At Purdue, the concept of two different types of 
impurity conduction evolved in the course of experi- 
mental investigation made on germanium.®’ The 
concept has been used also in various treatments of the 
problem by different authors, including Gudden and 
Schottky,!® Schottky,!® Conwell,” Aigrain,'® and Mott.” 
A clear contrast between the effects of added compen- 
sation on the different types of impurity conduction 
was shown experimentally by Fritzsche® in the case of 
germanium. For silicon, such investigation was made 
by using deuteron irradiation to introduce controlled 
amount of compensation.” These results seem to be 
consistent with the concept. 

The conduction at low impurity concentration is 
pictured as the jumping of carriers among majority 
impurity centers. The simplest mechanism is resonance 
jumping.” However, such mechanism cannot account 
for the existence of an activation energy. The most 
satisfactory explanation of the activation energy seems 

16 B. Gudden and W. Schottky, Z. tech. Physik 16, 323 (1935). 

16 W. Schettky, Manuscript of Zurich Seminar, 1955 (un- 
published). 

17 E. M. Conwell, Phys. Rev. 103, 51 (1956). 

‘8 P. Aigrain, Physica 20, 978 (1954). 

9 N. F. Mott, Can. J. Phys. 34, 1356 (1956). 

*T. A. Longo, R. K. Ray, and K. Lark-Horovitz, J. Phys. 
Chem. Solids 8, 259 (1959). 
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to be that advanced by Mott.” The activation energy 
is attributed to the Coulomb attraction between the 
charged atoms of minority impurity and the carriers of 
impurity conduction. The Coulomb field of the charged 
minority atoms makes the majority impurity sites 
nonequivalent. This tends to inhibit resonance jumping 
of carriers.”!*!6 Theoretical treatments based on 
phonon-assisted jumping have been given recently by 
several authors.”-*4 

Whatever the process, the motion of charge carriers 
from one impurity atom to the next will be determined 
by the overlap of the wave functions of adjacent centers 
which depends critically on the spacing between the 
majority impurity atoms and the radius of the wave 
functions of the impurity atom. In silicon, various 
impurities have appreciably different ionization ener- 
gies with corresponding differences in the spread of 
the wave function. Measurement of samples with 
different impurities in various concentrations should 
provide information of interest. 

Reported in the following are the results of investi- 
gations made on p-type silicon doped with B, Al, or 
Ga and n-type samples doped with Sb or As. The work 
emphasizes the low range of impurity concentration 
which is more susceptible to theoretical treatment. The 
amount of compensating impurity, which is important 
for the conduction in this range, is determined for the 
p-type samples by a heat treatment method. In Ga- 
or Al-doped samples, evidence of ion-pairing between 
the acceptor impurity and the compensating impurity 
has been found. The effects of various factors on the 
conductivity and its temperature dependence are 
studied, and the interpretation of the results is 
discussed. 


Il. EXPERIMENTAL TECHNIQUE 


Silicon single crystals used in these measurements 
were supplied by P. Klose of this laboratory, W. Adcock 
of Texas Instruments, B. Jacobs of Sperry Rand 
Corporation, and W. Spitzer of Bell Telephone Labo- 
ratories. The crystals were pulled from starting material 
of high purity with the addition of the specified doping 
impurity. The samples were cut with their large areas 
transverse to the concentration gradient, in order to 
minimize nonuniformity. Most of the samples were 
about 0.1X0.4X1.5 cm’ in dimension. The samples 
surfaces were ground with a mixture of number 600 
carborundum powder with glycerine or water on a 
smooth, flat glass plate, etched with CP4 solution, and 
rinsed with distilled water. The homogeneity of each 
sample was checked by careful probing. Electrical 

*1 H. M. James, Purdue University, Quarterly Report, October 
December, 1956 (unpublished). 

2W. D. Twose, thesis, Cambridge University, 1959 (un 
published). i 

*% T. Kasuya and S. Koide, J. Phys. Soc. Japan 13, 1287 (1958). 

* A. Miller and E. Abrahams, Phys. Rev. 120, 745 (1960). 

25W. Kohn, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, p. 257. 
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Fic. 1, Resistivity of B-doped silicon (p type) as a function of 
1/T. For data on samples 1-6 see Table I. Samples 7-14 have 


carrier concentrations at room temperature: 6.9, 8.9, 17.5, 18.6, 
21.8, 25.4, 34.0, 41.3 in 10" cm~, respectively. 


contacts were soldered by using indium metal as solder 
without any flux. Each electrical contact was checked 
and rectifying barriers which were sometimes present 
could be broken down by sparking through the contact 
with a Tesla coil. 

The low-temperature cryostat employed for these 
measurements was of the usual type, using helium 
exchange gas and a heater coil to regulate the tem- 
peratures of the sample. A potentiometer circuit was 
used for measuring the voltages. For higher resistance 
range, a vibrating reed electrometer was used as the 
null detector. In the measurements, the electric field 
applied to the sample was kept below 1 volt/cm. The 
samples were found to be Ohmic at such low fields. The 
Hall coefficient was usually measured with a magnetic 
field of 7000 gauss. 


Ill. EXPERIMENTAL RESULTS 


Figures 1 and 2 show the temperature dependence 
of the resistivity and the Hall coefficient of silicon 
samples doped with various concentrations of boron 
ranging from 5X10!® to 5X10!8 cm-*. The transition 
to impurity conduction occurs at lower temperature 
and higher resistivity for smaller impurity concen- 
tration. The lowest impurity concentration that can 
be used is limited by the resistivity measurement. For 
the samples of low impurity concentration, the Hall 
coefficient in the impurity conduction region drops 
rapidly with decreasing temperature and becomes 
difficult to measure. Investigations gave no indication 
that it became large again at still lower temperatures. 
The behavior of n-type samples is qualitatively similar 
as shown by Figs. 3 and 4 for antimony-doped and 
arsenic-doped samples. 
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Fic. 2. Hall coefficient of B-doped silicon (p type) as a function 
of 1/7. For sample data see Table I. 


In impurity conduction, the average distance between 
impurities, R, as compared to the Bohr radius, a, of an 
isolated impurity is of great importance. When the 
ratio (R/a) is large the interaction between impurity 
atoms will be small. The resistivity behavior of samples 
with low boron concentrations, samples 1 to 6, is 
characterized by exponential dependence on 1/7, 
involving two activation energies. The larger energy, 
Ey, is the ordinary ionization energy of the impurity 
atom, and the other, £3, is much smaller and will be 
referred to as the activation energy of impurity con- 
duction. The value of £3 increases with increasing 
impurity concentration for samples in this range. The 
range of low impurity concentration may be approxi- 
mately specified by R/a>6. This condition corresponds 
to a maximum impurity concentration of ~5 X10" 
cm for boron and ~2X10'8 cm~ for gallium. With 
higher impurity concentration, the resistivity and Hall 
coefficient show more complicated behavior in the 
intermediate concentration range as shown by the 
curves 9, 10, 11, 12 for the samples having boron 
concentrations of the order of 10'* cm~*. For the samples 
of still higher impurity concentration, e.g., samples 13 
and 14, the Hall coefficient shows a small peak and 
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remains nearly constant at low temperature. It seems 
that the conduction in such samples may be discussed 
on the basis of energy bands formed from the impurity 
states. More detailed discussions have been given 
previously.” We are concerned here primarily with 
samples in the low-concentration range. Measurements 
have also been made on Ga-doped and Al-doped 
samples of this low-concentration range; the resistivity 
and Hall coefficient curves are shown in Figs. 5 to 8. 
Some relevant data for the samples studied are listed 
in Table I. 


Major Impurity Concentration 


The samples are not in the exhaustion range at room 
temperature. The difference between the carrier con- 
centration and the majority impurity concentration is 
considerable, being larger than a factor of two in some 
cases. The majority impurity concentration has to be 
calculated from the carrier concentration by using the 
dissociation equation: 


n(N,-+n) (—— 
(N—Ni—n) ¢ 


j 
— ) exp(— E;/kT) 
h? 

Na 

—exp(—E;/kT), (1) 
g 


where NW and JN, are the majority and minority impurity 
concentrations, V4 is the density of states of the energy 
band in question, is the free carrier concentration at 
temperature JT, m* is the effective density-of-state 
mass, g is the degeneracy of the ground-state energy 
level, and £; is the ionization energy of the majority 


TABLE I. Impurity concentration and activation energy in silicon 
samples with “low” impurity concentration. 
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Impurity Zev 10!7cm™ 107 cm 107% ev 
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impurity. Values of m*=0.58m for holes and m*= 1.08m 
for electrons were taken. For the acceptors and donors, 
g=4 and g=2, respectively,” have been used. 

The ionization energy E; is determined from the Hall 
coefficient data in the freeze-out temperature range, 
according to the expression : 


N-—Nyf Na 
»-|—|—] exp(— E,/kT). (2) 
Ny 2 


The values obtained are given in Table I. They are 
lower than quoted values of ionization energy for the 
impurities. This is consistent with the effect of high 
concentration on the ionization energy as found in 
electrical and optical studies.*°*? The compensation is 
low in these somageen, (N,/N) being of the order of a 
few percent. Neglecting .V, compared to n, the majority 
impurity concentration JN is calculated by using (1) 
with the value #; and the value of m obtained from the 
room temperature Hall coefficient. Due to the presence 
of large amounts of neutral and ionized impurities, the 
ratio of Hall mobility to drift mobility is difficult to 


300 100 50 
a (ee 


= 


25 20 
3 





= 


Resistivity (ohm-cm) 








keel | 
a 6 


ioo/T (°K) 


I'1G. 3. Resistivity of Sb- and As-doped silicon ( type) 
as a function of 1/7. 
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as a function of 1/T. 


estimate accurately. For the relation 


Ry=1/en is used uniformly. 


simplicity, 


Activation Energy 


We have seen that impurity conduction in the low 
impurity concentration samples may be characterized 
by a single activation energy, E;. According to Mott, 
the activation energy arises from the Coulomb inter- 
action between ionized majority impurity and op- 
positely charged centers of minority impurity. The 
activation energy would be expected, therefore, to be 
independent of the nature of the majority impurity. 
The values of EZ; given in Table I for the samples are 
plotted in Fig. 9 as a function of the concentration, JN, 
of majority impurity. A considerable variation is seen. 
The binding energy depends on the concentrations of 
majority and minority impurities. A simple consid- 
eration leads to the relation (14), given in Sec. IV, 
which can be written as 

Ep=2.18X 10-*(N/10"*)'[1—2(N1/N)#]ev. (3) 
The solid line represents the theoretical relation for 
negligible compensation. The B- and Al-doped samples 
fall below the solid line. Qualitatively, at least, this 
could be attributed to the presence of compensation. 
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However, the values of EZ; for the two Ga-doped 
samples seem to be too high; one of them lies above the 
solid line and the other falls so close to the solid line 
as to imply an unreasonably low compensation. Ac- 
cording to (3), Eg is very sensitive to the compensation ; 
almost 50% reduction of Eg would result from one 
percent compensation. It is therefore important to 
determine the compensation reliably. 


Determination of Compensation 


The concentration of compensating impurity is 
usually determined by using either the temperature 
dependence of carrier concentration in the freeze-out 
region or the magnitude of ionized impurity scattering.”* 
Unfortunately, these methods cannot be relied upon to 
give better than an order of magnitude estimate in 
these heavily doped samples. In the case of very low 
compensation, the methods are entirely inadequate. 
The following method has been found to give a reliable 
estimate for the p-type samples. 

It is known that donor centers can be introduced in 
silicon by heat treatment at ~450°C.” The method 
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Fic. 5. Resistivity of Al-doped silicon (p type) as a function of 1/7. 
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was used to add small amounts of compensation in the 
p-type specimens. The added compensation ANp was 
kept between 1-5% of the majority impurity concen- 
tration, V4. Equation (1), with replaced by p, may 


be written as 
GNa 
fey 
G+p 


G= (Na/g) exp(—E,/kT). 


(4) 
where 

(5) 
If the added compensation is kept low, the ionization 


energy and, therefore, G will not be changed appre- 
ciably. We have then: 


1 G 
A] a | (6) 
Na (G+p)(G+p+Ap) 


In principle, Ap and hence AN p can be obtained from 
the change in Hall coefficient. Ordinarily, for a set of 
two fixed Hall leads, the relative accuracy of the Hall 
measurement is good. But for heat treatment we need 
to remove the leads from the sample and put them back 
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Fic. 7. Resistivity of Ga-doped silicon (p type) 
as a function of 1/T. 





again after heat treatment. In this procedure small 
changes in Hall coefficient can no longer be measured 
reliably, as even two pairs of adjacent leads in a sample 
often show ~ 1-2% difference between their Hall data. 
Therefore, the change in resistivity at room tempera- 
ture was used instead of the change in Hall coefficient 
for the determination of Ap. 

In using the resistivity to determine Ap, we have 
taken into account the fact that not only the carrier 
concentration but also the mobility may be affected by 
the heat treatment. For a small addition of compen- 
sation, we may write 

—Ap Ac 


fe 


p o , £ 


Ap Au Ap A(1/p) 
+ ~~ — : 


The reciprocal mobility can be expressed as 


5 gu 1 1 
wm Fly, pr 


where uz, wr, un are the mobilities given by the lattice, 
ionized impurity, and neutral impurity scatterings 
individually. F is a constant which depends on the 
relative importance of these mechanisms. It is difficult 
to estimate the value of F accurately. For an approxi- 
mate estimate, it is sufficient to take F=1. Also, the 
scattering by neutral impurity will be neglected. Then: 


A(1/yu)~A(1 ur). (9) 
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The mobility as determined by ionized impurity scat- 
tering could be calculated by using the Brooks-Herring 
formula.?* However, we find in agreement with other 
workers that yw; calculated from this formula is about 
an order of magnitude higher than that required to 
account for the measured mobility. Therefore, an esti- 
mate of the mobility term in (7) will be made by using 
the experimental data. Figure 10 shows 1/y and 
1/ur= (1/u—1/ux) plotted against the room tempera- 
ture carrier concentration, which is closely equal to the 
concentration N; of ionized impurity, for several 
samples in the range of interest. The value of wz is 
taken to be 500 cm?/volt-sec. It is seen that, for this 
range, 1/u; varies nearly linearly with N;: 


(1/ur)~ (7.2 10-7! volt-sec-cm) (A.V; cm=*) 


=KAN;, (10) 


where the numerical factor, A, is obtained from the 
slope of the straight line drawn for 1/u;. It should be 
noted that (10) applies only for the limited range, as is 
evident from the fact that the straight line does not 
extrapolate to the origin. 

The additional ionized impurity, A.;, introduced 
by the heat treatment is approximately equal to the 
change of carrier concentration. Actually, there is some 
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TABLE II. Summary of heat treatment and estimated compensation. 


Ru p 

Sample cm* coul™ ohm cm 
B-977 79.1 
a 81.0 0.318 
B-171R 0.287 
a 7 0.293 


0.200 
0.205 


0.111 
0.122 


0.109 
0.116 


0.127 
0.129 


0.0776 
0.0782 


0.0705 


0.0948 
0.0646 


0.302 


Ga 60/78 
* Heat treatment. 


change also in the ionized majority impurity which is 
normally not completely ionized. The effect of this is, 
however, small. Thus we get 


—Ap/p™(Ap/p)—K(—Ap)u= (Ap/p)[1+K py ]. 


For the three heat-treated samples, the values of Kpy 
vary from 0.15 to 0.23. Since the second term is small 
compared to the first, the approximations made in 
estimating it will not give rise to serious error. 

In the freeze-out range, the carrier concentration is 
given by (2), with » replaced by p. No appreciable 
change of slope of the log p versus 1/T curve was 
produced by the heat treatment used, indicating that 
FE; remained actually unchanged. The ratio of com- 
pensations before and after the heat treatment can 
therefore be calculated from the Hall coefficients at any 
given temperature, according to 


(11) 


Np'/No™=p b’=R'n, Rua, (12) 


which follows from (2) under the condition that Np 
and Vp’ are much smaller than V4. Having determined 
Np'/Np and ANp/Na, the initial compensation Np 
can be obtained from 


Nob/Na=(ANd/Na)LNv'/No—-1}". (13) 


The values of ANp/Na, No'/Np, and Np obtained by 
using the heat treatment method are given for several 
samples in Table II. 


Ion Pairing 


The estimated compensations fall in the range 1.4 
3.4% for the B-doped samples, 0.1-0.2% for the Ga- 
doped samples, and 6-10% for the Al-doped samples. 
The reported values of segregation coefficient of B, 


ANp /Na 
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Ga, and Al in silicon are 0.9, 0.01, and 0,004, respec- 
tively.** When a crystal is doped with an impurity of a 
small segregation coefficient, it should be in general 
more difficult to avoid spurious impurities, some of 
which may well be donors. Therefore we would not 
expect the Ga-doped samples to have the lowest 
compensation. 

The addition of compensation changes the activation 
energy, as is seen in Table Il. The Ga-doped samples 
had initially E;>2010-* ev, much higher than is 
expected according to (3). Addition of <1% com- 
pensation reduced FE; by nearly 50% (Ga-2), making 
it close to the expected value. The addition of com- 
pensation does not have such a big effect on E; in the 
B- and Al-doped samples. These observations indicate 
that there was in the Ga-doped samples, some pairing 
between the compensating donors and Ga. A well- 
known case of ion pairing in silicon is that of Li donor 
with acceptor impurities.” Pairing of a donor and an 
acceptor effectively removes from the energy gap the 
levels associated. with the impurity atoms.*** As a 
result, an apparently small compensation will be 
observed. The compensating impurity atoms which 
are not so closely paired will still be closer to the 
majority impurity atoms than in a random distribution. 
Thus, a higher activation energy for impurity con- 
duction may be expected. 

Interaction between impurities raises a problem in 
the use of heat treatment for the determination of 
compensation in the case of Al-doped samples. It is 


%| J. A. Burton, Physica 20, 845 (1954). 

2 C.S. Fuller, Chem. Revs. 59, 65 (1959). 

*% H. Reiss, C. S. Fuller, and F. J. Morin, Bell System Tech J. 
35, 535 (1956). 

tN. B. Hannay, editor, Semiconductors (Reinhold Publishing 
Corporation, New York, 1959), pp. 214, 217. 
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known that heat treatment below 500°C produces 
donors and that the process is influenced by the inter- 
action with Al acceptors.** In the dissociation Eq. (1), 
N, should now be replaced by V pu, the concentration of 
unpaired compensating impurity, and N should be 
replaced by (Va—Nob»), No» being the concentration 
of paired compensating impurity. Equation (12) for 
the deionization range applies then to the unpaired 
compensation: Np.’/Npu. On the other hand, the 
samples at room temperature are not too far from 
exhaustion and the changes in carrier concentration 
and resistivity give approximately the total additional 
compensations (ANp.+ANp,). Therefore, it is not 
possible to determine either Np, or Np, by combining 
the room temperature data and the data for the 
deionization range. 

If the existence of AN p, is neglected, the combination 
of deionization range and room temperature data would 
give a value for Vp, which is too high. Thus, we deduce 
Npu/Na=6% for sample Al-24 and Np.u/Na=8% for 
sample Al-25. Table II shows that these samples have 
E3;=9.5X 10 ev and £;=11.110- ev, respectively. 
These values are much higher than the value 
E3;=5.5X10- ev for the B-doped sample B-5 which 
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Fic. 9. Activation energy, £3, vs majority impurity concentration 
for B-, Al-, and Ga-doped silicon samples. 
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Fic. 10. 1/u and 1/u; vs Nz at room temperature for 
B-doped silicon samples. 


has a comparable majority impurity concentration and 
3% compensation. This indicates that Np, in the Al- 
doped samples is considerably smaller than the values 
estimated by overlooking ion-pairing of the added 
donors with aluminum. Furthermore, the values Es; 
of the Al-doped samples are close to the value 
E3= 12X10 ev for Ga-2 which had a very low un- 
paired compensation to begin with and ~0.5% com- 
pensation added by heat treatment. It appears then 
that Npw in the Al-doped samples was only 31%. 
We note that Al has a much smaller segregation co- 
efficient®™ than B and would not be expected to give a 
small compensation. We suspect, therefore, that there 
was also some ion-pairing between the original com- 
pensating donors and Al-acceptors. 


Li Diffusion 


In the above discussion, it has been assumed that 
atoms of the compensating impurity which are ion- 
paired with the majority impurity atoms do not have 
the effect of reducing the activation energy as those 
which are randomly distributed. In order to test the 
assumption, measurements were made on Ga-doped 
samples into which Li was diffused since it has been 
shown that Li has definitely the tendency of ion-pairing 
with the acceptor impurities. The two Ga-doped 
samples, 10/78 and Ga-2, from nearby sections of the 
same crystal had initially E;>2010~* ev. Addition 
of less than 2% and 1% compensation by heat treat- 
ment at 450°C reduced the activation energy to 
23=7.5X10- and 12 10- ev, respectively. Shown in 
Fig. 11 are the resistivity curves for sample Ga-2 before 
and after the heat treatment and for sample Ga-10/78 
after the heat treatment. From the region of the crystal 
in between these two samples, a sample Ga2-2 was 
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Fic. 11. Resistivity of Ga-doped silicon samples as a function 
of 1/T,. Curves are shown for sample 2 before and after heat 
treatment, for sample 10/78 after heat treatment, for sample 2-2 
after Li diffusion, and for the Sb compensated sample. 





chosen. Li was diffused in*®* at 450°C. From the change 
of room temperature resistivity, it was estimated that 
Nii~13% of the gallium concentration. The value of 
E; was reduced to 8.9X 10-* ev as shown by the curve 
2-2. This reduction can be attributed to the effect of 
heat treatment alone. Thus the large amount of Li 
introduced did not produce a large effect on E;. In 
contrast to this experiment, another Ga-doped sample 
was measured in which Sb was added during crystal 
growth. The Ga concentration was comparable to that 
of Ga2-2. The compensation was estimated from the 
mobility data to be ~15-20% of the gallium. This 
sample had a much lower activation energy, 3.4 10-* 
ev as shown in Fig. 11. This result is consistent with the 
fact that Sb does not have a strong tendency of ion- 
pairing with Ga.* 


IV. DISCUSSION OF RESULTS 
Survey of the Theories 


The conduction in the range of impurity concen- 
tration is explained on the basis of charge exchange 
between neutral and ionized majority impurities. The 
ionized impurity atoms can be considered as occupied 
by carriers of the impurity conduction, and they exist 
because of the presence of compensating impurities. It 
was first suggested by Mott,” that the Coulomb inter- 


3° H. Reiss and C. S. Fuller, J. Metals 12, 276 (1956). 
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action between the carriers and the oppositely charged 
compensating impurities tends to trap the carriers near 
the atoms of compensating impurity, thus givi g rise 
to the observed activation energy, /3, for conduction. 
In the case of a single compensating impurity atom, 
the carrier would have a binding energy, Eg=e/Kn, 
where 7; is the distance between the compensating 
impurity and the nearest majority impurity atom. With 
more than one compensating atom in a random dis- 
tribution of majority impurity, it seems reasonable to 
use the statistical average of the nearest distance for 7. 
When the compensation is very small, the average 
distance between a minority impurity atom and the 
nearest majority impurity atom is the same as the 
average distance between two majority atoms; then 
r,=0.88(3/4rN)', where N is the concentration of the 
majority impurity. Furthermore, each carrier experi- 
ences the Coulomb attraction of all the ionized com- 
pensating atoms and the repulsion of all the other 
carriers. Thus Eg should depend on the concentration 
of compensating impurity. A rough estimate may be 
obtained using the simple picture that the semicon- 
ductor is divided into spheres each containing a 
minority impurity atom at its center and, on the 
average, one carrier or unoccupied majority site.*” The 
binding energy is taken to be the difference in potential 
energy between a trap site nearest to the minority 
impurity atom and a site at the boundary of the sphere, 


1.e., 
@ri 2 
Ez= = i} 
Kir, re 


where r2 is the average spacing between compensating 
impurities. Such an expression gives an order of magni- 
tude for Eg comparable with the observed £3. 

We consider now the conduction process in more 
detail. In general, the probability of a transition of 
charge carriers from occupied to unoccupied impurity 
atoms, is controlled by the small but finite overlap of 
the wave functions of neighboring impurity atoms. 
This problem has been treated by Conwell’? on the 
basis of resonance jumping of the electron in a hydrogen 
molecule ion in a medium of dielectric constant K. A 
diffusion coefficient is obtained as D= vd?, where v and 
d are, respectively, the frequency and average distance 
of a jump. The mobility is then obtained by using the 
relationship u= De/kT ; giving 


(14) 


8e E; 1 


exp(—d/a), (15) 


cgigme ae ek 
kT h Na 


where d is taken to be 2r,=2(3/4mrN)!. The activation 
energy is unaccounted for, in such a model. 

Using the simple assumption that there are on the 
average r sites with binding energy Eg around each 


37 P, J. Price, IBM J. Research Develop. 2, 
reference 8. 


123 (1958); also 
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compensating impurity atom and that all the other sites 
are free, Price obtained the concentration of free carriers 
to be*? 
NiN 
n=|— 
r 


exp(— Ep/kT) 9 (16) 


at low temperatures. These above expressions for yu 
and m, taken together in a simple theoretical estimate 


of the conductivity, give: 
Nivie 1 1 Eg 2r, 

o—neu=4(— ) —- exp -(- + )| (17) 
NJ kT hK@& 2kT a 


for r= 1, and this has been used by Koenig and Gunther- 
Mohr‘ and by Blakemore" for the analysis of their data. 
The activation energy /; corresponds then to Ez. 

With the use of the observed activation energy, (17) 
gives estimates of conductivity which are of the same 
order of magnitude as that observed. For example, the 
calculated value of the resistivity at 10°K is ~9X 10° 
ohm cm for sample B-5. The observed resistivity is 
1.5 10° ohm cm. In the calculation, the value used for 
a was 13 A which was estimated from the ionization 
energy according to the simple hydrogenic model. The 
calculated conductivity is very sensitive, however, to 
the value of 2r, which represents the jumping distance 
d. It is not clear that, in a random distribution of 
impurity atoms, the appropriate value of d is 2r,, and 
the order of magnitude agreement cannot therefore be 
taken too seriously. 

Basically, the treatment in terms of resonance 
jumping faces serious objection. The concept used in 
the treatment is that of successive independent jumps 
between adjacent impurity atoms, which leads to a 
random-walk diffusion process. James*! pointed out 
that resonance exchange leads to coherent scattering 
in which the mean free path is quite different from the 
distance between adjacent centers. Also, the motion 
from center to center cannot be regarded as an effective 
jumping frequency of a random walk process. In the 
resonance exchange treatment, the impurity centers are 
treated as equivalent sites. Schottky'® pointed out that 
a difference in the crystal deformation around an ionized 
and a neutral center may give rise to a potential differ- 
ence. Fluctuation of the energy levels of the impurities 
due to lattice vibration will then be important for the 
resonance exchange, as discussed by James.” A more 
important cause for the nonequivalence of the centers 
is the potential variation produced by the charged 
impurity centers which is the basis for the binding 
energy, Eg, discussed above.” The problem of carrier 
jumping between nonequivalent centers with the help 
of lattice vibration has been treated theoretically by 
Twose and Mott* and by Kasuya and Koide.” Twose 
and Mott calculated the rate of transitions between 
adjacent centers 7 and 7 in which the electron energy 
changes by | E;—£;|. Mobility is calculated by con- 
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Fic. 12. Activation energy, £3, normalized with respect to 
impurity concentration, Na, as a function of compensation for 
B- and Ga-doped silicon samples. The letters a, 5, c, d, and e 


correspond to samples Ga-10/78, GA-2, B-977, B-171, and B-S, 
respectively. 


sidering the transitions between the “‘free’’ sites for 
which | £;—£E;| is small, <kT. The mobility turns out 
then to be independent of temperature: 


ux J?=[3(R/a)?+(R/a)+1} exp(—2R/a), (18) 


where R, the average center separation, is taken to be 
r,. In this picture, the activation energy, E3, of the 
conductivity, would be associated with the temperature 
variation of the number of carriers on the free sites. 

The division of majority impurity into free and 
trapping sites is arbitrary and unrealistic. Kasuya and 
Koide treated the problem of phonon-assisted jumping 
without making this division but introduced a number 
of simplifications. The conductivity was also found to 
be proportional to J*. In addition to an exponential 
dependence on 1/7, the expression for conductivity 
involves also a factor 7‘. Recently, Miller and 
Abrahams” extended the treatment using the approach 
of Kasuya and Koide. They found an exponential 
dependence on 1/7 for the conductivity with an 
activation energy which decreases with increasing 
compensation, reaching a minimum at ~50% com- 
pensation. Some additional temperature dependence 
enters through a factor representing the effect of the 
excited states of the impurity atom. Beside affecting 
the activation energy, the concentration of impurity 
influences the conductivity predominantly through an 
exponential factor: 

a xexp[ —1.09(r,/a)!]. (19) 
which is to be compared with the exp(—2r,/a) de- 
pendence of (18). It should be emphasized that the 
random distribution of impurity atoms makes a rigorous 
treatment of the problem extremely difficult. All the 
treatmenis available so far, involve drastic simplifi- 
cations, 





~ 
~I 
~ 





xB 
e Al 
© Ga 

ASb 
i / 


A As 
lOT 


2! I 
\O“—-5 


[ pexp (-E5/kT)/(4N/3) a4] (Ohm-Cm) 











| tL ER | | | 1 
10 12 14 16 18 20 22 24 
(2/0) (47N/3) 9 
Fic. 13. Dependence of resistivity on impurity concentration 
for various silicon samples doped with different impurities. Points 


corresponding to the sample after heat treatments are connected 
with dashed lines. 


Interpretation of Experimental Results 


Since the theory is still in the stage of development, 
quantitative interpretation of the experimental results 
in terms of a theory is premature. We shall attempt to 
deduce from the experimental results the effects of some 
of the important parameters. 

Consider first the effects of the majority impurity 
concentration, V, and the compensation, V,/N, on the 
activation energy, E3. We assume that Es; can be 
expressed as 

E3= f(N1/N) N4, (20) 
where f(N,/N) is some function of the compensation. 
The expression is consistent with the simple formula 
(3) as well as the theory of Miller and Abrahams.” 
Figure 12 shows the plot of (£3/N') against (N,/N) 
for the B- and Ga-doped samples, for which (N,/N) 
has been determined from heat treatment. The samples 
included had N varying from 8.94 10"* to 8.74 10" 
cm™, The points seem to follow a smooth curve, indi- 
cating that the expression (20) is essentially correct. 
The curve varies slowly at large compensation. The 
dashed curves, A and B, represent, respectively, the 
simple formula (3) and the variation of E; with Np/N4 
according to Miller and Abrahams. Curve A is seen to 
decrease too fast as N; increases. But, curve B is fairly 
close to the experimental data for high compensation. 

The theoretical curves rise steeply for N, below 1%. 
Unfortunately, reliable estimates of compensation is 
difficult for this range. Also, samples with such low 
compensation are not readily available. In the Ga-doped 
samples, the original compensation before the heat 
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treatment is estimated to be quite low, ~0.1%, but 
ion-pairing of compensating impurities is suspected. 
For instance, the point corresponding to the data of 
sample Ga-10/78 lies even higher than the maximum 
expected value of 1, for the theoretical plots. 

Besides an exponential factor involving the acti- 
vation energy, we expect the conductivity to be pro- 
portional to the square of the exchange integral, J?, 
which is a determining factor for the frequency of 
jumping. Furthermore, we might expect the conduc- 
tivity to be proportional to the concentration of 
compensating impurity, the presence of which is 
instrumental in producing the conduction. However, 
this simple argument is questionable. For example, the 
statistical analysis of Price®” based on an approximate 
model, predicts a proportionality factor of (N,)! 
instead of V,, and, according to Miller and Abrahams,” 
N, affects the conductivity only through E;. We shall 
try to fit the results with the simple expression : 


ax J* exp(—E;/kT). (21) 


| J|* is given by (18), in which the parameter R will be 
taken as 
R=Cr,=C (4nN/3)-4, 


where C is a constant. For all our samples, a/R<1, and 
we can write 


a ‘ 2r, 
p exp(— E;/kT) « J~ ~( ) exp(c ). (23) 
Cr a 


Figure 13 shows the semilogarithmic plot of p exp(— E3 
kT)(r,/a)* versus 2r,/a for the samples measured. The 
values of pexp(—F3;/kT) were obtained by extra- 
polating the straight portions of the experimental 
curves, inp vs 1/7, to 1/7 =0. The value of a used in 
each case is obtained from the ionization energy of the 
majority impurity according to the simple hydrogenic 
approximation: 13 A for B, 9.0 A for Al, 8.5 A for Ga, 
and 14 A for Sb. The straight line is drawn with a slope 
of one. The samples cover impurity concentrations 
ranging from 0.59 to 19.810" cm’, excluding the 
last three points for B on the left. The points seem to 
group around the straight line. The last three points 
on the left are for B-doped samples which are outside 
of the low impurity concentration range, and progressive 
deviation from the straight line is seen. The data for 
the Ga-doped samples appear to be lower. It is possible 
that a slightly larger value of a should be taken for 
gallium. On the whole, the results indicate that (21) 
is a reasonable approximation. 

The theoretical treatment of Miller and Abrahams” 
gives a different dependence for the resistivity on R/a: 


ve a\! 
p=““l1+18.2(~) | expC1.0%(r/a) }. (24) 


a Ts 


The data do not agree with an expression of this form 
if the value of a is estimated according to the hydro- 
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genic model. It is possible to fit the data reasonably 
with this expression by using values of a about twice as 
large: 22 A for B, 19 A for Al, and 24 A for Sb. It seems 
that the value estimated according to the hydrogenic 
model should be close to the proper value to be used. 
Kohn*® has shown that the ground state wave function 
for acceptors in germanium can be represented by two 
terms, each of which has the form exp(—r/a). The 
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value is close to the estimate 42 A given by the hydro- 
genic model for a typical ionization energy of 0.0108 ev. 


Thus, it appears that the form (21) is to be preferred. 
ACKNOWLEDGMENT 


One of the authors (R. K. R.) wishes to acknowledge 
his indebtedness to the late Professor K. Lark-Horovitz 
for his guidance and encouragement in the first part 


calculated values of a are 43.3 A and 33.8 A. The larger of this work. 


PHYSICAL REVIEW VOLUME 121, NUMBER 3 FEBRUARY 1, 1961 


Nuclear Magnetic Resonance in Superconducting Tin* 
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The nuclear magnetic resonance (NMR) is investigated in small particles (~100 A diam) of 8 tin between 
1.5 and 4.2°K, and in magnetic fields between 1.2 and 8.8 kilogauss. The critical temperature and critical 
field are 3.71°K and 25 kilogauss, respectively. The effective penetration depth for the superconducting 
particles is estimated to be 1500 A. The resonance linewidth is 0.34% of the magnetic field, and it is inde- 
pendent of temperature. With respect to a tin, the NMR shift for 8 tin is 0.77% in the normal state; it 
approaches 0.59% in the superconductor as T — 0. (The largest known chemical shift is only 0.17%.) The 
variation with magnetic field is less than 0.03%. One may conclude that the electronic spin susceptibility 
in the superconducting particles at absolute zero is approximately three quarters of the normal value. The 
result for 1000 A particles, though less accurate, is substantially the same. 


I. INTRODUCTION 


HE feature which makes nuclear magnetic res- 
onance (NMR) attractive as a method for study- 

ing solids is that the nuclear resonance frequency is 
quite sensitive to the local fields at the position of the 
nucleus. A principal source of local fields is the hyperfine 
interaction between electrons and nucleus which may 
be quite strong in a metal. The average local field, 
which is proportional to the polarization of the conduc- 
tion electron spins, shifts the resonance line; fluctuations 
in the local field allow for the relaxation of the nuclear 
spins toward their equilibrium distribution. Moreover, 
the resonance line is broadened if the several nuclei 
are not found in a homogeneous magnetic field. 

Because of the very local nature of the hyperfine 
interaction, we should expect the data to be useful in 
constructing a microscopic model of a metal. In par- 
ticular, the method has considerable significance for a 
microscopic theory of superconductivity, which must 
consider electron spin polarization and density of states 
at the Fermi surface, since the resonance line shift and 
the nuclear spin relaxation time are measures of these 
quantities. 

Although it was realized some time ago! that the 

* Supported in part by the U. S. Office of Naval Research and 
the Alired P. Sloan Foundation. 

1W. D. Knight, Advances in Solid State Physics (Academic 
Press, Inc., New York, 1955), Vol. 2, pp. 93-136. A preliminary 
account of the present work may be found in Phys. Rev. Letters 
2, 386 (1959), 


nuclear resonance could provide unique information 
about superconductors, the attainment of experimental 
results was delayed by several difficult problems, princi- 
pal among which was the fabrication of a specimen. 
This must consist of a dispersion of colloidal metallic 
particles or of a stack of thin films; the particle diameter 
or film thickness to be much less than the penetration 
depth; and the aggregate to contain one gram or more 
of the desired material. It is well known that the critical 
fields are high and that the internal fields are quite 
homogeneous in small specimens. Both of these condi- 
tions must be met for nuclear magnetic resonance 
(NMR), and, although the making of colloids and films 
is easy enough, it has been a major effort to concentrate 
a sufficient quantity of finely-divided material for the 
resonance experiments. 

There are many methods for preparing the sample— 
ultrasonic disintegration, chemical reduction, electro- 
lytic deposition, photochemical reduction, evaporation 
into an inert gas or liquid, and evaporation onto a 
solid surface—from among which we have chosen the 
last as being most generally applicable to all metals, 
most reproducible, and most capable of yielding a 
sample containing pieces of uniform size. We have been 
able to make multiple films, alternate layers of which 
are collections of quite uniformly-sized platelets of tin. 

Tin is a good candidate for the investigation, since 
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not only has its nuclear resonance in the normal state* 
been studied carefully, but also its properties as a super- 
conductor® are well-known. Our problem has consisted 
in making several specimens by somewhat different 
methods, each containing a different size or distribution 
of particle sizes; in ascertaining that the end product 
was 6 tin possessing the recognizable properties of a 
superconductor; in verifying the consistency of the 
results among the several samples and the reproduci- 
bility in each for several magnetic fields and tempera- 
tures; in evaluating the importance of the chemical 
shifts; and in reconciling the experimental results with 
other related experiments and theories. 

In Secs. II, III, and IV following, we shall present 
descriptions of the apparatus, the sample, and the 
results of the nuclear resonance experiments. We essay 
a comparison with other experiments and with some 
current theoretical models in Sec. V. 


II. EXPERIMENTAL APPARATUS 


Electronics. The nuclear resonance spectrometer sys- 
tem consisted of a marginal oscillator* associated with 
a lock-in detector, a modulating unit, and a recording 
potentiometer. This apparatus is quite conventional, 
and is described in detail elsewhere.’ Frequency markers 
were put on the recording chart at one-kc/sec intervals, 
while the rf oscillator swept through the resonance in 
a fixed magnetic field. Since the sample volume was 
rather large, the correspondingly large region of homog- 
eneous magnetic field was provided by a twelve-inch 
electromagnet with a two-inch gap. The magnet power 
supply gave short-time stability of approximately one 
part in 10’, while the long-time or thermal-drift stability 
was approximately one part in 10°. The field was moni- 
tored periodically by observing the nuclear resonance 
of sodium metal in a small sample mounted just outside 
the Dewar which contained the specimen. 

Cryogenics. In order to utilize as much space as pos- 
sible for sample volume, a Dewar of all-metal construc- 
tion was used.® The inner wall consisted of a 1.500-inch 
diam stainless steel tube, with 0.016-inch wall, approxi- 
mately 36 inches long. The outer wall was of brass. 
At a level about 6 inches below the top of the Dewar 
the inner wall was connected thermally to an annular 
reservoir containing liquid nitrogen. This reservoir was 
about 18 inches long, and attached to its bottom was a 
copper heat shield, which extended around the inner 
wall in the constricted part of the Dewar down the 
last 12 inches to the bottom. The power leak into the 
inner container was between 30 and 50 milliwatts. The 


2 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953); 
referred to hereafter as B.R. 

§ D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952). 

4R. V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950). 

5E. R. Andrew, Nuclear Magnetic Resonance (Cambridge 
University Press, Cambridge, 1955), pp. 49-53. 

® We are indebted to Professor A. I’. Kip for suggestions con- 
cerning the design of the Dewar. 
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Dewar was mounted so that it could be rotated through 
a 90° angle about the vertical axis. The sample was in 
direct contact with the helium bath, and was ordinarily 
mounted so that the films were parallel with both the 
steady field, Ho, and the rf field, H,. 

In attaining temperatures between 1.5 and 4.2°K a 
mechanical pump was applied through a Cartesian 
manostat pressure regulator. The 755g vapor pressure 
scale for helium served as a standard.’ Supplementary 
temperature readings were derived from a calibrated 
carbon resistance thermometer. 


Ill. SAMPLE 


A sample to be used for observing nuclear magnetic 
resonance in superconducting metals should have the 
following properties. First, the metal in the sample 
should be small enough in at least one dimension for 
the variation of the magnetic field to be less than the 
linewidth of the resonance in the metal in the normal 
state. Second, all of the metal particles should have the 
same size, so that they will all be at one time either in 
the normal or superconducting state: the transition 
between states should be sharp for the sample as a 
whole. It is particularly important to achieve the second 
of these conditions; otherwise the experimental results 
are difficult to interpret. For, if the sample contains a 
distribution of sizes, there are values of magnetic field 
and temperature (T<T.) for which the sample will 
contain both normal and superconducting particles.* 
Then, if the resonant frequencies of the nuclei in the 
two different sizes of particle are not sufficiently dif- 
ferent, the lines will overlap, in which case it is difficult 
to determine their separate positions. It is difficult to 
use any consistent criterion for untangling them, es- 
pecially when the sample contains several particle 
sizes, because the intensities of the lines change dif- 
ferently with temperature in unpredictable ways. In 
particular, the ratio of the number of superconducting 
to number of normal particles changes in a fashion 
which depends in detail on the size distribution. Pre- 
vious NMR experiments on superconductors*® were 
plagued in varying degrees by this difficulty. In the 
present experiment, the final sample is more nearly ideal. 

Preparation.” Alternate layers of tin and a dielectric 
(nylon) were evaporated onto a thin sheet of Mylar. 
The thickness of each layer was controlled by evaporat- 
ing completely, during one cycle of operation, small 
unit amounts of both metal and dielectric. For this 
purpose, both materials were obtained in the form of 
strands or wire, from which small identical pieces could 
be cut. Nylon is obtainable commercially in this form; 
tin wire was extruded from an ingot of high purity 


7 J. R. Clement, Phys. Rev. 100, 743 (1955). 

SF. Reif, Phys. Rev. 106, 208 (1957) 

®*W. D. Knight, G. M. Androes, and R. H. Hammond, Phys 
Rev. 104, 852 (1956). 

1G. M. Androes, R. H. Hammond, and W. D. Knight (to be 
published). 





NUCLEAR MAGNETIC 


(99.999%). Mylar film of 0.00025-inch thickness was 
the substrate material upon which the tin-nylon 
multiple film structure was deposited. The Mylar film 
was backed by a surface maintained at 77°K; however, 
because of poor thermal contact, and the heating from 
the evaporating boats, the average temperature of the 
Mylar was about 0°C. The multiple film structure tends 
to peel from the substrate after 300 or more layers have 
been deposited. For this reason the area of the film 
exposed to the evaporant was changed periodically by 
rolling the film from one cylinder to another as is done 
in a photographic camera. The final sample was com- 
posed of a stack of Mylar rectangles, upon each of which 
approximately 200 tin-nyion layers had been deposited. 
Oxidation and surface diffusion were minimized by 
keeping the completed films at low temperatures during 
storage in or after removal from the evaporation 
chamber. It is well known that evaporated thin films 
tend to break up into small pieces" at temperatures 
above 100°K. This occurred as expected in our samples. 
Fortunately the sizes of the platelets thus formed were 
quite uniform, and they were furthermore insulated 
from one another, partly because the evaporation of 
each tin bit took place before the preceding bit of nylon 
was completely boiled away. 

The dimensions of the final stacked sample were 
1.5X1.5X4.0 cm, with the layer structure parallel to 
a long face. It contained an estimated one gram of 
tin in 60 000 layers. Approximately ten percent of the 
total volume consisted of tin; the remainder was ap- 
portioned about equally to nylon and Mylar. 

X-ray analysis. An x-ray diffraction experiment 
showed the tin to exist in the 8 phase. There were 
slight deviations from the usual lattice spacings” by 
Ad=—8.8X10-*A for the (200) planes, and by 
Ad=+3X10-* A for the (301) planes. The amount of 
a tin present, if any, was less than 2%. The small-angle 
scattering of x rays from a portion of the sample (beam 
directed perpendicular to the layer structure) indicated 
that the metal layers had divided into platelets of quite 
uniform size. If the scattering centers are considered 
to be short cylinders with their axes parallel to the 
incident radiation, their diameters are calculated to 
be 140 A. Thus, the sample may be thought of as con- 
sisting of quite uniform layers of tin, each layer being 
composed of many separate platelets. Although the 
diameters of some of the platelets may be several 
hundred angstroms, the vast majority of them have 
diameters which fall in the range 100 A to 200 A. The 
thickness of the platelets is estimated to be 40 A. 

Properties of the superconductor. The position and 
width of the superconducting transition temperature 
in zero magnetic field are good indications of the degree 
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to which a particular sample approaches the behavior 
of a highly-pure, well-annealed specimen. For tin, tran- 
sitions as narrow as 0.001°K have been observed by 
others, and the mean value of T, obtained from several 
independent measurements" is 3.735+0.005°K. 

The nuclear magnetic resonance apparatus may be 
used to determine changes in the susceptibility of the 
sample as it makes the transition to the superconducting 
state.’ Experimentally this is measured in terms of a 
frequency shift Av of the oscillator as a function of 
T or H; Av/v=—2fx. Here f is the filling factor of 
the sample in the coil, and x is the rf susceptibility of 
the sample. The critical temperature for the multiple- 
film sample was found in this way to be 3.712+0.010°K 
in zero field; the half-width of the transition was ap- 
proximately 0.05°K. Although the value of 7, is in fair 
agreement with the 7. of good bulk samples, the transi- 
tion width is much greater than the ideal. It will only 
be mentioned that the addition of a small amount of 
impurity reduces the mean free path of the carriers, 
broadening the transition’ and, for tin, reducing the 
transition temperature.’ The mean free path of the 
electrons is certainly limited in our sample by the size 
of the platelets, and we should expect the effects to 
resemble those of impurities. 

The particles of the sample were not completely 
uniform in size, and consequently we expect the transi- 
tion to be smeared out somewhat when a field is applied. 
This was found to be so, for, using the rf susceptibility 
as an indicator, we measured a half-width of 0.17°K 
for the transition at 3.65°K in a field of 1.2 kilogauss. 
For this sample the rf susceptibility is very small, and 
this method of determining the transition temperature 
becomes unsatisfactory at larger fields. This comes 
about because the stability of the oscillator was inade- 
quate over the longer times required to change the 
temperature through the wider transitions. The obvious 
alternative of varying the magnetic field at some tem- 
perature below 7. was attempted. However, the tem- 
peratures for these experiments were selected before it 
was appreciated that the critical fields exceeded 10 
kilogauss at temperatures below 3°K. We also note that 
the rf susceptibility measurements will be affected 
somewhat by the presence of even a few larger particles. 
Consequently, we rely on the agreement between this 
and another method at low fields, and use the other 
methods, involving the NMR frequency, at higher 
fields. The critical field curve appeared to be parabolic, 
with H,(0)=25+3 kilogauss. 

The foregoing measurements might be used to esti- 
mate the correction to be applied to the external mag- 
netic field to compensate for the diamagnetism of the 
sample. However, the sample employed in this experi- 


13W. J. de Haas and J. Voogd, Communs. Phys. Lab. Univ. 
Leiden No. 214c (1931). 

4 E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. 
Solids 3, 165 (1957). Other references are given and the values 
of T, discussed, 
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Fic. 1. Series of resonance lines in an external field of 1.2 
kilogauss. Lines are traced from experimental recordings; centers 
are made to coincide in order to compare widths. The short marks 
on the horizontal axis denote the actual positions of the line 
centers; note that the maximum variation in line shift is about 
one half-width. 


ment allowed the use of a more exact method of 
determining these demagnetization effects. We note that 
Mylar and nylon, which are part of the sample, contain 
protons. On the other hand, the coil form was con- 
structed of Teflon, which is free of protons. The correc- 
tion for demagnetization may be determined by ob- 
serving the shift in the resonance frequency of the 
protons as the temperature is lowered through the 
superconducting transition. Although the proton reso- 
nance was 48 kc/sec wide, the accuracy of the fre- 
quency measurement was high; it was found that the 
frequency varied somewhat over the temperature range 
below 7; but the maximum fractional frequency shift 
was 4X 10~°, which is small compared to other effects 
in the experiment. We may safely conclude that the 
gross demagnetizing factors are not important. 


IV. EXPERIMENTAL RESULTS 


Line shape. The nuclear resonance absorption in the 
small platelets was observed to have the following 
features, some of which contrast sharply with those of 
the resonance in micron-sized “bulk” pieces of tin. 
(Unless noted, the discussion relates to platelets in a 
plane parallel to the external field.) 

1. The line is symmetric, nearly Gaussian, in all 
magnetic fields. By contrast the line shape in bulk ma- 
terial approaches exact symmetry only in the limit H=0, 
and it is quite asymmetric in fields of the order of several 
kilogauss. (The theory and experimental measurements 
for the bulk tin resonance have been given in some detail 
by Bloembergen and Rowland.? We shall refer to their 
paper in what follows as B.R.) 

2. Aside from the enhancement of intensity to be 
expected from the Boltzmann factor, the characteristics 
of the line were independent of temperature. We may 
infer, then, that the distribution of field in the super- 
conducting particles was less than the normal linewidth, 
and that the normal-to-superconducting transition had 
no effect on the linewidth. This lack of temperature 
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TABLE I. NMR frequency shifts in tin. 








Frequency shift of 8 tin 
in constant magnetic 
field (%). 


0.7730.005 
0.676-4.0.005 
0.847+0.005 


a Sn a 
(C4Hg) «Sn 
SnI, in CS: 





dependence has of course been verified only in the range 
of temperature between 1.5 and 4.2°K, and to an ac- 
curacy obtainable with a signal-to-noise ratio of ten 
at the highest temperature. 

3. The width of the line varies directly as the applied 
field. The same is true of the asymmetric line in bulk tin. 

4. The width and symmetry of the line depend on 
the particle size. The sample of platelets to which we 
give primary emphasis here was the last in a series of 
samples. Some earlier ones, which contained particles 
as large as 1000 A, were made by evaporating tin into 
an atmosphere of helium gas. It was noticed that, as 
the mean of the particle size distribution became con- 
siderably less than 1000 A, the resonance line became 
broader and more symmetric. The linewidth, between 
points of maximum slope, in the final sample was 0.34% 
of the applied field, which is to be compared to 
vi, — = 0.079% for bulk tin.* 

Evidence in support of points 1 and 2 above is shown 
in Fig. 1, for which the applied field Ho is 1.2 kilogauss 
and T.(H)=3.68°K. This sequence of lines was traced 
from the original recorder charts. Baseline noise varied 
somewhat from line to line, and the signal-to-noise 
ratio at the highest temperature was approximately 
ten. We show a Gaussian (dashed) line, which has been 
fitted to the 1.6-degree line at the positions of the two 
arrows. Although the fit here is not remarkably good, 
it is better at higher fields; at 8.8 kilogauss and 1.6°K, 
the line is almost exactly Gaussian. 

There is obviously some variation of the linewidth 
among the members of the group of lines shown in 
Fig. 1. However, other experiments made it clear that 
the fluctuations are random. The linewidth at 1.2 kilo- 
grams is determined to an accuracy of 3%, while at 
8.8 kilogauss, where the lines are much broader, the 
accuracy is 5%. Since the magnetic field distribution in 
the superconducting particles appeared to have little 
effect on the width and symmetry of the line, and since 
the approximate particle dimensions are known, an 
inequality may be established between the thickness of 
the platelets and X, the penetration depth. If we assume 
that the solution of London’s equations for thin plates 
is applicable, the requirement for the absence of observ- 
able field inhomogeneities is: /(thickness)<4X10™A. 
On the other hand, the solution for spheres is: 
d(diam)<7X10-*A. The situation for the platelets is 
between these extremes. If it is assumed that the sample 
is composed of 40 A plates, then we find that A> 1000 A; 
for spheres of volume equal to that of the platelets 
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A> 1400 A. Although A is not precisely determined by 
these conditions, its value is certainly enhanced with 
respect to the value for bulk material. Using Tinkham’s 
relation'® 


A= dol i+ £ lett), 


with >= 2X 10~* cm, Ag= 500 A, dps = 100 A, we obtain 
\= 2250 A. We are reassured of the above conclusions 
by noting that rotation of the sample by 90° produced 
no marked change in the line. 

The lines at an external field of 1.2 kilogauss, with a 
width of 6.31+0.06 kc/sec, were the narrowest of those 
observed in the platelet sample; at 8.8 kilogauss, the 
width was 43.4+0.3 kc/sec. Since the modulation ampli- 
tude was necessarily quite large, the peak-to-peak 
amplitude being approximately ? of the observed line- 
width, the appropriate corrections'® have been made in 
arriving at the true widths. The corrected line width 
may be expressed by the relation 6v,,=av+6, where 
5vpp is the width between points of maximum slope, 
v is the resonance frequency, and the constants have 
the values a= 3.1910 and 6=0.8 kc/sec. B.R. cal- 
culated a dipolar linewidth of 0.71 kc/sec. 

Line shift. The center of the resonance line. for the 
films in the normal state coincided (to an accuracy of 
one part in 10") with »j,. as determined for the bulk 
tin metal line in the same field. However, since the chem- 
ical shift varies considerably among the several tin 
compounds, it is difficult to assign a precise value for 
the line shift of the metal. Lauterbur"’ has investigated 
a large number of tin compounds. We have measured 
two of those which he found to be near the extremes 
in the variation of the chemical shift. We compare bulk 
8 tin with these and with a tin. The results are shown 


Cee ee 
t(H) = T/Te(H) 


Fic. 2. Shift of resonance frequency as a function of reduced 
temperature. The curve at the lower right indicates the change 
in rf susceptibility during the superconducting transition. 

15M. Tinkham, Phys. Rev. 110, 26 (1958). For values of Ao 
and &£, see ij; E. Faber and A. B. Pippard, Proc. Roy. Soc. 
(London) A231, 336 (1955). 

16 EF. R. Andrew, Phys. Rev. 91, 425 (1953). 

17 P. C. Lauterbur (private communication),and P.C. Lauterbur 
and J. J. Burke, Abstracts of Papers Presented at the 133rd 
Meeting, Am. Chem. Soc. (1958), p. 15L. 
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3. Shift of resonance frequency for three magnetic 
fields as a function of absolute temperature. 


in Table I. The lines in the chemical compounds were 
narrow; for @ tin, the line was 2 to 3 kc/sec wide 
(B.R. reported 5 kc/sec.). The nonmetallic samples 
were investigated at room temperature, and, since the 
temperature dependence of the resonance frequency in 
the metal has not been investigated carefully between 
4 and 300°K,!* we must allow for an error of possibly 
as much as one percent of the value of the line shift at 
low temperatures. We shall see later on that the effect 
in the superconductor is much larger than this, and we 
may therefore draw our major conclusions, safely ne- 
glecting the small effects. 

Nevertheless, in order to avoid temporarily the un- 
certainties in the absolute value of the line shift, we 
shall measure the resonance frequency in the super- 
conductor relative to the frequency of the normal 
resonance in the platelet sample at 4.2°K. Thus we 
define the quantity D= (vr—v4.2)/v4.2, where vr is the 
resonance frequency of any line measured at tempera- 
ture lower than 4.2°K, and v4.» is the resonance fre- 
quency in the normal metal at 4.2°K. The quantity D 
was determined as a function of temperature in fields 
of 1.2, 1.8, 2.25, 4.1, 5.3, 6.8, and 8.8 kilogauss. The 
behavior of the Sn!’ isotope was found, in a limited 
series of experiments, to give the same results as for 
Sn"™°, for which the results are given here. 

The procedure was to run through the 4.2° line several 
times, in order to obtain a reliable average value for 
v4. Then the temperature was lowered in increments, 
and two lines were run at each temperature, each pair 
requiring about one hour. 

Figure 2 is a plot of D vs reduced temperature #(H) 
in a magnetic field of 1.2 kilogauss. We notice that the 
curve rises with increasing temperature, D approaching 
the value zero at a temperature which agrees nicely 
with the critical temperature as determined by the rf 
susceptibility. The agreement of the values of T, de- 
termined by these two methods at low fields gives us 
some confidence that the first method may be valid at 


18). Feldman, thesis, University of California, 1959 (un- 
published) has investigated the temperature dependences in Na, 
Al, and Pb. 
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Fic. 4. Shift of resonance frequency for applied field of 
4.1 kilogauss, showing dip near 7. 


higher fields where the rf susceptibility is more difficult 
to measure. 

In Fig. 3 we compare the curves of D for external 
fields of 1.2, 4.1, and 5.3 kilogauss. The two principal 
features of the curves are (1) the critical temperatures 
are appreciably different, as we should expect, and (2) 
the average value of D, extrapolated to 0°K is approxi- 
mately D(0)= —0.18%. The data taken at several mag- 
netic fields are consistent with H,= H(0)[1—(T/T,)*], 
where H(0)=25+3 kilogauss, and T .=3.7140.01°K; 
this is a reasonable behavior for a superconductor of 
small dimensions. 

Since the lowest reduced temperature in the experi- 
ments was about 0.4, we are not able to ascertain to 
what extent D(O) depends on magnetic field. However, 
at the lowest temperatures of the experiment, the varia- 
tion of D among the several values of magnetic field is 
only one sixth of the probable average value of D(0). 
The present data are not accurate enough to warrant 
a discussion in detail of the magnetic field dependence. 
We content ourselves by showing that it is small, and 
we pass on to another subject of interest. 

Figure 4 is a more complete plot of D vs T for 
H =4.1 kilogauss. It is immediately obvious that D 
has not reached the expected zero value just above 7... 
Moreover there appears to be a small minimum near 
3.5°K; this will be referred to as the “dip.” The effect 
is certainly rather small, and one might be inclined to 
regard it as an experimental error but for the fact that 
it is quite reproducible; furthermore, on close examina- 
tion, the dip is found in all the curves for D and it is 
not peculiar to the data taken at any single value of 
the magnetic field. 

Returning for a moment to consider Fig. 3, we notice 
that the curves are displaced from one another in a 
way which suggests that a plot on a reduced temperature 
scale would be useful. One might in fact hope to rep- 
resent the data for the several magnetic fields in a 
single universal curve, where the reduced temperature 
scale is adjusted according to the value of T.(H), the 
critical temperature for each field. Figure 5 is con- 
structed in this way, and it is to be observed that, 
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although the data may not be reduced to a single curve, 
nevertheless the curves fall quite closely together. 
Furthermore, the dip in each curve appears near 
T/T .(H)= 1.03. In this plot we have determined T.(H) 
as is indicated in Figs. 2 and 3. The values are consistent, 
and correspond to 7'.(0)=3.71°K. 

On the basis of the presently available data, we con- 
clude that the dip is real and that it occurs above the 
critical temperature. Its existence is, however, not 
understood, since it appears to be a kind of precursor 
to a phase transition which is otherwise noted for its 
abruptness. 


V. DISCUSSION AND COMPARISON 
WITH THEORY 


In this section we shall first propose a qualitative 
explanation for the shape and width of the absorption 
line in the platelets. After discussing the line shift in 
the superconductor, we shall compare the results on 
tin with previous work on mercury and with several 
theoretical proposals. 

Linewidth and shape. Except for the symmetry and 
width, the resonance in the platelets seems to exhibit 
all of the properties of the normal bulk tin line. We 
now examine the existing theory (B.R.) for the bulk 
tin line, with the intention of demonstrating a particle- 
size dependence for the width. A qualitative picture is 
quite easily made; exact theoretical values for the width 
are more difficult to derive, and this will not be done 
here. 

The B.R. calculation considers the effect of the p 
character in the conduction electron wave function on 
the energy levels of a nucleus in a uniform magnetic 
field. The net effect is to make the resonance frequency 
of the nucleus dependent upon the orientation of the 
magnetic field with respect to the crystal axes. The 
results can be described in the tetragonal case in terms 
of the extreme resonance frequencies which arise when 
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Fic. 5. Shift of resonance frequency, plotted against reduced 
temperature. The reduced temperature for each applied field is 
taken relative to 7.(H), the critical temperature in that field 
Note that the positions of the ‘‘dip” are coincident on this plot. 
The magnitude of one tenth the line width is shown at the far 
left. The experimental error is less than 0.01% at the lowest 
temperature. 
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Fic. 6. Shift of resonance frequency in normal and super- 
conducting 8 Sn compared to @ Sn and diamagnetic compounds. 








H is parallel (»;,) or perpendicular (»,) to the tetragonal 
axis. In practice, the sample is composed of many 
crystallites with randomly oriented axes, so that one 
may see contributions to the resonance at all points 
between these extremes. 

The electronic wave function in the unit cell may be 
written 


v=exp(ik-r)(aog.t+aigpzt d2¢pytds¢p:). 


The p functions include a radial function, and an angular 
part of the form 


Pp2=2 iWity ), Ep:=2 ‘y,—y ), 


the y» being atomic-type functions for the angular 
momentum states m. The constants in this wave function 
may be evaluated by comparing the expressions for the 
isotropic and anisotropic line shifts with experiment." 
In the following we define A;=(/a;'*)a,y, the average 
to be taken over the Fermi surface; Vo is the atomic 
volume; V(E,r) is the density of states at the Fermi 
Surface; x, and x, are relativistic correction factors." 

In terms of the above wave function, the isotropic 
shift may be written as?:® 


AH ‘H= (1627/3 up? V oN (Ev) A ox, (| ¢2(0) |? day 


and ¢p:=Yo, 


The expression for the anisotropic shift is 
(vii— v1) /vo= (12/5) un? V oN (Ev)xp(r™) p(A3s— A), 


where vp may be the resonance frequency of a diamag- 
netic salt, and advantage has been taken of the ap- 
pearance of the radial p function so that we may insert 
(r-*). One may calculate ¢,(0) from a value of the atomic 
hyperfine splitting; calculate (r~*) from the atomic 
fine structure splitting; and, using the value of 
V oN (Er)=0.19X 10" erg given by B.R. for tin, arrive 
at the following values: Ap=0.34, A1=4A2=0.13, and 

3= 0.40. 

The case of orthorhombic symmetry is also considered 


9 Y, Masuda, J. Phys. Soc. Japan 12, 523 (1957). 
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by B.R. The discussion of the resulting line shape is 
made in terms of three frequencies, v3, v2, v3, corres- 
ponding to the resonant frequencies for the cases when 
H, is parallel to each of the three axes. In terms of the 
above wave function, one finds that 


(v3—v2)/vo= (12/5) us*VoN (Er)k pr) p(As—A1) 
(vVe— V1)/ Vo= ( 12 /5)un?V oN (Er)k,p(r*) (A 1— Az). 


It may be seen that the resonance line becomes wider 
and more symmetric as A» departs in value from Aj, 
becoming twice as wide as in the tetragonal case and 
symmetric if As—A,=A,—A>2. Small distortions of the 
lattice along one of the axes in the plane perpendicular 
to the tetragonal axis by only 0.01 A (see Sec. III 
above) are insufficient to account for the observed line 
breadth. 

However, we are able to give a qualitative account 
of the linewidth and shape by introducing the effects 
of the surface. Even if the lattice constants were un- 
changed throughout the body of the crystal, an electron 
near the surface atom would not see the regular tetra- 
gonal symmetry of the tin lattice: one or more of the 
near neighbors is likely to be missing. Since the cyrstal 
is certainly not perfect, especially near its surface, and 
since approximately half of the atom in one of the 
platelets are within 10 A of the surface, it is clear that 
the surface effects may be considerable. It is worthwhile 
to recall at this point that the line shape in the small 
particles begins to deviate from the behavior of bulk 
material only when the diameters of the particles be- 
come considerably less than 1000 A, which is just the 
range where the ratio becomes 
appreciable. 

In particular, the relative amounts of ¢gpz, ¢py, and 
¢p: in the wave function and/or the value of (r-*) 
may be expected to change in a manner depending on 
the position of the cell on the surface relative to the 
crystal axes. This last point may also be used to help 
explain the symmetry of the line, which will be a super- 
position of contributions from atoms for which the 
constants A; take on all possible values consistent with 
> i=1°| a; = 0.66 (assuming for the moment that ap does 
not vary). The fluctuations in these quantities from 
atom to atom will be random, and it is easily shown 
that a symmetrical line can result which is two to three 
times as wide as the line in bulk tin. 

Doubtless one should also include the effects of the 
variation in ¢,(0) among the surface atoms. However, 
although the effect may be appreciable, we believe it 
to be smaller than the effects discussed above, primarily 
because the value of ¢,(0) is less affected by conditions 
at the periphery of a cell. Finally, as B.R. point out, 
anisotropy of the electronic g factor may influence the 
result. In view of these considerations, a fourfold in- 
crease in linewidth is not difficult to account for. 

Line shift in the superconductor. The significance of 
the result is best appreciated if it is regarded to be a 
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measure of the spin paramagnetism Xs of the super- 
conductor. In the normal state AH /H is directly pro- 
portional to Xv, which represents the average departure 
from perfect spin pairing as “seen” by the nucleus. 
Comparison of the experimental values of AH/H among 
some twenty-four different metals has established the 
importance of the role of the spin paramagnetism. 
Precise comparisons of AH/H and Xy have, however, 
not yet been made, except perhaps for the alkali metals, 
for which independent determinations are available for 
both the paramagnetism and the electronic wave func- 
tions. Our concern here is with the uncertainties that 
might be introduced by the chemical shifts, and we 
assume provisionally that the line shift in the metal, 
measured relative to an average of the known resonance 
positions for diamagnetic chemical compounds, provides 
a sufficiently accurate measure of Xy for most purposes. 

In particular, let us compare the resonance frequency 
in normal f tin (white) with the frequencies in the super- 
conductor, and also in a tin (grey) and in some com- 
pounds, the latter being near the extremes of the chem- 
ical shifts. Table I displays the significant numbers, 
except for the effect in the superconductor, and Fig. 6 
shows the situation graphically, including the behavior 
of the superconductor. It is first to be noted that the 
metallic shift, measured from the average position of 
the compounds, is greater than the range of chemical 
shifts; this behavior is typical of most of the elements 
which have been investigated. Moreover, it is clear that, 
regardless of which compound might be chosen as 
reference, the line shift in the superconductor (and 
consequently Xs) does not vanish at the absolute zero 
of temperature. 

If we choose a tin arbitrarily as a reference, we can 
state the results of the experiment as follows: in the 
normal state, AH/H= (0.773+0.005)%; in the super- 
conductor D(0)~—0.18%, so that the limiting value 
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Fic. 7. Paramagnetic susceptibility of superconductors, T 
solid line is from the calculation of Yosida. 
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of AH/H is 0.59%; the limiting value of Xs/Xy is then 
0.59/0.77=0.77, or approximately three quarters. A 
comparable value (two thirds) was obtained for merc- 
ury by Reif.* We summarize the data in Fig. 7, where 
the curve for the tin platelets is shown slightly above 
that for Reif’s mercury colloid; the solid line represents 
Yosida’s calculation” for a model in which exact spin 
pairing at T=0 implies a vanishing Xs. 

Recently a number of attempts have been made to 
account for these experimental results. The discussion 
concerns the ratio of the spin paramagnetism in the 
superconductor at absolute zero to its value in the nor- 
mal metal. 

Pippard and Heine” suggest that the Bardeen-Cooper- 
Schrieffer” restriction to pair states yy+ and ~_xy be 
relaxed slightly by allowing that k~’. As a consequence 
of this they obtain Xs/Xy~?. However, they have not 
yet developed an explicit wave function for their model. 

Ferrell, Martin and Kadanoff,* Schrieffer,2> and 
Anderson** derive expressions, all of which may be ap- 
proximately expressed by 1—Xs/Xy~//£, where 1 is 
a mean free path between electron spin reversals, and 
£ is the coherence length (~ 2.5 10~). It is significant 
that the values of / are of the order of ten times the 
size of our experimental particles. One is therefore 
forced to consider the problem of spin flipping on reflec- 
tion at the boundaries of the particles. Since the spin- 
orbit coupling is a principal mechanism involved in elec- 
tron spin flips, the analysis will depend on a discussion 
of the strength of the spin-orbit effects, which are likely 
to be more important in the heavier metals. The point 
we wish to make with regard to the experimental results 
is, however, that the mean free path between collisions 
must somehow depend on the particle size of the sample. 
The fact that the experimental results do not indicate 
a strong size dependence leaves this interpretation in 
a provisional state. 

Martin and Kadanoff” also propose a model in which 
the London J rather than a scattering length enters as 
a determining parameter. In this approximation 
(1—Xs/Xy~X/ ko) the effect is independent of particle 
size; it also is in approximate agreement with 
experiment. 

All of the above estimates are too crude to allow 
precise comparison with experiment. We can only say 
that they are not inconsistent with X5/Xy~%. However, 
as we have already indicated, the present experiments 
have not revealed a strong dependence on size. 

Let us examine the problem of the size dependence in 
more detail. Experimental evidence includes the present 

” K. Yosida, Phys. Rev. 110, 769 (1958). 

21 A. B. Pippard and V. Heine, Phil. Mag. 3, 1046 (1958). 

2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). ‘ 
%R. A. Ferrell, Phys. Rev. Letters 3, 262 (1959). 

“Pp. C. Martin and L. P. Kadanoff, Phys. Rev 
322 (1959). 

25 7. R. Schrieffer, Phys. Rev. Letters 3, 323 (1959) 

26 P. W. Anderson, Phys. Rev. Letters 3, 325 (1959); J. Phys. 
Chem. Solids 11, 26 (1959). 
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results on tin, Reif’s data on mercury, and our earlier 
preliminary work on mercury. Reif obtained a value 
of approximately two thirds for Xs/Xy. The size distri- 
bution of his mercury particles was such that we believed 
our results® (Xs/Xy~#) to be typical of much smaller 
particles and higher magnetic fields. There is yet no 
direct evidence to contradict this belief. However, the 
present evidence for tin is quite strong that neither 
size nor magnetic field affects the result. In Sec. IV we 
referred to a preliminary series of experiments on larger 
particles of tin. The resonance lines from these samples 
showed broadening from the inhomogeneous fields in 
the particles, and the overlapping superconducting and 
normal resonance lines had to be separated, much as 
in Reif’s experiment. The determination of Xs/Xy 
could not be as accurate as is our result for the sample 
of platelets. However, we can say with confidence that 
Xs/Xw lies between 0.70 and 0.85 for particles of the 
order of 1000 A diam. Thus, it appears that particle- 
size effects are not large in tin, and there is no reason 
to believe them to be important in mercury, except 
for the discrepancy in the results mentioned above, 
which is presently not understood. 

We now consider the relation between the linewidth 
and the line shift. Since both these quantities depend 
on the electron paramagnetism, we should expect that 
changes of the one would be seen in the other as well. 
The line shift is reduced in the superconductor; the 
width is not. We must therefore seek a compensating 
mechanism for the decrease in line width which is ex- 
pected to accompany the drop in Xs. It is possible that 
the sample contains a number of larger particles, in 
which the variation of the magnetic field is observable 
as a broadening; this would be proportional to the 
applied field, but it would also tend to destroy the 
symmetry of the line. One might propose, alternatively, 
that the paramagnetic susceptibility in the supercon- 


ductor is reduced for the s electrons (which produce the 


shift), but is not reduced for the p electrons (which 
produce the width). Since the theories of superconduc- 
tivity are not explicit on this point, we must await 
further experimental and theoretical clarification. 

Our understanding of the dip in the D vs é curve, 
discussed in Sec. IV, is also presently incomplete. Al- 
though the effect is similar to one predicted by Martin 
and Kadanoff, their effect takes place just below 7.. 
A more elaborate determination of T, should be made 
in this sort of sample before the question is completely 
settled. 
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VI. SUMMARY 


We have fabricated a sample containing one gram 
of 8 tin quite uniformly dispersed in small particles 
approximately 100 A diam. The critical field for the ma- 
terial is quite high (25 000 gauss), which is consistent 
with an enhanced penetration depth of approximately 
1500 A. We had expected to observe relatively narrow 
NMR lines in either the normal or superconducting 
state, since the diamagnetic effects were small in the 
small particles. However, the lines were in fact quite 
broad, the width being proportional to the applied 
field and inversely proportional to the particle diameters 
below 1000 A. The extra width is explained in terms 
of the effect of 
functions. 


the surface on the electronic wave 

We infer from the reduction of the resonance line 
shift in the superconductor that the spin paramagnetism 
of the conduction electrons is reduced, not to zero as is 
required in a theory of exact spin pairing, but rather to 
about three quarters of the normal value. This result 
is in agreement with that of Reif on a mercury colloid, 
and would be consistent with the theoretical estimates 
that 1—Xs/Xy~l/éo, but for the fact that there is no 
direct correlation between / in the formula and the 
experimental particle size. The variation of Xs with 
magnetic field between one and nine thousand gauss 
is small compared to the apparent difference between 
Xs and Xy. 

Further experiments on linewidths, Jine shifts, and 
also spin-lattice relaxation times are now in progress 
for the metals Al, Sn, V, and Pb. 
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The s-, p 


, and d-wave scattering of slow electrons from atomic hydrogen is calculated by the method of 


polarized orbitals. Utilization of a transformation of Omidvar avoids the iterative procedure of solving the 
associated integro-differential equations. The s-wave scattering is smaller than that given by the exchange 
approximation, and the scattering lengths are within the upper bounds found by Rosenberg, Spruch, and 
O’ Malley. The d-wave phase shifts are too small to explain a resonance in the total cross section. However, 
they are much larger than those of the exchange or Born approximation, and they give considerable structure 
to the differential cross-section curves. The p-wave phase shifts are not much increased by the polarization 


effects. 


1. INTRODUCTION 


HIS calculation is the concluding part of a study 

of the elastic scattering of electrons from atomic 
hydrogen via the method of polarized orbitals. This 
method, which was originally applied to the scattering 
of electrons from oxygen,' divides itself into two parts: 
a static and a dynamic problem. The static problem, 
which deals with determining 6°” (see below), was 
solved in a previous paper.” That paper contains the 
background and introductory material relevant to the 
present calculation. In particular the notation and 
units of II will be continued here. For completeness the 
definitions of most of the functions will be repeated. 
The only change will be the normalization of the 
function 1,4p(7). (See Section 2.) 


2. DERIVATION OF THE SCATTERING EQUATIONS 


The static wave function which was derived in II 
is given by 


(1) : 
_ [Bo(1re) + pol CF ro) | 


ri 


u 
WV (43,12) — 


u(fe) 
+——[o(1r1) +69) (r.; r) |. (2.1) 


rT) 


The dynamic problem is concerned with the determina- 
tion of the function u(r), whose asymptotic form yields 
the desired phase shift. The function &p+6°” is the 


* Work supported in part by the Office of Naval Research. 
+ Present address: National Aeronautics and Space Administra 
tion, Washington, D. C. 

1 A. Temkin, Phys. Rev. 107, 1004 (1957). This paper will be 
referred to as I. In the past year we have learned that this method 
is in essence the same as the method of perturbed stationary states 
[N. Mott and H. Massey, Theory of Atomic Collisions (Clarendon 
Press, Oxford, 1949), 2nd ed., p. 153]. The differences lie in the 
application of the latter to heavy-particle scattering from atoms, 
where the adiabatic hypothesis was never in doubt, and where 
the problems of antisymmetrization do not arise. In addition, the 
method of polarized orbitals utilizes the Sternheimer method of 
finding the perturbed stationary state, which we have shown in 
reference 2 is a much more accurate and more feasible way of 
including the effects of first order perturbation theory. 

2A. Temkin, Phys. Rev. 116, 358 (1959). This paper will be 
referred to as II. 


asymptotic form of the first order perturbed ground- 
state wave function of the hydrogen atom due to the 
static influence of an electron at a distance 7; from the 
nucleus. This perturbation is 


2re 


—=—P(cos6i2),  r1>72. (2.2) 


rT; 


The approximation of the left-hand side of the above 
equation by the right-hand side is called the dipole 
approximation! ; it is used in deriving (2.3). The higher 
multipoles in (2.2) give rise to additional terms which 
can also be calculated analytically?*; however, they 
will not be included in this treatment. We repeat the 
definitions of the functions occurring in (2.1). 


—€(7),7%o) Uis+p\(2) P(cos612) 
pr) (x, : ro) —_ = == es 


9 i 


r\~ Te 7? 


e(ri,r2)=1 for ry>re 


=0 for 1<7ro, 


U1,(r) 
®o(r) =-——— Y,(Q)= 
Tr 


Ui1s-+p(7) =e" (3r°+7"). (2.6) 
(Note that #,., is one half of the value defined in II.) 
The angular dependence of #(r) is given by a spherical 
harmonic whose / value defines the order of the partial 
wave being considered. 
u(r)=uj(r)Vw(Q). (2.7) 
It was indicated in II that the usual way of deriving 
an equation for u(r) was by using the variational 


principle for H— FE: 


5 f ven Evan =0), 


3A. Dalgarno and A. Stewart, Proc. Roy. Soc 


(London) A238, 
269, 276 (1956). 
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Here H is the total Hamiltonian, 


FE the total energy (in rydbergs; 1 ry=13.6 ev), 


E=—1+F; (2.9) 
and & is the energy of the incident electron. The 
variational principle amounts to formally substituting 
(2.1) into the Schrédinger equation, multiplying on the 
left by @o(1,)+°? (r,; re), and the integrating over 
all coordinates but 7; (indicated here by dr,'). One 
can readily see that this procedure will give rise to 
terms quadratic in °°”. Such terms are not in accord 
with first-order perturbation theory.' Consequently 
we will modify the variational approach and obtain our 
final scattering equations by projecting the Schrédinger 
equation on the known part of the asymptotic wave 
function‘: 


frer@rer() H-EY(rndr 1=0, (2.10) 


The integration of (2.10) is straightforward and 
yields the scattering equations for arbitrary /: 


d? 1(1+1) 1 
|- ry ee == 200(14- )—# Jour 
dr; ry? r\ 


u(r] — (+k )i f 


? 
+—— 1 ( 610,21; | 
2/+-1 


U13(r2)u)(r2)dro 


au (11) 
=——0, (nr )+Uy.+p(r1 | —2(1+k )bn 


r\* 


‘i U15(P2) ui(ro)dre 
rl T° 


i U1, (%2)U(T2) (l+1)r,'*! 
OF ed 


* tie (2)Ui(r2)drs 
Sea 
be roit4 


(21-41) (21-+3) 
* ty, (12)Mr(r2)dre 
sinterin f at TE teas 


1 rs 


l 
(2/+-1) (2/—1) 


(2.11) 


‘The variational principle gives rise to an integral like (2.10) 
with #o*(r2) replaced by o* (rz) +e (r,,r2). 
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In (2.11) we have the additional definitions 


1 ri 
y(n 1=— f 1o'U1_(12)Ui(r2)dre 


rittt J, 
© 14(r2)uy(r2)dre 
sot fee 


be pitt 
and 


o 2 9 
a,(r;)=-— ein( nit r;4+9r,? 
2. 3 P 


7 27 
n+ -). (2.13) 
4 
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The scattering equation (2.11) has been arranged so 
that the polarization terms are on the right-hand side 
of the equation. The upper sign in these equations refers 
to the singlet scattering, and the lower sign to the 
triplet. 

We shall have occasion to mention two sets of equa- 
tions in addition to (2.11). The first is the “exchange 
approximation,” obtained by dropping the right-hand 
side of (2.11). The second includes only the first term 
on the right-hand side. We shall refer to this as the 
“exchange-adiabatic” approximation. We shall also 
use this name to refer to calculations in which this 
first term is replaced by other assumptions about the 
form of a;(r)/r* providing they have the form a;/r* at 
infinity. Both the exchange and exchange adiabatic 
approximations have been previously used by others, 
and they are discussed in reference 2. The solution of 
the complete equation (2.11) corresponds to the method 
of polarized orbitals. 

The terms multiplied by the +sign on the right-hand 
side of (2.11) are the exchange polarization terms, which 
arise because ®‘°”, like the nonpolarization part of 
WV, occurs with its arguments interchanged in (2.1). 


3. TECHNIQUE OF NUMERICAL SOLUTION OF 
THE SCATTERING EQUATIONS 


In describing the numerical methods of integrating 
(2.11), we shall confine ourselves to the s-wave equation. 
The />0 equations are handled in essentially the same 
way. This equation can be written [we suppress the 
subscript 0 of u(r) }. 


ad? 1 a;(r) 
| -—-2-™(14 )- Ju 
dr? r r’ 
1 r 
| sre]ect f roe (re)drs 
r Jy 


r 8 
-f eru(rsar| re~* (4r3+-7?) 
0 3 


r r e-"2u(ro)dre | 
C2—- ——j}i=0. (3.1 
“ | j J rs? ( 


€ 
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The constants C; and C, are given by 


C= f [1-BU+2 ra Jere (1dr, 


0 


4) 


C= f e~"rs-38u(r2)dro. 


€ 


The last square bracket of (3.1) is just the integral 
Se- "re *u(re)dre. Since u(r2) describes an s wave 
[u(r2) > r2 as r2—+ 0], the integral is seen to diverge 
as r-' (as r— 0). However the factor on its left in 
(3.1) goes to zero as r*; thus the product is zero in that 
limit. In practice the integral was broken up as in the 
last square bracket (3.1) with e=2h, 4 being the mesh 
size. This is exact; however the portion of the last 
integral for r<e was neglected, the justification for this 
being the preceding argument. A meaningful phase shift 
must be independent of ¢, and this was tested by 
varying h. 

We found the procedure as described above quite 
satisfactory for the p- and d-wave equations using the 
trapezoidal rule for integrating the cumulative integral. 
In the case of the triplet s-wave equation, trouble was 
encountered with the trapezoidal rule. This difficulty 
was eliminated by replacing the divergent r2* denom- 
inator in the last integrand of (3.1) by (r2°+A). In 
spite of the crudeness of this device, the phase shifts 
were found to be virtually independent of A when A 
was varied between 0.01 and 0.5. 

The usual way of solving an equation like (3.1) is 
to take a guess at the constants, evaluate u(r), evaluate 
the constants on the basis of u(r), and iterate the 
procedure until convergence is obtained. Our experience 
in these matters indicated that the convergence can be 
slow and erratic even in the equations corresponding to 
the exchange approximation. The presence of the 
exchange polarization terms made it practically imposs- 
ible to obtain (by iteration) a fully convergent u(r). 
Therefore we shall describe a slight generalization of 
a method due to Omidvar‘ which completely avoids the 
iteration problem. 

Let u(r) of (3.1) be written 

u(r)=u (nr) +Cyu™ (1) +Cou (r), (3.3) 


where C, and C;, are those of (3.2). We assert that (3.1) 
is equivalent to the three equations 

Oxu™ (r)=0, (3.1a) 
(3.1b) 


(3.1c) 


O.u™ (r)+8re-"=0, 
Osu (r)+[— (8/3)re-"(4r°+9?) ]=0, 


5K. Omidvar, New York University Research Report No. 
CS-37 (unpublished). We are indebted to Dr. Omidvar for sending 
us a copy of his report and discussing his method with us. This 
method was also developed independently by I. Percival and 
R. Marriott. [See R. Marriott, Proc. Roy. Soc. (London) 72, 
121 (1958).] 


AND 
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where 


Osu (r) 


a 1 ay(r) 
=| -—-20(14 -)- — Bu (r) 
dr? r r4 
1 r r 
| re-| f ree ry (rddr.— f e "24 (rdre| 
r 0 0 


eu (re) re ‘dn. 


To prove the assertion, multiply (3.1b) by C; and 
(3.1c) by Cz and add these equations to (3.1a) to 
obtain (3.1). 

The important thing about (3.1a, b, c) is that they 
are uncoupled linear equations, each of which can be 
integrated out from the origin as any ordinary differen- 
tial equation. 

The method of solving such equations is straight- 
forward. One expands about the origin in the form 


#Or= >> aor’, 


1=1 


The method of obtaining recursion relations for the 
ao is very well known.*® Each ao‘ eventually depends 
only on ao’. This coefficient is arbitrary corresponding 
to the arbitrariness in the normalization of the homo- 
geneous equation (of which the phase shift is independ- 
ent). We evaluated the first few ao‘ analytically from 
which we could also evaluate the starting values of u 
necessary for the outward numerical integration of the 
differential equation. A similar procedure was used on 
the inhomogeneous equations. The basic mesh was 
taken as 4=0.05 and the equations were integrated to 
r= 20. 

When the u‘* (r) have been determined, the C; and Cy 
can be determined as follows: Formal substitution of 
(3.3) into the two equations (3.2) yields two equations 
for C, and C2 whose coefficients are integrals over the 
functions ““ (r). These integrals can be evaluated once 
the «‘(r) have been found, and the inhomogeneous 
equations for C; and C2 can be uniquely solved for C; 
and C>. With these known values, the final function 
u(r) can be found from (3.3). 

The phase shift in the case of an arbitrary angular 
momentum wave can be found from the formula 


(=~) . ve S 
6,=tan— {| —— }— Nxr+OQOr-+tan ( —}, (3.4) 
ni(kr) fi-Ai 


which, as is well known, is independent of r for values 
of r beyond which the potential is negligible. j; and m, 
are the regular and irregular spherical Bessel functions 


*D. R. Hartree, The Calculation of Atomic Structures (John 
Wiley & Sons, Inc., New York, 1957), p. 81. 
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defined in Morse and Feshbach.’ s; and A; are functions 
of x= kr defined in Blatt and Weisskopf.® f; is r times 
the logarithmic derivative of the scattered function 
ui(r): 

_ -#(d/dr)u;(r) 

{,=—_—__—_. 


(r) 


The arctangents in (3.4) are to be taken between 
—n/2 and 2/2. N is the number of nodes in ;(kr) ; Q 
is the number of times (as a function of r) that the 
function {;— A; changes from positive to negative sign.® 

The scattering lengths that we finally obtained using 
this procedure are practically the same as those obtained 
by us some time ago using the iterative method of 
solution." 


4. RESULTS AND DISCUSSION 


Calculations have been carried out for s-, p-, and 
d-wave scattering and the results are given in Tables I, 
II, and III. 

We shall discuss first the s-wave results. The s-wave 
scattering lengths (a) may be deduced from the k= 0.01 
phase shifts (6) using the well-known formula" 

k coté= —1/a+---+ )rok?+---. (4.1) 
ro is the effective range. [It is assumed that all terms 
beyond the first term in (4.1) have a negligible effect 
on @ at this energy. The significance of the dots between 
the first and second terms on the right-hand side of 
(4.1) will be explained below. | For the polarized orbital 
approximation these are seen to be a, =5.8 and a_=1.9 
in the singlet and triplet cases, respectively. These are 
slightly below the upper bounds set by Rosenberg, 
Spruch, and O’Malley (RSO).” The remaining two 
approximations give singlet scattering lengths which 
are greater than the singlet upper bound. That the 
exchange adiabatic approximation gives an a,=6.5 is 
in marked contrast to the results of Staver'® who 

7P. M. Morse and H. Feshbach, Methods of Thoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 622. 

8 J. B. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 332. ~ 

® Most references give formulas only for the tangent of the 
phase shift. A phase shift obtained by inverting such a formula is 
undefined modulo x. The absolute phase, which includes the correct 
number of multiples of x, is gotten by comparing w:(r) to the 
unperturbed &rji(kr) from the origin to where u:(r) achieyes its 
asymptotic form. Multiples of w in the phase shift correspond to 
extra nodes in (r) relative to krj:(kr). Formula (3.4) can be 
considered an operational means of making this comparison to 
get the absolute phase shift. 

10 This solution was as close as we could come, using the iterative 
procedure, to a self-consistent solution. The programming of this 
approach was done by Mr. J. L. Hammersmith of the U. S. Naval 
Research Laboratory, September, 1958. 

11 See reference 8, p. 62. 

2 L. Rosenberg, L. Spruch, and T. O’Malley, Phys. Rev. 119, 
164 (1960). Their upper bounds for the singlet and triplet scatter- 
ing lengths are a, =6.23a9, a-=1.91ao, respectively. We should 
like to thank Dr. Spruch for valuable discussions. These results 
assume only that the H~ ion has one bound state, and this of 
singlet spin. 

13'T. B. Staver, Arch. Math. Naturvidenskab B51, 29 (1951). 
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TABLE 1. S-wave phase shifts in radians. 


Singlet (+) 
Exchange 
k Exchange adiabatic 


Triplet (—) 


Exchange Polarized 
xchange adiabatic orbital 


Polarized 
orbital 


Os 8.10 6.5 
0.01 3.0606 3.077 
0.05 2.746 82 
0.1 2.396 

0.2 1.870 

0.3 1.508 

0.4 1.239 


2.35 1.9 
3.1181 3.123 
3.024 3.048 
2.907 2.949 
679 737 
461 528 
257 329 
0.5 1.031 070 146 
0.75 0.694 815 679 764 
1.00 0.543 ‘ s 391 480 


1.9 
3.123 +0.001 
3.046 


5.8 
3.084 +0.001 
2.855 
2.945 
2.732 
2.519 
2.320 
2.133 
1.745 
1.460 


— me NNN 





® The & =O entries are scattering lengths. Our numerical results for the 
phase shifts are uncertain by about 5 in the last place (except where 
otherwise indicated). The scattering lengths are defined as the negative 
of this quantity by many English authors. The exchange results for s and 
p waves check those of Omidvar (reference 5) 


TABLE II. p-wave phase shifts in radians. 


Singlet Triplet 
Polar- 

ized Exchange 
orbital Exchange adiabatic 


0.00481 0.00214 
0.0322 0.0511 
0.0392 0.169 
0.0347 0.304 
0.0428 0.358 


Polar- 
ized 
orbital 
0.0095 0.0090 
0.121 0.098 
0.311 0.245 
0.407 0.390 
0.503 0.453 


Exchange 
k Exchange adiabatic 


0.1 0.0012 
0.3 —0.0241 
0.5 0.0703 
0.75 —0.1126 
1.0 -0.1059 


0.0052 
- 0.0232 

0.0133 
— 0.00059 

0.0189 


TABLE III. d-wave phase shifts in radians. 


Singlet Triplet 
Polar- 

Exchange ized 
k Exchange adiabatic orbital 


Polar- 
Exchange _ ized 
Exchange adiabatic orbital 


0.1% 
0.3 
0.5 
0.75 
1.00 


—0.000570 
- 0.00397 
0.0123 
0.0176 


0.0108 
0.0249 
0.0387 
0.0493 


0.0113 
0.0266 
0.0456 
0.0627 


0.000763 
0.00698 
0.0274 


0.0555 


0.0123 
0.0371 
0.0824 
0.128 


0.0118 
0.0350 
0.0746 
0.112 


* The d-wave phase shifts at & =0.1 were still changing significantly at 
yr =20. In all cases they were much smaller in absolute value than at k =0.3, 
Recent calculations of the exchange-approximation d-wave phase shifts 
by T. L. John (to be published) are in agreement with our results. 


obtained a value of a,=3.47. His calculation corre- 
sponds to the exchange adiabatic approximation with 
the usual kind of polarization potential for r large; this 
potential, however, approaches infinity (as —r~') as 
r— (0). The small scattering length is therefore due to 
the exaggerated strength of his polarization potential 
near the origin. An apparently similar result was 
obtained by Martin, Seaton, and Wallace’ with a 

4 VY. M. Martin, M. J. Seaton, and J. B. G. Wallace, Proc. 
Phys. Soc. (London) 72, 701 (1958). The effect of the polarization 
potential V(r) on the exchange approximation scattering lengths 
is proportional to fo"Vp(r)uc(r)dr, where uo(r) is the s-wave 
radial function. For mo(r) these authors used the “exchange- 
approximation” function, whereas correctly one should use the 
exchange-adiabatic wo(r) calculated with the polarization potential 
V,(r). The s-wave function (in any of these approximations) has 
a node around r=5. The effect of the added attraction V(r) is 
to pull this node closer to the origin and effectively decrease uo(r) 
in the region r=1 to 5 where the main contribution to the integral 
arises. The effect of the decrease is emphasized because to(r) 
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polarization potential which in fact vanished at the 
origin. This similarity of results led them to the conclu- 
sion that the exchange adiabatic approximation itself 
is not good and overestimates the effects of polarization 
near the origin. We have indicated in footnote 14 that 
MSW’s result is due to an unjustified approximation in 
evaluating the effects of the exchange adiabatic 
potential rather than to the potential itself. The 
similarity with Staver’s singlet result is an unfortunate 
coincidence. We therefore conclude, by virtue of the 
closeness of our exchange adiabatic results with the 
polarized orbital results, that the former approximation 
can give quite satisfactory results with a judiciously 
chosen potential. It is worth noting that MSW, using 
a variational calculation with wave functions similar to 
(2.1), have also obtained scattering lengths very close 
to those in Table I. This corroborates the assertion 
made in reference 2 that correctly symmetrized wave 
functions containing the same kind of adiabatic distor- 
tion at large distances will give rise to phase shifts 
which are relatively insensitive to how these distortions 
die off at small distances. This assertion, however, 
must be restricted to s waves. The higher partial waves 
become increasingly more sensitive to the form of the 
adiabatic potential in the nonasymptotic region. 

The fact that singlet exchange adiabatic result gives 
a phase shift above the RSO upper bound, whereas the 
polarized orbital result is below this bound is the best 
indication we have yet had that the exchange polariza- 
tion terms are meaningful. On the assumption that the 
significance of these terms continues to energies greater 
than zero, and on the basis of the result of Ohmura and 
Ohmura (see below), we feel that we can justifiably 


TRIP ? 
IPLET.. —— 
——. 
| —_— 








2 “ 6 , LO & 
(.542) (2.166) (4.874) (8.666) (13.54) € 

Fic. 1. Polarized orbital integrated cross sections vs k. (k? is 
the energy of the incident electrons in rydbergs; 1 ry = 13.6 ev.) 
Results include s-, p-, and d-wave phase shifts. 


appears squared in the integrand. We have utilized our own 
exchange-adiabatic functions in this integrai and found that the 
integral is decreased enough so that the exchange scattering 
lengths are in approximate accord with our exchange-adiabatic 
results. 


AND 
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say that our s-wave phase shifts are correct to within 
10%, and that the correct singlet scattering lengths 
are probably between our result and the RSO bound. 
The relative accuracy of higher partial waves is almost 
certainly not so great. However, since the polarizability 
causes a more drastic change in these results relative 
to results in which no long-range polarization is in- 
cluded, we feel that these results are also valuable. In 
particular we are confident that the change in sign of 
the singlet p- and d-wave phase shifts predicted by our 
polarization calculations relative to the exchange 
calculation is real. A quantitative justification for these 
assertions obviously depends on a more rigorous 
theory of scattering. A preliminary report of such a 
theory has recently appeared.'® 

A singlet scattering length, a,=6.17, 
obtained by Ohmura and Ohmura.'® Their calculation 
utilizes a series expansion for k coté about the bound- 
state wave function of the H~ ion. This is to be con- 
trasted with the ordinary effective-range expansion 
which is about the zero-energy scattered wave function. 
The former may be written 


has been 


lim k coté= Tr { Soy ; +OL 7 . |. (4.2) 


>) 


The quantities y and p may be deduced with great 
accuracy from the Perkeris wave function of the H 

ion.'’ y is the square root of the H~ electron affinity; 
from Perkeris’ calculation y=0.2355883, and Ohmura 
and Ohmura find p= 2.646. The point of the Ohmura 
calculation is to equate the above with the ordinary 
effective-range expansion (4.1) in the limit k — 0. They 








Fic. 2. Pol. orbital differential cross sections, do/dQ, 
for k=0.5 (k?=3.4 ev) 

16 A. Temkin, Phys. Rev. Letters 4, 566 (1960). Dr. Bederson 
has informed us that his group intends to measure the spin flip 
cross section. This will allow for the determination of the relative 
sign of the singlet and triplet phase shifts. 

‘6 T. Ohmura and H. Ohmura, Phys. Rev. 118, 154 (1960). 
This work is based on T. Ohmura, Y. Hara, and T. Yamanouchi, 
Progr. Theoret. Phys. (Kyoto) 20, 82 (1958). 

C. L. Perkeris, Phys. Rev. 112, 1649 (1958). 
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Fic. 3. Pol. orbital differential cross sections for 
k=0.75 (k?=7.65 ev). 


get the above value for a,, and from (4.2) one would 
expect the error in a, to be of the order of y*, which 
would be of the order of one percent. Spruch, O’ Malley, 
and Rosenberg!* have shown that if one considers the 
scattering of a particle from an a/r‘ potential, then, in 
the effective-range expansion, ry becomes infinite. This 
is indicative of the fact that the effective-range expan- 
sion is altered and a term proportional to & appears 
between the constant and quadratic terms in (4.1). It 
has not been shown that the same thing holds in the 
electron-hydrogen however if an a/r* term 
appears in the potential for the scattered wave (and 
this is a basic consequence of the method of polarized 
orbitals), then it is extremely likely that a similar 
alteration will take place in that case also. The appear- 
ance of the & term is of course indicative of the series 
(4.1) being slowly convergent. In the limit that y — 0, 
however, the two (4.1) and (4.2), become 
identical. Since y is in fact small, the series cannot be 
too different, which would indicate that (4.2) is also 
slowly convergent. We therefore expect that the error 


case, 


series, 


in Ohmura’s scattering length is of order y, i.e., of 
about 5%. 

The polarized orbital phase shifts are larger for all 
partial waves than those corresponding to the exchange 
approximation. In the case of the s waves this means 
that the phase shifts are closer to 7; thus the predicted 
cross-section curve (Fig. 1) is lower for small energies 
than the exchange approximation results and those of 
some of the more elaborate calculations in which no 
long-range polarization was included.'® Figure 1 contains 
the p- and d-wave contributions also, but their effect 
is small at these energies. The total cross section, ojotal, 
is related to the singlet (¢,) and triplet (¢,) cross 

18 L. Spruch (private communication). (See footnote 12.) 

19 B. H. Bransden, A. Dalgarno, L. John, and M. J. Seaton, 


T. 
Proc. Roy. Soc. (London) A70, 223 (1957) contains a fairly 
complete list of references. 
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Fic. 4. Pel. orbital differential cross sections for 
k=1.00 (k?=13.6 ev). 


sections by 


(4.3) 


_'% 
Stotal= 4 (30:+0;). 


All of these cross sections are in principle measurable. 

The p-wave phase shifts are small, as they are in 
most of the other calculations so that distinguishing 
the p-wave predictions of various calculations on the 
basis of scattering experiments will probably be a long 
time in forthcoming. Some information about the singlet 
p-wave shifts from the photodetachment of electrons 
from H~ may be attainable. However, since that cross 
section is much more sensitive to the ground-state 
wave function of the H~ ion, conclusions about the 
shifts determined from presently available 
continuum functions on the basis of the agreement of 
calculated results with experiment” would seem to be 
unwarranted. 

The d-wave calculation was made to test whether 
these phase shifts were large enough to explain the 
apparent discrepancy between the experimental results 
of Brackmann, Fite, and Neynaber* and Bederson, 
Malamud, and Hammer.” As was explained in II, a 
large d-wave phase shift could interfere destructively 
with the s wave in the cone of observation of BFN to 
explain their small observed cross section but interfere 
constructively in the remaining parts of the scattering 
sphere to explain the resonance in the observations of 
BMH. Our calculated phase shifts are at least an order 
of magnitude smaller than those required to explain 
this discrepancy.? Nevertheless they are many times 
larger than those of the exchange approximation. (In 


phase 


*S. J. Smith and D. S. Burch, Phys. Rev. Letters 2, 165 
(1959); Phys. Rev. 116, 1125 (1959). 

21R. T. Brackmann, W. L. Fite, and R. H. Neynaber, Phys 
Rev. 112, 1157 (1958), hereafter referred to as BFN. 

* B. Bederson, H. Malamud, and J. Hammer, Technical Report 
No. 2, Electron Scattering Project, College of Engineering, New 
York University (unpublished). This will be referred to as BMH. 





794 TEMKIN 
the triplet spin state they are of opposite sign.) This 
demonstrates very vividly that the long-range polariza- 
tion potential has a proportionately larger effect on 
the higher partial waves. The results are in accord with 
the argument of Bransden ef al.,'* that the dipole 
polarizability make the />0 phase shifts approach 
zero as k® (as k—+0) rather than #*' as predicted by 
the Born approximation with no r~* potential present. 
The (relatively) large d-wave shifts, although they do 
not indicate any resonance in the total cross-section 
curve, do give considerable structure to the differential 
cross section even for as low an energy as 3 ev (see 
Figs. 2, 3, and 4). 


AND 


-.i€. SBAMEIEN 

(After this work was done, measurements of the 
angular distribution were completed at General Atomic 
Division of General Dynamics by Gilbody, Stebbings, 
and Fite.2* We are indebted to them for advance 
communication of their results. Both the shape and 
absolute values of their angular distributions seem to be 
in satisfactory agreement with our differential cross- 
section curves. A more detailed analysis of this experi- 
ment and the ability to estimate the error in the 
absolute value may allow one to distinguish between 
the polarized orbital results and other calculations.) 


3H. B. Gilbody, R. F. Stebbings, and W. L. Fite, following 
paper [Phys. Rev. 121, 794 (1961) }. 
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Collisions of Electrons with Hydrogen Atoms. VI. Angular Distribution 
in Elastic Scattering* 


H. B. Grrsopy, R. F. STEBBINGS, AND WADE L. FITE 
John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of General 
Dynamics Corporation, San Diego, California 
(Received September 28, 1960) 


The angular distribution of electrons scattered elastically by hydrogen atoms has been determined for 
electron energies below 10 ev. The elastically scattered electrons arising from the interaction of crossed 
electron and modulated hydrogen-atom beams were examined over an angular range extending from 30° 
to 120°. The results are discussed with reference to other recent experimental and theoretical developments. 


I. INTRODUCTION 


HE elastic scattering of electrons by atoms and 

molecules has been of widespread interest for 
many years, particularly in the fields of astrophysics 
and gaseous electronics. Following the development of 
quantum mechanics in the mid-1920’s, it was natural 
that the elastic scattering of electrons by atomic hydro- 
gen should become the subject of many theoretical in- 
vestigations. The wave functions of the target atom are 
completely and exactly known, so that calculated cross 
sections should be somewhat more accurate than in 
more complex scattering problems. A review of the 
theoretical work on this problem, however, reveals a 
considerable variation in results, depending on the 
scattering approximations used in the calculations. 
Clearly, it was desirable to carry out experiments on 
elastic scattering by atomic hydrogen to determine 
which of the calculations were superior. 

The chemical instability of the hydrogen atom made 
experimentation in this area difficult, but by 1955 the de- 
velopment of modulated-beam techniques and crossed- 
beam experiments permitted the first experimental 
studies to be made. In these experiments a beam of 
atomic hydrogen, produced either by thermal dissocia- 


* This research was supported by a joint General Atomic- 
Texas Atomic Energy Research l’oundation program on controlled 
thermonuclear reactions. 


tion in a tungsten furnace or in a high-frequency gas 
discharge tube, was crossed with a beam of electrons, 
and the electrons scattered by the beam were detected. 
These electrons gave rise to a signal which occurred at 
the beam modulation frequency and in a specified phase, 
while electrons scattered by the background gas gave 
rise to a dc signal plus noise at the modulation frequency. 

The first experiment, to measure the cross section 
for scattering of electrons at angles greater than about 
7°, was carried out by Bederson, Malamud, and 
Hammer! (BMH). The results of their experiments were 
surprising, in that they exceeded all of the theoretical 
predictions. 

This immediately refocused attention on the elastic- 
scattering problem, and a fundamental question arose 
in regard to the scattering theory. This question con- 
cerned the role of the partial cross sections higher than 
the s-wave cross section. At low energies the quantiza- 
tion of angular momentum dictates that partial cross 
sections for />0 be rather small, and most of the theo- 
retical work prior to 1958 had been carried out for 
s-wave contributions only. It was conceivable that 
higher partial cross sections were significant—that for- 
ward scattering could be more prominent than had been 


Soc. 2, 122 (1957). See also New York University Technical Re- 
port No. 2, 1958 (unpublished). 
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believed by the theoreticians and that the BMH results 
reflected the presence of strong forward scattering. 
Another alternative was that all scattering approxima- 
tions, even for s-wave components, led to serious errors. 
The third alternative was, of course, that systematic 
errors in the BMH experiment had led them to incorrect 
results. 

In order to clarify the situation somewhat, the elastic 
scattering of electrons into a right circular cone whose 
axis was normal to the initial electron direction was 
examined by Brackmann, Fite, and Neynaber* (BFN). 
In the treatment of the data, in order to relate observed 
cross sections to total cross sections, they assumed only 
s- and p-wave scattering contributions. Then the total 
elastic-scattering cross sections for the hydrogen atom 
fell in the general neighborhood of the theoretical pre- 
dictions, although the data were not sufficiently good 
to select the “best” of the calculations which had been 
done up to that time, and which themselves considered 
no higher partial wave contributions than /= 1. 

Temkin’ pointed out that both the BMH and BFN 
experiments might be correct. One can select a d-wave 
contribution which, when used with the s- and p-wave 
phase shifts of Bransden, Dalgarno, John, and Seaton,‘ 
will give a total cross section approximating the restlts 
of BMH and which will destructively interfere with the 
s-wave component to yield the 90° values of the BFN 
experiment. In the BF N experiment the strong forward 
scattering associated with a d-wave contribution would 
of course be completely missed. 

In order to learn the extent to which d-wave and 
higher partial wave contributions influenced the total 
scattering, it was desirable to determine the entire 
angular distribution of the elastically scattered electrons. 

The present paper summarizes the results of measure- 
ments of the angular distribution of electrons elastically 
scattered by atomic hydrogen in the energy range from 
3.8 to 10 ev. 


Il. EXPERIMENTAL APPROACH 


Atomic hydrogen was produced by the dissociation 
of hydrogen in a high-temperature tungsten furnace 
(Fig. 1). The beam then flowed through a differentially 
pumped chamber, where it was modulated at 100 cps 
by a mechanical chopping wheel, and any charged com- 
ponents which may have been present were removed 
by electrostatic deflection plates before the beam en- 
tered a high-vacuum chamber, where the experiment 
was performed. 

The slow-electron gun used a standard oxide-coated 
cathode and cylindrical focusing elements, and exposed 
portions of the gun assembly were surrounded by a 
screening can in order to prevent any stray electrons 


? R. T. Brackmann, W. L. Fite, and R. H. Neynaber, Phys. Rev. 
112, 1157 (1958). 

3 A. Temkin, Phys. Rev. 116, 358 (1959). 

*B. H. Bransden, A. Dalgarno, T. L. John, and M. J. Seaton, 
Proc. Phys. Soc. (London) 71, 877 (1958). 
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Fic. 1. Schematic diagram of the apparatus for investigating 

the angular distribution of electrons elastically scattered from 

atomic hydrogen. The slow-electron gun is rotated in plane at 
right angles to plane of drawing and norma! to the atom beam. 


from escaping. All metal surfaces in the vicinity of the 
slow electrons were gold-plated, and heating was pro- 
vided to reduce the formation of surface films and pre- 
clude contact potentials. Care was taken with the 
positioning of current leads in the region of the slow- 
electron stream to avoid effects arising from the 
associated magnetic fields, and magnetic materials were 
avoided in the construction of the whole assembly. 

In ‘order to investigate the scattered-electron signal 
at different scattering angles, it was considered more 
convenient in the present experiment to rotate the gun 
assembly rather than the more complex scattered elec- 
tron detector system. The atom beam passed through a 
circular aperture at the center of a large disk and in a 
direction normal to it, while the gun was placed on the 
disk so that the electrons moved parallel to it and thus 
intersected the beam at right angles. The scattering 
volume was determined by the cross section of the atom 
beam, which was 9 mm in diameter. With this arrange- 
ment the scattering volume was constant for all the 
scattering angles investigated. 

The scattered electrons passed through a circular 
aperture in a plate which was normally grounded, and 
were focused by three cylindrical focusing elements onto 
the first dynode of an eleven-stage, silver-magnesium 
electron multiplier with a measured gain of approxi- 
mately 5X10. This aperture subtended an angle of 
about 10° at the scattering center, though the effective 
solid angle may have been modified by the focusing 
characteristics of the lens system. 

The ac signal from the multiplier passed into a pre- 
amplifier via a high-quality de blocking condenser, 
which was necessary because the final collector of the 
multiplier was at the high-potential end of the dynode 
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lic. 2. Angular distribution of 
electrons scattered elastically by 
molecular hydrogen, compared 
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Kollath. 





60° 
SCATTERING ANGLE 


voltage-dividing chain. After further amplification by 
a band-pass amplifier, the signal was applied to a 
phase-sensitive detector whose reference signal was 
derived from a photocell and light at the chopper 
wheel. The rectified output of the detector was moni- 
tored for correct phasing on an oscilloscope before 
integration and display on a pen recorder. The details 
of the circuitry have been discussed in an earlier paper.* 

The electron current was monitored by a small col- 
lecting cup placed in front of the gun. This cup rotated 
with the gun, so that the scattered current could be 
observed at different angles while the de current to the 
collecting cup was maintained at a constant value, 
usually about 0.5 wamp. This system enabled the 
focusing characteristics of the gun to be checked. The 
current to the cup relative to the stray current to the 
large plate behind it was a useful indication of the extent 
to which good focusing could be maintained at the 
lower energies. The cup current was always over 90% 
of the total, down to the lowest energy used (3.8 ev). 
At lower energies good focusing conditions for reason- 
able gun currents became more difficult to achieve, and 
the stray 60-cps magnetic field from the furnace began 
to affect the slow-electron trajectories in spite of the 
screening of the steel-walled vacuum chamber. For 
these reasons measurements at energies below 3.8 ev 
were not made. 

The electron energy was determined by a retarding 
potential analysis of the cup current. The energy spread 
at half maximum in the retarding potential character- 
istic was about 0.4 ev for energies below 10 ev. 

The major problem encountered in this experiment 
was the high shot-noise background. At large scattering 

5 Wade L. Fite and R. T. Brackmann, Phys. Rev. 112, 1141 
(1958). 


angles the shot noise was associated with the dc elec- 
trons scattered by the background gas. At 
angles, the principal noise source was the current of 
imperfectly focused electrons from the gun that entered 
the detecting system directly. At angles of less than 30° 
the noise level was so high that reliable data could not 
be obtained. 

A problem of no less importance arose from the fact 
that it was impossible to distinguish between electrons 
that were scattered from hydrogen atoms and those 
scattered from any impurity atoms which might have 
been present in the beam. In certain cases it would be 
possible for comparatively small amounts of impurities 
to have a large effect on the observed scattering dis- 
tribution. To ascertain that 
indeed the primary constituent of the beam, a mass 
spectrometer was incorporated into the system. A sec- 
ond electron gun was used to ionize the beam after it 
had traversed the scattering region, and the beam com- 
position could be analyzed by comparing the peak 
heights corresponding to the various ions formed. 
Molecular hydrogen was the only significant impurity, 
and the dissociation fraction could be determined from 


smaller 


atomic hydrogen was 


the ratio of the peak heights of H* to H2*, the cross sec- 
tion for ionization being known in each case; the dis- 
sociation fraction was typically 90%. Details of this 
technique have been described previously.® 
Preliminary experiments were made with molecular 
hydrogen, and the angular distributions obtained were 
in good agreement with those of Ramsauer and Kollath’ 
(see Fig. 2). The symmetry of the angular distribution 


with respect to the zero position was also satisfactory, 


*W. L. Fite and R. T. Brackmann, Phys. Rev. 112, 1151 (1958). 
7 C. Ramsauer and R. Kollath, Ann. Physik 12, 529 (1932). 
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which indicated that the influence of stray magnetic 
fields was small. 

It was possible to determine the ratio of the atomic 
to the molecular scattering cross sections, 04/Qm, at a 
particular gun angle by comparing the scattered signal 
S(T) from a highly dissociated beam corresponding to 
a furnace temperature 7, with the signal S, obtained 
from the same total flow of gas with the furnace at 
room temperature. Under these conditions it 
previously shown? that 


Oa 1 (S(T) sT\! 
— =——_| —— ( ) +D—1}, 

Ow (2D) S, XT, 
where D is the dissociation fraction. Q4/Qu was deter- 
mined for a fixed gun angle of 90°, and it is interesting 
to note that the values obtained are in fair agreement 
with those of BFN (see Table I), though it should be 
remembered that the angular acceptance of the scat- 
tered electron detectors was different in each case. 


Was 


Ill. RESULTS 


Figure 3 shows the angular distribution obtained with 
atomic hydrogen for the four energies 9.4 ev, 7.1 ev, 
5.7 ev, and 3.8 ev. The absolute cross section per unit 
solid angle was determined by normalizing the measured 
ratios of Q4/Q to the Ramsauer and Kollath absolute 
molecular scattering data at 90°. The values given are 
the most probable ones on the basis of several runs, 
while the error in determining the absolute value of 
the cross section may be + 20%. 

It is interesting to examine the extent to which the 
experimental results are consistent with recent theo- 
retical treatments of the scattering problem in which 
different approximations are used. 

Bransden, Dalgarno, John, and Seaton‘ carried out a 
variational calculation that took account of both s- and 
p-wave scattering. In their adopted values, full allow- 
ance was made for electron exchange, and the effect of 
various polarization potentials on the value of the p- 
wave shifts was calculated using the polarization poten- 
tial given by the adiabatic theory. Contributions to the 
total by higher-order partial waves were shown, on the 
basis of the Born approximation, to be small. 

McEachran and Frazer* and more recently John® 
used a numerical method to include d-wave scattering 
in the calculation, and, although full allowance was 


TABLE I. Values of Q4/Qm at various energies. 


9.4 ev 


7.1 ev 
0.72 
0.88 


Present results, +20% 0.83 
BFN results 0.9 


®R. P. McEachran and P. A. Frazer, Can. J. Phys. 


T. L. John (private communication). 
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Fic. 3. Angular distribution of electrons scattered elastically 
by atomic hydrogen at various energies. 


made for electron exchange, distortion of the atom by 
the scattered electron was neglected. Up to energies of 
13.6 ev the inclusion of the d-wave partial scattering 
cross section would affect the total cross section by 1% 
at the most. 

Geltman” used a variational method in which a trial 
function of nonseparable form was employed to allow 
for the virtual excitation of 2s and 3s states, and he also 
obtained very small values for the d-wave phase shifts. 

In view of these small theoretical estimates of the 
d-wave scattering contribution, it was considered in- 
structive to examine the present angular-distribution 
data assuming only s- and p-wave scattering to be 
significant. 

The differential cross section is given in terms of the 
phase shifts by 

1 ~~ 


Y (2/+1)(e'"—1) P; cos} . 
1h2 1 


1(@)= 


Neglecting terms higher than /=1, we have 


1 
1 (6) =—[sin*no+ 3[sin?n +sin?y;— sin? (ni1—1o) | cos*é 
Rk 


+9 sin’; cos’6 ], 
which can be expressed in the form 
I(@)=A+B cosé+C cos*é. 


It was possible to normalize this quadratic to the 
observed distribution at three points so that the co- 


0S. Geltman, Phys. Rev. 119, 1283 (1960). 
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TABLE IT. Values of g:/qo at various energies. 


3.8 ev 7.1 ev 


Present results, +20°% 0.25 

BDJS* with adiabatic 
polarization potential 

John 

McEachran and Frazer 

Geltman 


0.6 

0.23 
0.23 
0.31 


0.4 

0.09 
0.09 
0.19 


* See reference 4 


efficients A, B, and C could be determined. Remember- 
ing that the /th partial cross section is given by 


dor 
(2/+-1) sin?,, 
ke 


the ratio gi/qgo could be obtained. This was done for the 
three energies 9.4 ev, 7.1 ev, and 5.7 ev, and the values 
are compared with several theoretical estimates in 
Table IL. 

Although the present experimental results can be ex- 
plained in terms of s- and p-wave scattering only, we 
cannot rule out the possibility that there is an appreci- 
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Drift Velocities of Slow Electrons in Helium, Neon, 
Hydrogen, and Nitrogen* 
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able d-wave contribution. Indeed, Temkin and Lamkin," 
using the method of polarized orbitals, have recently 
determined values of the d-wave shifts which, although 
far too small to support the results of BMH, are much 
larger than those given by either the exchange or the 
Born approximation. However, the manner in which 
the partial waves combine in this calculation gives re- 
sulting cross-section values which are also in fair agree- 
ment with the ones obtained in the present experiment. 

In conclusion, we may say that the results do not 
show the strong forward peaking which would be 
required to substantiate the BMH results, whereas they 
are consistent with theory in that there are no un- 
expectedly large contributions from higher partial 
scattering cross sections. Unfortunately, the experi- 
mental uncertainties do not permit very precise com- 
parisons with theory, so that it is not yet possible to 
resolve the small differences which result from dif- 
ferent theoretical approaches. 

We are indebted to a large number of theoretical 
physicists with whom we have discussed this problem, 
particularly our colleagues E. Gerjuoy and N. A. Krall, 
as well as A. Temkin, S. Geltman, and K. Smith. 


" A.Temkin and J. C. Lamkin, preceding paper [Phys. Rev. 
121, 788 (1960) }. 
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The drift velocities of electrons in helium, neon, argon, hydrogen, and nitrogen have been measured for 
E/p values between 10 and 10 volt/cm-mm Hg at temperatures between 77°K and 373°K. The data 
were obtained from measurements of electron transit time in an improved version of the double-shutter 
tube developed by Bradbury and Nielsen. By applying sufficiently small voltage pulses to the control 
grids, it was possible to eliminate end effects present in previous experiments. Values of the momentum 
transfer cross sections for electrons with energies between about 0.003 and 0.05 ev are obtained which are 
consistent with the measured drift velocities for thermal electrons in helium, argon, hydrogen, and nitrogen. 
The derived momentum transfer cross section for electrons in helium is found to be independent of electron 


2 


energy and equal to 5.3107! cm? 
nitrogen vary with electron energy 


I. INTRODUCTION 

HIS paper reports measurements of drift velocities 
of electrons in helium, neon, argon, hydrogen, 
and nitrogen for low E/p values using an improved 
technique. The immediate purpose of this study was 
to obtain information about elastic collision cross 
sections from the measurement of electron drift 
velocities at very low E/p. The data were obtained 
* This work was supported by the Advanced Research Projects 
Agency, the Office of Naval Research, and the Air Research and 

Development Command. 


. The momentum transfer cross sections for argon, hydrogen, and 


with the drift tube which is an improved version of the 
one developed by Bradbury and Nielsen.' In a previous 
report? results were presented for helium in which 
certain end corrections appeared to be necessary at 
very low E/p. In Sec. II in this paper a technique is 
described in which end effects appear to be eliminated 
and greater accuracy is obtained. Measurements of 
electron drift velocities in argon, neon, helium, hydro- 


1 N. E. Bradbury and R. A. Nielsen, Phys. Rev. 49, 388 (1936) 
? A. V. Phelps, J. L. Pack, and L. S. Frost, Phys. Rev. 117, 470 
(1960). 
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gen, and nitrogen in the E/p range from 10~* volt/cm- 
mm Hg to 10 volt/em-mm Hg at gas temperatures 
from 77°K to 373°K are reported in Sec. IV. In Sec. V 
the data obtained at very low E/p in argon, helium, 
hydrogen, and nitrogen are used to obtain elastic 
scattering cross sections which are consistent with the 
measured drift velocities. 


II. METHOD 


The measurements of electron drift velocity were 
made using the electrode structure shown schematically 
in Fig. 1 and described previously.2 Photoelectrons 
liberated from the cathode by ultraviolet light move 
downward under the action of a uniform electric field 
maintained by guard rings. The flow of current to the 
collector and electrometer can be reduced by the 
application of voltage pulses to alternate wires of the 
grids.* In the previous experiments a steady light 
source was used so that the first shutter was used to 
inject a pulse of electrons into the drift space. A 
second shutter was used to measure the transit time 
of the electrons from the first shutter to the second 
shutter. In an effort to correct for end effects, drift 
velocities were measured for two different drift 
distances and the difference in the measured transit 
times was used to calculate the drift velocity. This was 
accomplished by disassembling the tube, changing 
the spacing between the grids, and repeating all 
measurements. 

In the present experiments the need for a grid to 
provide a time varying electron current is eliminated 
by the use of a pulsed light source. Either of the two 
grids can then be used to determine the time required 
for electrons to travel from the cathode to the grid. 
The difference in transit times gives the time required 
to travel between grids and should be independent of 
end effects occurring at the cathode and effects 
occurring equally at both grids. This type of operation 
is shown schematically in Fig. 1. Light from the pulsed 
light source produces a photocurrent leaving the 
cathode having the waveform marked J. The currents 
arriving at grid number 1 and grid number 2 are /; 
and J,. Two limiting modes of operation of the grids 
have been used during the course of the present work. 
We will discuss first the ‘“‘conventional” mode of grid 
operation which is essentially the same as that used 
by Bradbury and Nielsen.' Then we wiil consider the 
“zero bias” or “rejection” mode of grid operation. 


Conventional Grid Operation 


Conventional operation of the grids is as follows: 
A potential is applied between the two halves of grid 
number 1 such that electrons are collected. This bias 

*For a summary of drift velocity measurements and grid 
designs see L. B. Loeb, Basic Processes of Gaseous Electronics 
(University of California Press, Berkeley, California, 1955), 
Chaps. I and ITI. 
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Fic. 1. Simplified schematic of drift velocity tube showing the 
conventional pulsed mode of operation. The widths of the pulses 
shown are not to scale 


is usually adjusted to reduce the transmitted electron 
current to about 5% of the value with zero bias. No 
voltages are applied between the two halves of grid 
number 2, which is passive during this measurement. 
In order to open grid number 1, a rectangular voltage 
pulse is applied symmetrically to each half of the grid 
so as to reduce the field between alternate grid wires 
to zero, i.e., to maximize the transmitted electron 
current when the delay is set at ¢;. By varying the 
time delay between pulse applied to grid number 1 
and the light pulse, a collector current versus time plot 
can be obtained which is similar to J;. In like manner, 
by making grid number 1 passive and number 2 active, 
a collector current versus time plot can be obtained 
which is similar to J». If ¢; and ¢, are the locations of 
the peaks of these waveforms, and the symmetry of 
the waveform is not badly distorted by diffusion 
effects,‘ the drift velocity is given by d/(t.—t,), where 
d is the distance between grid number 1 and grid 
number 2. 

The lower curves of Fig. 2 show a set of current 
versus time plots obtained in hydrogen for an E/p of 
0.02 volt/cm-mm Hg, p= 200 mm Hg, and T=300°K. 
Here E is the electric field, p is the gas pressure, and 
T is the gas temperature. The peak value of J, is 
smaller than that of J; because of spreading of the 
electrons due to diffusion. The areas under the curves 
are the same, however, indicating that the effects of 
the two grids on the electron pulse are the same. 
Previously,’ it was found that the diffusion coefficients 
calculated from the widths of the current peaks varied 
with experimental conditions in an unexplained manner 
about the expected values. This was not investigated 
further in the present work. Under most experimental 

*R. A. Duncan, Australian J. Phys. 10, 54 (1957). This paper 
discusses the correction to be applied to the drift time when a 
variable frequency control voltage is applied to the grid. Since 
the frequency is fixed in our experiments, the correction is smaller 
and is equal to ~0.3(Ar/r)?, where Ar is the width of current 
pulse at half maximum due to diffusion and 7 is the time of 
maximum current. It can be shown that the correction to (te—t)/d 
is proportional to (Ar/r)* and is negligible for our experimental 
conditions. 
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Fic. 2. Collector current vs time delay between the gate 
applied to either grid and the light pulse for £/p=0.02 volt/cm- 
mm Hg and a hydrogen pressure of 200 mm Hg. The grids were 
located at 2.54 and 5.08 cm from the cathode. The grid bias 
voltage and total pulse amplitude were 2 volts. The light pulse 
was 1.6 usec long and the gate applied to the grids was 1.8 usec 
long. The repetition rate was 7000 cps. The lower curves are for 
the grids operated in a biased fashion such that the transmission 
of grids increases during the application of gate. The upper 
curves are obtained with zero grid bias so that the transmission 
of the grids is decreased only during the application of the gate. 


conditions the width of the voltage pulse applied to 
the grid was comparable with the width expected due 
to diffusion. 

The value of bias required to reduce transmission of 
either grid to 5% depends upon pressure, E/p, and 
gas being studied. For helium, hydrogen, and nitrogen, 
the bias required is less than 40% of the potential 
difference between the two grids for moderate and 
large values of E/p. Under these conditions the ratio 
of tg and f; is always equal to the ratio of the distances 
of the respective grids from the cathode. This condition 
is taken as evidence of the absence of end effects. 
However, in argon and neon at moderate E/p and in 
gases at the lowest values of E/p, the bias required to 
reduce transmission to 5% of maximum transmission 
becomes comparable to the potential difference across 
the drift space. Under these conditions of large bias, 
the measured values of ¢; and /. and, to a lesser extent 
ts—t,, vary with the biasing voltage. Thus, it appears 
that the end effect reported previously is due to the 
use of too large a bias voltage. 


Zero-Bias Operation 


The zero-bias or rejection mode of operation of the 
grids is designed to reduce the perturbing effects of 
voltages applied to the grids by setting the dc bias 
voltage equal to zero and using only the pulsed voltage 
to collect some of the electrons near the grid. Thus 
the transmission of the grids is reduced and the current 
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to the collector goes through a minimum when the gate 
is applied simultaneously with the arrival of the 
electrons at the grid. This mode of operation has the 
advantage that there is no voltage between grid wires 
during the period between pulses. The waveforms 
obtained with this type of operation are shown by the 
two upper curves of Fig. 2. Figure 2 shows that with 
equal pulse amplitudes the change in collector current 
is approximately the same for either method of oper- 
ation and the computed drift velocities are equal to 
within experimental error. The final data at low E/p in 
He, Ne, Hz, and N2 were obtained using this technique 
and the minimum usable pulse amplitudes. The 
measured values of /; and /, were found to be propor- 
tional to the respective drift distances. Accordingly, 
the results are believed to be free of end effects. 

In all gases except argon the maximum transmission 
of the grids occurs at zero bias and the transmission 
decreases monotonically with increasing bias. Such a 
grid characteristic is shown by the dashed curve of 
Fig. 3 for hydrogen. The solid curves of Fig. 3 show 
the very unusual grid characteristics found for argon. 
For E/p values above 10-* volt/em-mm Hg the 


transmission increases with bias voltage to a maximum 
and then decreases as the bias is increased further. At 
an E/p of 10-* volt/cm-mm Hg the transmission 
characteristic near zero bias changes from a minimum 
to a maximum which becomes sharper as E/p is 





Normalized Collector Current 











Grid Bias (volts) 

Fic. 3. Collector current as a function of dc grid bias voltage 
at various E/p. The two solid curves are for argon at 77°K and a 
normalized pressure of 746 mm Hg. Notice the maximum which 
occurs at a bias of 1.5 volts. This behavior is believed to be due 
to the local heating of the electrons in argon by the bias fields 
and the rapid variation of cross section with energy. The dashed 
curve shows a typical transmission curve for hydrogen for an 
E/p of 0.001 at 300°K at a pressure of 622 mm Hg. The curves 
obtained in helium, neon, and nitrogen were similar to the 
hydrogen curve. 
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decreased. As the bias voltage is increased, the 
transmission passes through a minimum and then a 
maximum. The structure in the grid characteristics 
found for argon is probably associated with the 
Ramsauer ‘minimum in the argon scattering cross section 
but the effect has not been investigated in detail. The 
zero-bias method can be used with argon for E/ p< 10 
volt/cm-mm Hg. At higher E/p the bias was usually 
set for maximum transmission and the pulse amplitude 
adjusted to reduce the voltage between grid wires to 
zero. 
Ill. APPARATUS 


The experimental tube is essentially the same as 
described previously.2 A ceramic terminal assembly 
to replace the glass press. These 
terminals are easily repaired and provide better shield- 
ing and insulation of the electrical connections. The 
terminal end of the tube is enclosed in a second evacu- 
ated chamber in order to maintain high leakage 
resistance between the terminals and the flange and 
to reduce noise when the tube is operated in various 
liquid baths at temperatures different from room 
temperature. The grids were redesigned to improve 
their transmission characteristics. The grids used to 
obtain the data reported in this paper were 3-mil 
gold-plated molybdenum wires spaced 140 mils apart 
instead of 30 mils apart as reported in the previous 
paper.” 

The pulsed light source used in these experiments 
was a hot-cathode hydrogen lamp® operated at peak 
currents of about 4.5 amperes with a duty cycle 
varying from 5 to 20%. The rise and fall times of the 
voltage pulses applied to the lamp and to the grids 
were approximately 0.2 microsecond. 


was developed 


The gas samples used in these experiments were 
Airco Assayed Reagent Grade. The manufacturer’s 
mass spectrometric analysis shows that the impurity 
content of the argon, neon, helium, and nitrogen was 
less than 0.005 mole percent while the hydrogen 
contained 0,02 and 0.01 mole percent of nitrogen and 
hydrocarbons, respectively. The vacuum conditions 
before the admission of the gas were the same as 
described previously? so that the impurities introduced 
by the system were negligible. From the consistency 
of our results at fixed Z/p and various pressures we 
conclude that contact potential differences between 
the grids were less than 0.05 volt. The pressure measure- 
ments? were made using oil and mercury manometers 
separated from the system with a null reading 
diaphragm type manometer having a sensitivity of at 
least 0.3 mm Hg. The voltage measurements were 
made with a voltmeter calibrated to better than 1% of 
the value read. Space charge distortion of the drift 
field is negligible at the currents used in these experi- 
ments, i.e., less than 10~" ampere at the highest E/p 


5A. J. Allen and R. G. Franklin, J. Opt. Soc. Am. 29, 453 
(1939) ; and R. F. Weeks, J. Opt. Soc. Am. 49, 429 (1959). 
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and less than 10- ampere at the lowest E/p. 
Corrections to the drift velocity because of diffusion 
effects! were negligible for all the data reported. 

Data were obtained at 77°K using a liquid nitrogen 
bath, at 195°K using a dry ice and acetone or alcohol 
bath, at 300+3°K using no bath, at 373°K using an 
oil bath heated by electric immersion type heaters. 
The temperature of the shell of the tube and of the 
cathode was measures] with chromel-alumel thermo- 
couples and found to be within 1°C of the bath temper- 
ature. In order to check for heating of the gas due to 
thermal radiation entering through the window when 
making measurements at 77°K in hydrogen, the 
cathode region was illuminated with a 250-watt infra- 
red lamp. The measured drift velocity decreased by 
1% while the gas pressure increased by 1%. These 
results are consistent with a gas temperature rise of 
about 3% or 2°C, in the measuring region and with 
the measured cathode temperature rise of 5°C. Since 
the normal cathode rise is less than 1°C above the 
bath temperature we believe that there is negligible 
rise in gas temperature due to heat flow through the 
window. 


IV. RESULTS 


The drift velocities of electrons in helium are shown 
as a function of E/p in Fig. 4. The values of E/p are 
expressed in units of volt/cm-mm Hg for an equivalent 
density at 300°K, i.e., E/p=(E/N)3.22X10'* for all 
data given in this paper. Here N is the gas density. 
The normalized pressures quoted are the values 
measured using the manometer system and multiplied 
by 300/T. Data are shown for E/p values from 10~ to 
0.4 volt/cm Hg and temperatures of 77°K, 195°K, and 
300°K. The normalized pressure varied from 98 mm 
Hg at high E/p and 300°K to 1240 mm Hg at very 
low E/p and 77°K. Drift velocities are shown only 
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Fic. 4. Drift velocity of electrons in helium at 77°K, 195°K, 
and 300°K. The linear dependence of the drift velocity curve on 
E/p for E/p<3X10~ volt/cm-mm Hg as evidenced by the 45° 
slope on the log-log plot indicates that the electrons are in thermal 
equilibrium with the gas. 
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Fic. 5. Electron drift velocity in neon at 77°K and 300°K" 
Note that even at the lowest -/p at which there was a usable 
signal the variation of drift velocity is not a linear function of 
E/p so that we conclude the electrons are not in thermal 
equilibrium with the gas. 


for values of E/p such that the “time constant” 
for energy relaxation is much smaller than the drift 
time.® The results of Loeb’ and Wahlin‘ for helium are 
shown by the solid squares and triangles, respectively. 
The agreement is good considering the difficulties of 
the early measurements. Very good agreement is 
obtained with Nielsen? over the common range of 
measurement but our results are significantly higher 
than those of Bowe.'"® The measured drift velocities 
shown in Fig. 4 for 300°K agree with those published 
previously? except for E/p<10-? volt/cm-mm Hg 
where the present values are about 15% larger. The 
helium drift velocities measured at 300°K with drift 
distances of 5.08 and 10.16 cm agreed to within experi- 
mental error with those obtained with the normal 
distances of 2.54 and 5.08 cm. We have not shown the 
drift velocities computed from the magnetic deflection 
experiments since the relationship between the drift 
velocity calculated from these experiments and that 
measured by time of flight experiments varies with the 
form of the electron velocity distribution and with E/ p."! 


6 The “energy relaxation time’’ for an atomic gas in the absence 
of inelastic collisions is roughly equal to M (2mv), where M and 
m are the atomic and electronic masses and Vis an average electron 
collision frequency. Approximate values for A, Ne, and He are 
500/p, 100/p, and 5/p usec, respectively, at the E/p values of 
interest. Estimates of this time for molecular gases must include 
the effects of rotational and vibrational excitation. Average 
values for H: and N; are about 1/10 that for He. 

7L. B. Loeb, Phys. Rev. 23, 157 (1923); and 19, 24 (1922). 

§H. B. Wahlin, Phys. Rev. 37, 260 (1931); 27, 588 (1926); 
and 23, 169 (1924). 

®R. A. Nielsen, Phys. Rev. 50, 950 (1936). 

J. C. Bowe, Phys. Rev. 117, 1411 and 1416 (1960). Un- 
fortunately, this author, along with many others, reports data 
for only one drift distance so that end effects and waveform 
distortion due to an unsymmetrical light pulse cannot be 
eliminated as source of error. 

4 These experiments are summarized by R. H. Healey and 
J. W. Reed, The Behavior of Slow Electrons in Gases (The Wireless 
Press, Sidney, 1941). The drift velocity computed using Eq. (17) 
of this reference is exact when the electron collision frequency is 
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Fic. 6. Electron drift velocity in argon at 77°K and 300°K. 
The electrons are in thermal equilibrium with the gas for 
E/p<4 X10 volt /cm-mm Hg. 


The drift velocities of electrons in neon are shown 
in Fig. 5. Data are shown for E/p values from 4X 10~* 
to 0.5 volt/cm-mm Hg at 300°K using pressures be- 
tween 48 and 660 mm Hg. Drift velocity data were 
also taken at 77°K at normalized pressures of 650 and 
900 mm Hg. We were unable to obtain data at lower 
E/p at 300°K because the loss of electrons to the 
grid wires at the maximum available neon pressure 
was too large. Good agreement is obtained with 
Nielsen’ over the common range of £/p. It is to be 
noted that at the lowest E/p the drift velocity is not 
a linear function of E/p as is the case for the other 
gases studied. This is due to the fact that the electrons 
have 
mainly by the electric field and not by the thermal 
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motion of the gas atoms.” 


an energy distribution which is determined 


independent of electron energy; it has been shown to be 6% 
high when the collision cross section is independent of energy 
and when the only important terms in the Boltzmann equation 
are the energy gain from the electric field and the energy loss in 
elastic scattering collisions. See W. P. Allis and H. W. Allen, 
Phys. Rev. 52, 703 (1937). At very low E/p, the distribution 
function becomes Maxwellian and the drift velocity computed 
from the magnetic deflection experiments is expected to be 18% 
high when the collision cross section is constant. We are unable 
to explain the much larger difference between our results and 
those of Townsend and Bailey at low //p in helium. See Fig. 6 
of reference 2. 

21f we assume that the elastic scattering cross section is 
independent of energy, the condition for a 10% increase in 
electron energy due to the electric field for atomic gases is that 
E/aN =0.1X (6m/M)§(kT/e), where M is the mass of the atom 
and the remaining symbols are defined in the text. See, for 
example, M. J. Druyvesteyn and F. M. Penning, Revs. Modern 
Phys. 12, 87 (1940), Sec. 4. According to this relation the excess 
of the average electron energy over thermal is less than 10% at 
300°K for E/p below 1.5X 10-3, 10, and ~10~ volt /cm-mm Hg 
for helium, neon, and argon, respectively. A more accurate 
calculation for argon (see reference 24) shows that the average 
electron energy is within 10% of thermal for E/p less than 
2.4X10~ and 3.3X10~ volt/cm-mm Hg at 300°K and 77°K, 
respectively. Estimates of the limiting values of E/p are difficult 
for the molecular gases because of our lack of knowledge concern- 
ing inelastic collisions between electrons and gas molecules. 





DRIFT VELOCITIES 





TTT 
5 195 °K 
300 °K 
373 °K 
Wahlin 293 °K 
Bradbury and Nielsen 293°K 











\te 


Fic. 7. Electron drift velocity as a function of E/p in hydrogen 
at 77°K, 195°K, 300°K, and 373°K. For E/p<3X10-* the 
electrons are in thermal equilibrium with the gas at each 
temperature. 


The drift velocities for electrons in argon are shown 
in Fig. 6. Data are shown for E/p from 2X 10~ to 0.5 
volt/cm-mm Hg at 77°K and 300°K. The pressures 
used in the 300°K measurements varied from 735 mm 
Hg at the lowest E/p to 151 mm Hg at the highest 
E/p. At 77°K the pressure was the equilibrium vapor 
pressure over solid argon. The drift velocities of 
electrons were found to be independent of gas temper- 
ature for values of E/p greater than 2X 10-* volt/cm- 
mm Hg. Drift velocities are shown only for values of 
E/p well below that at which the time constant for 
energy relaxation equals the transit time.* The measured 
drift velocities are within 10% of those obtained by 
Nielsen,? by Colli and Facchini,"* by Kirshner and 
Tofollo,* and by Bowe” over the common range of 
E/p. These results are about 20% below those of 
Bortner, Hurst, and Stone,'® The still larger drift 
velocities measured by Klema and Allen'® and English 
and Hanna'* for E/p of 0.2 volt/cm-mm Hg and above 
have been attributed to impurities."°'® The drift 
velocities measured by Wahlin® for argon containing 
1.5% nitrogen at low £/p are shown by the solid 
triangles. These results are in very good agreement 
with unpublished data obtained in our experiments 
for similar concentrations of nitrogen in argon. Note 
that an extension of the dashed line through Wahlin’s 
data passes very close to our low E/p data, i.e., the 
low E/p values for the electron mobility from the 
two experiments are in good agreement. Because of 
the large energy lost to nitrogen as a result of rotational 


13 L,, Colli and U. Facchini, Rev. Sci. Instr. 23, 39 (1952). 
44]. M. Kirshner and D. S. Toffolo, J. Appl. Phys. 23, 594 
1952). 
| eT. E. 
Instr. 28, 103 (1957). 
16 E. D. Klema and J. S. Allen, Phys. Rev. 77, 661 (1950), and 
W. N. English and G. C. Hanna, Can. J. Phys. 31, 768 (1953). 


Bortner, G. S. Hurst, and W. G. Stone, Rev. Sci. 
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Fic. 8. Electron drift velocity as a function of E/p in nitrogen 
at 77°K, 195°K, 300°K, and 373°K. For E/p<3X10- the 
electrons are in thermal equilibrium with the gas at each 
temperature. Notice the shallow minimum in the 77°K curve 
which is due in part to the variation of the elastic collision cross 
section with electron energy. 








excitation the maximum E/p for which the electrons 
are in thermal equilibrium is much greater for the 
mixture than for pure argon.” 

The drift velocities of electrons in hydrogen for E/p 
values from 2.5X10-* to 10 volt/cm-mm Hg at 77°K, 
195°K, 300°K, and 373°K are shown in Fig. 7. The 
normalized pressures used varied from 26 to 1290 mm 
Hg at 77°K and from 5 to 660 mm Hg at 300°K. 
Good agreement is obtained with Bradbury and 
Nielsen' and with Wahlin® over the range of E/p 
common to the respective measurements. 

The drift velocities of electrons in nitrogen for E/p 
values from 10-* to 10 volt/em-mm Hg at 77°K, 
195°K, 300°K, and 373°K are shown in Fig. 8. The 
normalized pressures used were 700 and 1200 mm Hg 
at 77°K and varied from 2 to 745 mm Hg at 300°K. 
In the common range of E/p our results are in good 
agreement with those previously reported by Nielsen,® 
Colli and Facchini,“ and Klema and Allen,!® and 
about ten percent higher than those of Bortner, Hurst, 
and Stone,’® and of Bowe." At very low E/p our room 
temperature values are about 20% below those of 
Wahlin® and 10 to 12% higher than the values which 
we reported previously.'” 

The drift velocities given above for argon, helium, 
nitrogen, and hydrogen at very low E/p are directly 
proportional to E/p and vary appreciably with the 
gas temperature. We believe that at the lowest values 
of E/p the electrons are essentially in thermal equili- 
brium with the gas so that the distribution of electron 
velocities is Maxwellian and is characterized by a 
temperature equal to the gas temperature.” 


17 A. V. Phelps and J. L. Pack, Phys. Rev. Letters 3, 340 (1959). 
Note that a minus sign was omitted from the expression o; in 
footnote 5 of this letter. 





PACK 


V. ANALYSIS OF DATA 


In order to obtain momentum transfer cross sections 
as a function of electron energy from these measure- 
ments of electron drift velocity we must know the 
electron energy distribution. Even though no inelastic 
collisions occur in the rare gases in the E/p range 
covered, the energy distribution is known a priori only 
in the lower E/p range where the electrons are in 
thermal equilibrium with the gas." Therefore, in this 
paper use will be made only of the lower portions of 
the curves of drift velocity versus E/p where the drift 
velocity varies linearly with E/p and the electrons 
have an energy distribution the same as that of the 
gas. To obtain the cross sections we make use of the 
integral relations between the drift velocity and 
collision frequency. 

The drift velocity, w, of electrons in the presence of 
a de electric field, E, is given by'*:' 


4rn e SE - d sen : 
w= (uV)(E/N)= ( -) J ju-( - es (1) 
3 m\N 0 advX\ » 


where yw is the electron mobility, e and m are the 
electronic charge and mass, fo is the spherically sym- 
metrical term in the expansion of the electron velocity 
distribution, v is the electron velocity, v is the frequency 
of momentum transfer collisions, and NV is the gas 
density. Assuming a power series representation of 
N/v in terms of electron velocity,” we have 

l= > ba, (2) 
where o is the cross section for momentum transfer 
collisions. The negative sign of j is chosen so that 
Eq. (2) is consistent with the corresponding equation 
of reference 20. For low E/p the electrons are in 
thermal equilibrium with the gas and 


N/v= (ov) 


fo= (m/2xkT)! exp(—mv?/2kT), 


where T is the gas temperature. Upon substitution of 
Eq. (2) into Eq. (1) and integration, we have 


é (3/2—7/2)! 2kT \ ~?!2 
erat SID, (22) 
m i (3/2)! m 


2kT\~i"2 
-r 8(—) , 3) 


m 


'W. P. Allis, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 21, p. 413, Eq. (31.9). 

"This expression is also obtained by setting w=0 in the 
formula for the ac mobility of electrons in a gas. See H. Margenau, 
Phys. Rev. 69, 508 (1946). It should be noted that the alternative 
expression developed by E. A. Desloge, S. W. Matthyss, and 
H. Margenau, Phys. Rev. 112, 1437 (1958) gives coefficients 
similar to those of Eq. (3) but divided by a factor of (3—j)/3. 
We can decide between these two expressions experimentally. 
Thus, the collision cross sections for nitrogen determined from 
the present experiments and from the microwave experiments of 
reference 20 using the generalized form of Eq. (1) agree to 
within 15%. If we use the alternative expression, the derived 
cross sections disagree by 40%. 

* A. V. Phelps, O. T. Fundingsland, and S. C. Brown, Phys. 
Rev. 84, 559 (1951). , 
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Fic. 9. The solid curves show the temperature dependence of 
the power series expansions chosen to approximate the measured 
values of uN. The curve shown for argon is that which leads to 
the o; curve of Fig. 11. 


where we use the notation (3/2)!=I(5/2). Here 
(2kT/m)' is the most probable speed for a Maxwellian 
distribution of velocities having a temperature equal 
to the gas temperature. From experiment we have the 
quantity w.V at several temperatures. We can, there- 
fore, choose a reasonable set of values of 7 and determine 
the coefficients from the experimental data. Comparing 
Eq. (3) with Eq. (2), we see that the cross section is 
given by 


(4) 


_ 
= 
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> note that if the cross sections were constant we 
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Fic. 10. Momentum transfer cross section as a function 
electronfenergy in helium. 
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would have the 7=+1 term only and wV would vary 
as (2kT/m)~*. For helium this is a good assumption 
but for argon, hydrogen, and nitrogen the cross sections 
must be assumed to depend upon 2. 

The experimentally determined values of wV=w.V/E 
for E/p— 0 from the data of Figs. 4-8 are given in 
Table I and are plotted as points in Fig. 9. The solid 
curves are plots of the power series chosen to approxi- 
mate the temperature dependence of the measured 
uw values. 

The measured values of u.V for helium were fitted 
to a single term power series with 7=+1 to obtain a 
velocity-independent cross section equal to 5.3 10~'® 
cm’, This cross section is shown in Fig. 10, along with 
the cross sections obtained previously. The present 
results are in good agreement with those of Phelps, 
Fundingsland, and Brown (PFB)” and of Gould and 
Brown” obtained from an analysis of microwave 
measurements of the electron mobility, and 25% 
below the results of Anderson and Goldstein.” Note 
that the method presented in this paper gives the 
values of cross sections as functions of electron energy 


TaBLe I. Experimental values of uN obtained at low /:/p 
(values of uN in cm volt sec). 


Helium He No 


Argon 


13.0 «10 
5.70 x 108 
3.86 X 1078 
3.15 10” 


5.8 X 10% 5.15 10% 
.22 X10 


58 K 10% 


3.41 X 10*8 
2.06 X 10 
1.60 X 10*8 
1.34 10% 


14.2 10*8 


only in the range from roughly 0.003 to 0.05 ev. On 
the basis of the good fit of theory and experiment which 
we obtained previously? for E/p values between 0.1 
and 1.0 using a cross section of 6.2&10-'® cm?, we 
conclude that the cross section increases by about 
20% as the electron energy increases from 0.003 ev 
to about 1 ev. This result is in good agreement with 
the results of Gould and Brown?! but is inconsistent 
with the results of Bowe." 

Figure 9 shows that for a fourfold increase in argon 
temperature uw.V increases by a factor of 2.4 so that 
the largest |7| in Eq. (4) must be greater than 1. We 
can evaluate only a 2-term power series expansion 
since w.V values were obtained at two temperatures. 
Three possible series are those with j=+1 and —2, 
giving 01; j=+1 and —3, giving o2; and j=—1 and 
—2 giving o;. Evaluating the constants by the above 
method we find the cross section as shown in Fig. 11. 
It has been suggested by Varnerin® that the validity 
of these calculations is greatest where the values are 


independent of the choice of the power series, in other 


21. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). See 
also J. L. Hirshfield and S. C. Brown, J. App!. Phys. 29, 1749 
(1958). 

2 J. M. Anderson and L. Goldstein, Phys. Rev. 102, 933 (1956). 

*%L. J. Varnerin, Jr., Phys. Rev. 84, 563 (1951). 
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ic. 11. Momentum transfer cross sections in argon as a 
function of electron energy for three choices of the power series 
expansion of N/v. The curves cross at electron energies of 0.013 
and 0.08 ev and, according to Varnerin, are most accurate at 
these energies. Note that the cross section is plotted on a 
logarithmic scale. 


words, where a1, oe, o3 The curves cross at 
about 0.013 and 0.08 ev. These crossings occur at 
energies which are below that of Ramsauer minimum 
in argon which occurs at a few tenths of an ev.%4 These 
curves indicate that the microwave value reported by 
Phelps, Fundingsland, and Brown” was obtained for 
electrons which were not in thermal equilibrium with 
the gas. Evaluations of the drift velocity data including 
the nonthermal region have been carried out by Bowe” 
and by Frost and Phelps.” 

In hydrogen the derived cross section can be repre- 
sented by o~'=(1.28—2.17u)x10" cm, where u is 
the electron energy in ev, and is shown in Fig. 12. 
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ic. 12. Momentum transfer cross section as a function 
of electron energy in hydrogen 
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Fic. 13. Momentum transfer cross section as a function of 

electron energy in nitrogen. Note that the cross section is plotted 
on a logarithmic scale. The temperatures indicated are the 
electron volt equivalents of k&7. 
These values are about % of the cross section previously 
reported by Phelps, Fundingsland, and Brown*® and 
by Varnerin.” The magnitude of this cross section for 
the common energy range is in good agreement with 
the results of Bekefi and Brown* but the cross section 
obtained from the present experiments varies much 
less rapidly with energy. 

The cross section in nitrogen as obtained by this 
method is given by o~'=5.31X 10"u-!—3.15 10"4-! 
cm~ and is shown in Fig. 13. It agrees with the value 
of Phelps, Fundingsland, and Brown” within about 
10% but is about a factor of five below that of 
Anderson and Goldstein** at 0.026 ev. The o values 
reported previously by Phelps and Pack" are 10-12% 
higher. 

In principle we could compare the present results 
with the low-energy cross sections obtained from 
studies for the shift and the broadening of the higher 
alkali atom spectral lines.2”? However, Baranger®® has 

*°G. Bekefi and S. C. Brown, Phys. Rev. 112, 159 (1958). 

26 J. M. Anderson and L. Goldstein, Phys. Rev. 100, 1037 
(1955); and 102, 388 (1956) 

27H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, London, 1952), 


p. 178. 
28M. Baranger (private communication). 
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pointed out that the usual assumption that these cross 
sections apply to zero-energy electrons is incorrect 
since the average electron wavelengths correspond to 
energies of the order of a few hundredths of an electron 
volt. Comparison of the two experiments will have to 
await a better understanding of the spectral observa- 
tions. In view of the limited range of energy covered 
by the present analysis, we have not attempted to 
compare the derived cross sections with the result of 
theoretical calculations. The comparison has recently 
been carried out by Bowe" and by Kivel.”® 


V. SUMMARY 


Electron drift velocities in atomic and molecular 
gases measured at very low E/p have been used to 
obtain the cross sections for momentum transfer 
collisions in the energy range from 0.003 to 0.05 
electron volt. The techniques described in this paper 
make possible measurements at energies not available 
with present beam experiments so that one is willing 
to put up with the lack of energy resolution. An 
inherent advantage of the techniques used here is the 
lack of contamination due hot filament or to 
discharge products. 

The drift velocity data for electrons at the higher 
E/p values can be analyzed to obtain cross sections as 
a function of energy for energies well above thermal. 
This requires the solution of the Boltzmann equation 
for the electron energy distribution appropriate to the 
higher fields including inelastic collisions in the case 
of molecular gases. Approximate solutions have been 
obtained by Bekefi and Brown*® and by Bowe" under 
the assumption that the inelastic scattering cross 
section is a slowly varying function of energy. Since 
this assumption fails near threshold, Frost and Phelps 
have made calculations using more accurate forms for 
the excitation cross section in hydrogen.” These will 
be presented in detail in a later publication. 
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Nuclear Magnetic Interactions in Hydrogen Fluoride* 
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The radio-frequency spectra corresponding to the reorientation of the proton and fluorine nuclear magnetic 
moments in hydrogen fluoride (HF) have been observed in fields of 900, 1800, and 3600 gauss by means of the 
molecular beam resonance method. Details are presented on the design and construction of the new molecular 
beam apparatus and electron-bombardment detector used in the experiment. The theory of the HF strong- 
field energy levels is outlined, and the expected proton and fluorine transitions derived for J =0, 1, and 2 are 
tabulated. From the observed resonance shapes, one can deduce the magnitudes of the spin-rotational 
interactions of the proton and fluorine nuclei, and their spin-spin interaction. These are: |cp| =71+3 kc/sec, 

cr| =305+2 kc/sec, d:=57+2 kc/sec. The correctness of these parameters was checked by the good 
agreement between the experimental curves and resonance shapes predicted by Univac programs using these 
values. The observed fluorine spin-rotational interaction constant is the largest yet observed and corresponds 
to a rotational magnetic field at the nucleus of 76 gauss per unit rotational quantum number. The implica- 
tions of the large spin-rotational interaction for relaxation processes in nuclear magnetic resonance experi- 


ments are discussed. 


I. INTRODUCTION 


HE method of molecular beam magnetic resonance 

furnishes a highly effective means for studying 
the Zeeman hyperfine structure of molecules. Experi- 
mentally, detection of the molecular beam after it has 
passed through the magnetic or electric deflection and 
transition fields has in the past limited the scope of the 
method. A detector utilizing ionization of the molecular 
beam by electron bombardment possesses the advan- 
tages of wide applicability and fast response time. Such 
a detector was first used for condensable beams by 
Wessel and Lew,' and was adapted to noncondensable 
beams by Quinn ef a/.2 who used it in their studies 
of HD. 

A versatile new molecular beam magnetic resonance 
apparatus incorporating an improved electron-bom- 
bardment detector has been recently constructed, in 
order to widen the range of molecules which can be 
studied. The apparatus is described in detail in Sec. II. 
The first investigations carried out on it have been con- 
cerned with the nuclear magnetic spectra of hydrogen 
fluoride (HF), in fields of from 900 to 3600 gauss. This 
'S molecule has not been previously examined by the 
molecular beam method or by any other method that 
can provide similar information. The nuclear magnetic 
moments of the proton and fluorine nuclei in the mole- 
cule are large, which permits a comparatively easy 
deflection in the A and B fields. The nuclei are both spin 
$, simplifying the analysis of the spectrum by mini- 
mizing the possible nuclear orientations in the external 
field. A small moment of inertia of the molecule allows 


* This work was supported in part by the National Science 
Foundation and the Joint Program of the Office of Naval Re 
search, and the U. S. Atomic Energy Commission. 

+ Present address: Brigham Young University, Provo, Utah. 

t Present address: University of Arizona, Tucson, Arizona. 

1G. Wessel and H. Lew, Phys. Rev. 90, 1 (1953). 

2W. E. Quinn, A. Pery, J. M. Baker, H. R. Lewis, N. F. 
Ramsey, and J. T. LaTourrette, Rev. Sci. Instr. 29, 935 (1958). 

’W. E. Quinn, J. M. Baker, J. T. LaTourrette, and N. F. 
Ramsey, Phys. Rev. 112, 1929 (1958). 


the lower rotational states to be thermally populated. 
These characteristics seemed particularly suitable for 
initial experiments with a new apparatus. 

From the observed transition frequencies and spectral 
shapes can be deduced the values of several of the con- 
stants which appear in the molecular hyperfine Hamil- 
tonian. In particular, the magnitudes of the spin-rota- 
tion constants, which depend on the molecular free 
rotation and which are averaged to zero in non-molecu- 
lar-beam resonance experiments, were obtained. The 
Hamiltonian used is similar to that which has been 
given for the hydrogen molecule, and no unexpected 
interaction was required to interpret the data. The 
strong-field energy levels and transition frequencies ob- 
tained from them for molecular rotational states J=0, 
1, 2 are presented in Sec. III. In the case of HF, indi- 
vidual transitions have not yet been resolved. Since the 
number of possible transitions becomes large, interpreta- 
tion was facilitated through the use of an electronic 
computer to predict resonance shapes for different 
values of the input parameters. Several Univac pro- 
grams have been so devised, and have proven highly 
useful in determining the best choice of molecular- 
interaction constants. 

There has been a large amount of recent theoretical 
work on the electronic structure of diatomic molecules, 
and, particularly, of HF.‘ High-speed machine computa- 
tion has enabled the wave functions to be obtained with 
considerable accuracy. From this, the value of experi- 
mentally measurable quantities, such as the electric 
dipole moments and electric field gradients, can be 
calculated directly. Other calculations are in progress 
using the wave functions as the bases for variational 
calculations to include the effects of perturbation-intro- 
duced excited states, such as are involved in the nuclear 
diamagnetic shielding, spin-rotational interactions, and 
rotational magnetic moments. The experimental values 
of these quantities furnish criteria for evaluating the 


‘ Revs. Modern Phys. 32, No. 2 (1960). 
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Fic. 1. Top view of the molecular beam apparatus. 


techniques developed for many-electron molecular prob- 
lems, and determining their limitations. 


II. APPARATUS 


To produce the conditions under which transitions 
may be induced and detected in a beam of molecules 
requires an array of vacuum and electrical equipment. 
The point of view adopted in this description will be to 
emphasize the features peculiar to this apparatus, since 
many standard design considerations are now quite 
completely discussed in the literature.® Distinguishing 
characteristics of this apparatus are: 


(a) the use of detachable vacuum sections to facili- 
tate changing experimental conditions, such as the 
length of the C field; 

(b) magnets either wholly or mostly external to the 
vacuum envelope ; 

(c) the use of a 25-foot long aluminum H beam, on 
which the equipment is mounted, to furnish rigidity 
against deflections in the manner of an optical bench. 

(d) utilization of electronically-regulated high-voltage 
supplies with high-impedance magnet windings for the 
deflection and C field; 

(e) an electron-bombardment ionization detector, 
which bombards the molecular beam over a 10-cm 
length ; 

(f) a mass spectrometer of very wide aperture to 
analyze the ion beam; 

(g) a stainless steel, copper-gasketed, detector vacuum 
system, which can be baked out at high temperature, 
and is pumped by mercury diffusion pumps. 


A scaled top view of the apparatus is shown in Fig. 1. 
The gas to be studied is introduced through a gas- 
handling system into the source, which is suspended into 
the vacuum from an Invar cold trap, and whose temper- 
ature can be adjusted by filling the trap with liquids. 


5N. F. Ramsey, Molecular Beams, (Oxford University Press, 
New York, 1956). 


The beam is produced by the effusion of gas from the 
source, which is kept at about 5 mm Hg pressure. It 
passes through a thin vertical slit into the lower vacuum 
of the source pumping chamber. In accordance with the 
classic Rabi method, the beam of molecules then passes 
through successive regions of magnetic fields and is 
incident on a detector slit. By means of a collimating 
slit, located at the center of the C magnet and whose 
width is comparable to that of the source slit, the beam 
is confined to a width of 0.005 cm and a height of about 
0.8 cm. 

The inhomogeneous A field deflects the path of a 
molecule by acting on its effective magnetic moment 
with a field gradient of from 10 to 30 kgauss/cm. The 
inhomogeneous B-field gradient is oppositely directed to 
that of the A field and so refocuses the beam on a slit 
located in front of the beam detector. If, in the C-field 
region, transitions are induced from one molecular 
energy level to another with differing effective magnetic 
moment, the molecules will no longer be refocused. 
Thus, the beam intensity registered will decrease when- 
ever there is such a transition induced within the C-field 
region. This occurs when the small oscillatory magnetic 
field in the rf coils, which is applied parallel to the beam 
and perpendicular to the C field, has a frequency related 
by the Bohr condition to the energy differences between 
the initial and final states. 

The vacuum in the large chamber surrounding the 
source is maintained at about 10~-' mm Hg by a Con- 
solidated Vacuum Corporation (CVC) pump, type 
MCF-1400, surmounted by an integral freon-refriger- 
ated baffle.* Half-inch adjustable channel slits are used 
between the source, buffer, and A-magnet sections so 
that the main chamber pressure may be kept inde- 
pendent of the source efflux by the use of differential 


6 Details of the construction methods, dimensions, and circuitry 
used can be found in M. R. Baker, thesis, Harvard University, 
1960 (unpublished); H. M. Nelson, thesis, Harvard University, 
1959 (unpublished) ; J. Leavitt, thesis, Harvard University, 1960 
(unpublished). 
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pumping. The buffer chamber is pumped by a CVC, 
MCF-300 fractionating oil pump and its usual operating 
pressure is 2X10~-§ mm Hg. At the entrance of the A- 
magnet vacuum chamber is a sliding valve using an 
O-ring seal actuated by an eccentric shaft, which per- 
mits the source and buffer chambers to be separated 
from the main chamber if desired. The common source- 
buffer foreline pressure is maintained by a booster 
diffusion pump (CVC, MB-100) and a Welch 1397C 
mechanical pump. Use of the booster pump caused a 
noticeable improvement in the performance of the 
MCF-1400. 

The main chamber is composed of the vacuum enve- 
lope made by connecting together the A, C, and B 
magnet vacuum chambers. The C magnet is entirely 
external to its vacuum envelope. The molecular beam 
runs down the center of the 3-in. gap between the C- 
magnet pole pieces, and is enclosed in a rectangular 
brass tube 3 in. X2 in. in cross section. To provide suffi- 
cient pumping speed from this small volume to the 
diffusion pump, a pumping manifold of 13-in.x4-in. 
rectangular brass tubing is silver-soldered onto the top 
of the beam tube. A 3-in. side pipe leads through a liquid 
N2 trap to an MCF-300 diffusion pump. O-ringed ports 
for the collimator and rf coils are provided on the top, 
while end flanges permit bolting together with the 4 and 
B vacuum sections. 

The A and B vacuum sections are identical, and closed 
by the sealing action from the side of flanges integral to 
the A and B magnet pole pieces onto O rings in rec- 
tangular grooves. These grooves are machined around 
the sides of the two rectangular brass tubes through 
which the pole pieces fit. The high magnetic field 
gradients required in the A and B magnets necessitate 
small gaps between the pole tips, which are of the bead 
and groove, two-wire field type.® The small cross section 
and odd shape of the gap precluded the use of a thin 
tube, pumped from its ends. The vacuum-tight box 
formed by the A or B pole piece inserted into the 
rectangular tubing is surmounted by a pumping mani- 
fold similar to the one used in the C envelope. The 
manifolds have integrally mounted liquid No» traps. 
Forelines of the A, B, and C envelope diffusion pumps 
are pumped by an MB-100 booster and a second Welch 
1397C mechanical pump. The vacuum maintained in the 
main chamber under normal operating conditions is 
about 5X 10-7 mm Hg. 

The apparatus is mounted on a large aluminum H 
beam which serves to prevent relative motion of the 
individual components of the vacuum system. It is 
composed of 3 plates of 6061-ST aluminum, 1 in. thick 
and 25 ft long, assembled by heliarc welding. The H 
beam is supported on two concrete pillars 16 ft apart by 
rubber shock mountings, to prevent vibration from 
neighboring reciprocating machinery from disturbing it. 
This method of mounting causes any distorting force to 
be transmitted to the H beam as a whole, and pushing 
sideways on the mount causes no observable change in 
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the intensity of a collimated molecule beam. Leveling 
and positioning the source, collimator, and magnets 
with respect to the mounting beam are provided by 
screws and pads set in the aluminum. 

The C-field magnet is 9 in. square in cross section, 
20 in. long, and made of heat-treated, forged, Armco 
magnet iron. The yoke pieces are 2} in. thick, and the 
various rectangular slabs which form the magnet are 
assembled by means of iron studs. The C-field pole tips 
are 2} in. high, with an air gap of 3 in., which is kept 
highly uniform by careful surface grinding and assembly 
of the slabs. The A and B field magnets are similar in 
construction and material, except that they are 16 in. 
long and have bead-and-groove pole tips with radii of 
is in. and gy in., respectively. The bead and part of its 
pole tip are made of vanadium permendur (Western 
Electric), fastened by DeKhotinsky cement to the yoke. 
Short, tapered end sections on the A and B magnet pole 
tips prevent nonadiabatic (Majorana) reorientations of 
the molecular magnetic moments. 

The C field is excited by two coils, each of which con- 
sists of 5000 turns of No. 26 Alkanex wire. The coils 
were wound on water-cooled copper coil forms, and then 
vacuum potted in Al,O;-filled epoxy resin to improve 
heat conduction from the windings. The C field produced 
by putting the coils in series is about 10000 gauss/ 
ampere up to 1 ampere. The set of four coils which excite 
the A and B magnets are similar in construction to the 
C magnet coils but are wound with 3000 turns of No. 22 
Formex wire each. 

Power for the windings of the magnet coils is supplied 
by two electronically voltage-regulated power supplies, 
which furnish up to 1.5 amperes of current at 1200 volts. 
These utilize 3-phase, full-wave rectification, and a 
difference-amplifier regulator with a dec stabilization 
ratio of 15 000. To achieve magnetic field stabilities of 
2-5 parts in 10°, current regulation is performed in two 
steps. The supply voltage is first stabilized to about 1 
part in 10‘ by the voltage regulator using stacked 85.42 
reference tubes. After passing through dropping and 
control resistors, which are mounted in a large, water- 
cooled decade box, the current passes through the 
magnet windings and one of several different manganin 
wire resistors. The voltage drop across the manganin is 
compared with that of stacked standard cells by means 
of a Brown amplifier. Shunt vacuum tubes controlled by 
the Brown amplifier keep the current constant by acting 
as variable resistors in series with the magnet windings. 
The low current, high-voltage magnet supplies, instead 
of the high-current submarine batteries customarily 
used, have facilitated operations such as demagnetiza- 
tion and changing connections, while permitting long 
runs to settle down the magnets. 

Radio-frequency current for the two oscillatory-field 
coils is supplied by a radio-transmitter of standard 
design (Millen No. 90881) operating in the range 1.6 to 
30 Mc/sec. The source of excitation is either a surplus 
Navy ATD aircraft transmitter, or a variable-frequency 
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oscillator and exciter-unit (Millen No. 90711 and 90801). 
The rf coils are inserted 2 in. in from each end of the C 
field. They consist of 8 turns each of yg-in. 0.d. copper 
tubing wound on a rectangular polystyrene form and 
supported from their O-ring sealing flanges by brass 
fixtures. The coil dimensions are: } in. xX} in. in cross 
section ; 3 in. in length. In place, they fit snugly between 
the walls of the }-in. wide C-magnet beam envelope 
tube, whose grounded walls act as rf shields. Water 
cooling is introduced into the thin copper tubing outside 
the vacuum through polyvinyl] tubing. During a run, the 
frequency of the rf current is swept by means of a 
variable-speed motor, while being monitored with a 
frequency counter (Northeastern Engineering, model 
14-20 AT). 

The electron-bombardment detector incorporates 
several features which were found to be necessary for 
use with noncondensable beams during previous ex- 
periments. These are: (1) buffer chambers and channel 
slits before the detector to prevent nonbeam source gas 
from diffusing to the detector; (2) a mass spectrometer 
to discriminate against masses differing from those of 
the beam molecules; and (3) modulation of the beam 
and synchronous (lock-in) detection. Concentration of 
the electron beam and the reduction of background 
pressure in the detector to a minimum are also para- 
mount factors. 

High background arising from the use of oil diffusion 
pumps had been a source of difficulty in earlier electron- 
bombarder detectors, because of the tendency of pump 
oil to break up into mass fractions of almost every 
integral mass number. This dictated the use of Hg 
diffusion pumps, with continuous liquid nitrogen and 
freon baffling. The envelope of the detector vacuum 
system is entirely constructed of heliarc-welded type 304 
stainless steel. Detachable seals on flanges are made by 
OFHC hydrogen-fired copper shear gaskets of the 
Lange-Alpert type. Two buffer chambers and three sets 
of channel slits precede the bombardment region. The 
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Fic. 2. Cross section of the bombardment region of the electron- 
ionization detector. 
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Taste I. Typical operating conditions of the electron 
bombardment detector. 


Filament backing grid 

Space-charge control grid 

Box and second accelerating grid 

Collector voltage 

Total emission 

Collector current 

Ion pulling voltage (relative to the box) 

Filament current (0.040-in. x 0.002-in. 
Th-W ribbon) 


7 amp 


common forelines of the three detector pumps (2 MHG- 
180, 1 MHG-300, CVC) lead to an MHG-50 Hg booster 
pump, which is pumped in turn by the Welch mechanical! 
main-chamber pump. In a previous electron bombarder,” 
back diffusion precluded the use of a common foreline 
for the buffer and detector chambers. The use of a 
booster pump to reduce foreline pressure completely 
eliminated the difficulty in the present detector. After 
bake-out, operating pressures of from 1 to 4X 10-° mm 
Hg have been obtained in the detector chamber. 

The bombardment region is shown in Fig. 2 in cross 
section. It consists of a stainless steel box, 6 in. long and 
1 in. square, which is supported from a bellows flange by 
insulators of boron nitride.’ In the upper face is a 
removable mounting plate for the electron gun, which 
is of the two-dimensional Pierce type. The electrons, 
after emission from a 4-in. Th-W filament are focused 
and accelerated by shaped Mo grids into a field-free 
region. After passing vertically downward through the 
molecular beam, which enters through the front of the 
box, the electrons are collected on a recessed Mo anode. 

On the side of the box is a pulling grid, insulated from 
the box and negative with respect to it. The ions pro- 
duced are thus extracted and pass through 3 pairs of 
parallel-plate condensers which act as cylindrical, saddle- 
type, electrostatic lenses to deflect and focus the 4-in. 
wide ion sheath in the vertical direction. Table I shows 
typical bombarder operating conditions. Voltages for 
acceleration and focusing are provided by a circuit 
similar to that described in reference 2, while the elec- 
tron gun filament and beam currents are supplied by 
regulated power supplies fed through isolation trans- 
formers. The bombardment box can be independently 
rotated about the three perpendicular axes through its 
center and translated sidewards by motions which are 
introduced into the vacuum through sylphon bellows 
and micrometer heads. Electrical connections to the 
interior are made by ceramic-metal seals (Advanced 
Vacuum Product Company) which have proven superior 
in ruggedness to Kovar-glass seals. 

Mass analysis of the ion-beam is performed by a 
sectorial-field mass spectrometer designed to focus a 
wide horizontal beam of ions moving parallel to each 


7 This substance has proven highly useful in the construction of 
the bombarder, because of its properties of easy machinability, 
excellent electrical resistivity at high temperatures, high thermal 
conductivity, low vapor pressure, and low coefficient of friction. 





»-~EAR MAGNETI( 


ACTIONS IN 8 








maTiona, Company 
ELECTRON MULTIPLIER +e. 


{XE 

































































ELECTROMETER 


AND ELECTRON MULTIPLIER 















































SIGMA TYPE 72 RELAY 























ah 











—— 




















PHASE - SENSITIVE 


DETECTOR 


Fic. 3. Electrometer and phase-sensitive detector circuits 


other onto a plane removed from its magnetic field. Ions 
are deflected through 45° with a radius of curvature of 
15 in. The Armco pole tips are mounted on the modified 
yoke of a large NMR electromagnet. Currents of up to 
six amperes produce up to 3600 gauss in the 1-in. 
spectrometer gap. The usual range of ion acceleration 
voltages is from 2000 to 5000 volts, and the entire mass 
spectrum from M=1 to 200 can be 
resolution of 1 in 50. 

The ion beam in its focal plane is incident on the first 
dynode of an electron multiplier (National Company), 
which is operated at — 3800 volts. This voltage gives the 
ions an additional acceleration, and increases secondary 
electron production efficiency. Amplification of the 
multiplier output current is accomplished by an elec- 
trometer circuit, using 100% feedback to linearize its 
response. The output dc voltage of the electrometer is 
displayed, and the ac modulated component amplified, 
rectified, and displayed by a phase-sensitive detector. 
The circuits are essentially identical to those designed 
by Collins and Quinn,’ and are shown in Fig. 3. Provi- 
sion is made for optional use of a variable-bandpass 
twin-T amplifier on the ac signal to prevent noise 
overloading of the lock-in detector. Demodulation of the 
signal is accomplished by a relay (Sigma 72) driven in 
synchronism with the modulation device, such as a beam 
chopper or rf switching relay. 

Measurements of ion currents have indicated that the 


observed with a 


collection efficiency of the wide aperture mass spectrome- 
ter is >50%, and that the over-all absolute ionization 
probability on a beam of HF is 10~* to 10~. 


Ill. THEORY 


The HF molecule is characterized by the proton and 
fluorine spin angular moments, I, and Ip, and the rota- 
tional angular momentum J of the molecule as a whole. 
The Hamiltonian for such a system in an external mag- 
netic field H can be written as: 


A : I,-H Iy-H 
1g, eee 
h | H| |H| 


i 


se 


1 os(J b 
H 


5d, 
+ (3(1,-J)(le-J) 
(2J —1)(2J +3) 


+3(Ip-J)(1,-J)—(1p-Ie)32] 


5f (J-H)? 
E ai 
3(2J — 1)(2J +3) H|? 


The constants a, and a» represent the interaction of 
the proton and fluorine nuclear magnetic moments with 


| +a p' Ir. 
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the external field’; 6 expresses the interaction of the 
rotational magnetic moment of the molecule with the 
external field; c, and cp, the spin-rotational constants, 
represent the interaction of the proton fluorine nuclear 
magnetic moments with the magnetic field at the posi- 
tion of the nuclei produced by the molecular rotation. d, 
consists mainly of the direct dipole-dipole interaction of 
the proton and fluorine magnetic moments; it also in- 
cludes the tensor part of the electron-coupled spin-spin 
interaction, of which 6 is the scalar part. f is the 
orientation-dependent part of the molecular diamagnetic 
interaction with the external field. 

The Hamiltonian may also be written® in terms of the 
angular momentum operators, /*, J2, 7,4, [_, J*, Ja, J+, 
J_. Using standard relations,’ one may then obtain the 
diagonal and off-diagonal matrix elements of 3 in the 
high-field limit, where the three angular moments are 
essentially decoupled from each other. The matrix 
elements diagonal in m,, my, m, can be summarizedeas : 


(KH) 
- = —[1-—c, ja,m,—[1 —OF |dpmy 


—f1—o, lbm;—c,m,ms—crmym 
J pr’ y 


5d, 
m my 3m 7—J (J +1) | 
(2J —1)(2J+3) 


Sf 


[3m —J(J+1) ]+ém,myr. 


3(2J —1)(2J +3) 


Corrections to the high-field energy levels propor- 
tional, to 1/H may be calculated by substituting the off- 
diagonal matrix elements in the standard formula of 
second-order perturbation theory. The complete matrix 
may also be diagonalized to give the energy levels to 
higher accuracy. Taking the energy differences corre- 
sponding to Am,=+1, Amr=0, Am,;=0 (proton 
“flops”) and Amp=+1, Am,=0, Am,;=0 (fluorine 
“‘flops’’) yields the frequencies of the expected transi- 
tions. The energy differences in second-order perturba- 
tion theory are given in Tables II and III for J/=0, 1, 2. 
Table IV shows the expected intensities for transitions 
in a given J state, for two different source temperatures. 


IV. EXPERIMENTAL PROCEDURE 
AND OBSERVATIONS 


Hydrogen fluoride gas (commercial grade, anhydrous, 
Matheson Company) was introduced into the copper 
source through copper tubing and monel needle valves 
with Kel-F seals. Copper exposed to HF at atmospheric 
pressure becomes coated with a greenish layer of copper 
fluoride, which acts as a protective coat and inhibits 
further corrosion. It took considerable time initially to 

8 The notation and sign conventions here follow reference 5. 

*j. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, and J. R. Zacharias, 
Phys. Rev. 56, 728 (1939) ; 57, 677 (1940). 
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TABLE ITI, Proton transition frequencies for rotational states J =0, 
1, and 2 through terms «1/H, strong-field representation. 


mye 

+3 (l—o,)a,— 46 
—} (l—o,)a,4 46 

+3 (1—o,’)ap+c, - hd, 46+ 

—} (1 —dp )ay +Cp+ 4d, t 46 T(— 
+3 a1 —p )dytd, — 45+ TCi Ce 
—4} (1-—e,')a,—d,+45+ (+¢,4 
+4 (1—o,’ 


—} (l—o,’)a,—c 


I 


+4 (l—o,’’)a,4 5/7)d, 


(1—o,"")a,+2c,+ (5/7)di+ 
+(+hi-—kst+hothiothi 
(1 —Op')aptCpt (5/14)di—4 
+ (+hotkhet ks+ke—hi) 
(1—a,”)ap+c,p— (5/14)di+ 46 
+(+hotkhs—kithiothis 
(1 —o, a, T 5/7)d, 45 


+ (+hothithsthethis 


(1—o,”)a,— (5/7)di4 
+(+hetkitks 
(l—o,”)ap—cp4 
+(+hetks—k 
(l—o,’’)ap,—c, 
+(+ ko4 ky t ks tk 
(1—o,")a,—% 
+ (+hi-—ks+ho4 


(1—o,"’)a,—2c, 


(—4v2ce,+ 3v2d;)?/ (a, 
(—4v2e¢+ 3v2d))*/( 
(—4v2ce,—3v2d1)? 

= (—4v2cr - 3v2d) )? 
($d;)?/(a@,+a¢—26) 
{> hd, +45)? ap— ay 


c;= (4d, + 46)?/ (a, — ar) 


ki=[—(5/14)d.+-46 P (a 
ko=((5/28)di +46 ?/ (a,—ar) 
kz=[((15/14)d, P/ (a,+ap~—2b) 
kg=[—cp+(15/28)d, ?/(a,—}) 
ks= —cr + (15 28)d, F (ap—b) 
ke=[—4y 6)¢p+ (5/56) (V6 d, F 
kz =[—43(/O)er+ (5 56) (1/6)d; P 
kg=((5/14)d,+ 46 P/ (a,— ar) 
ko= 3k3=((5/14) (\/6)d P/ (apt 
kio=[—cep— (15/28)d; P/(a,—b) 
kiv=[—cr— (15/28), P/(ae—d) 
rieo=[ —4$(y/6)cep— (5/56) (\/6)d, P/ (a 


[ —4(\/6)cr— (5/56) (¥/6)d; F ( 
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TaBLe III. Fluorine transition frequencies for rotational 
states J=0, 1, and 2 through terms «1/H, strong-field repre- 
sentation. 


+4 
—4 
+4 
—4 
+4 
“3 
+4 
—4 
+4 
-4 


(1—or)ar— 45 


(1—opr)ap+ 45 


(1—op’)ap+cr— $d; — 45+ (+c2—¢5) 
(1—op’)avr+er+4$dit+$5+(—ate+e+¢5— ce) 
(1—or’ )ay+di — 46+ (€1.+62—¢3+¢4—C7) 
(1—op’)ap—d,+45+ (c1:+062—¢3+¢4—C7) 
(1—opr’)ar—cr—}$di—}5+(—Q+atatc—ce) 
(1—op’)ay—cy+ $d, + 45+ (+02—¢s) 


(1—or’’)ap+2cr— (5/7)di — 45+ (—kit+k:;) 
(1—or" )aep+2cr+ (5/7)d, +46 
+(—hi-kathot+hiothu) 
(1—opr’’)ur+cr+ (5/14)d, — 46 
+ (kotha ths+h7— ho) 
(1—opr’ )ap+cer— (5/14)d, +46 
+(—keths—kothuthiothis) 
(1—or’’)ar+(5/7)d, — 46 
+ (+kethi—khstho—histhis) 
(1—or”’ )ag— (5/7)di +46 
+ (+he +h; —ks+hy—hi2+his) 
(1—cr’’)ar—cr+ (5/14)d; — 45 
+ (—hkoths—koethiutkhiothis) 
(1—or” )ay—cr— (5/14)d, +46 
+ (—hethiths+hi—hio) 
(1—opr’’)ap—2cp— (5/7)d, — 35 
+(—hkhi—kathot+hiothiu) 
(1—op’’)ap—2ce+ (5/7)di +46+ (—hitks) 


fluoridize the surface. Thereafter the beam intensity 
increased greatly, so that the signal-to-noise ratio on the 
chopper-modulated beam was 30 to 1. Source pressure 
was monitored on an halogenated oil manometer, and its 
temperature regulated by adding cooled alcohol to the 
source trap. 

In all of the work described in this paper, resonances 


were observed with only a single short (3 in.) rf coil. 


Because the expected linewidth using the single coil is 
about 24 kc/sec, the current regulator for the C field 
was not used. The small, slow drift of the voltage- 
regulated power supplies caused no difficulties, and the 
C field was calibrated by the proton and fluorine mo- 
ments to a higher precision than was required. Off-on rf 
modulation (using Western Electric 276£ relays) pro- 
vided lock-in detection. The mass spectrometer was 
tuned to mass 20, corresponding to HFtion. 

The first data taken was with a C field of about 900 
gauss. Eight distinct peaks were observed about the 
J=0 fluorine and proton resonances. The proton and 
fluorine magnetic moments are quite close in value, 
which indicated that the Am,=+1, and Amp=+1 
transitions were badly overlapped, complicating in- 
terpretation. To overcome this, observations were then 
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made at 1800 and 3600 gauss to separate the spectra. 
The best data taken were at 3600 gauss, where the cor- 
rections proportional to 1/H are small, and the signal- 
to-noise ratio appeared best. Figures 4(A) and 5(A) 
show typical recorder tracings of the proton and fluorine 
spectra, with a lock-in time constant of eight seconds. 
The maximum resonance amplitude corresponds to 6% 
of the total beam intensity. The proton spectrum is seen 
to consist of five distinct major peaks and some lesser 
side structure. The fluorine spectrum consists of sets of 
doublet side peaks spaced about 300 kc/sec either side 
of the central fluorine resonance. 


V. INTERPRETATION AND RESULTS 


The values of the constants |c,|, |cr|, and d, were 
determined from the positions and shapes of the reso- 
nances. Effects resulting from the signs of these con- 
stants enter only into the small terms proportional to 
1/H, and can be largely eliminated by differencing 
selected pairs of transition frequencies. 

The line separation of approximately 300 kc/sec 
above and below the central fluorine frequency can be 
ascribed to the spin-rotational constant cr. Further evi- 
dence is afforded by a doublet appearing about 600 
kc/sec above, which is consistent with the hypothesis 
that it corresponds to |m,|=2, about 2cr above the 
central frequency. The splitting of the fluorine reso- 
nances into doublets is due to d,, and arises from 
m,= +4. Averaging and differencing frequencies gives 
the results |cr| =305+2 kc/sec, and d;—6/2=5742 
kc/sec. The latter is in excellent agreement with a calcu- 
lated estimate. 

The appearance of four major side peaks about the 
central J/=0 proton peak can only be consistently ex- 
plained by a value of |c,| ~70 kc/sec, in combination 
with d,=57 kc/sec. In this case each of the two side 








0 0, +120kc 
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lic. 4. Proton transition resonance spectrum, source tempera- 
ture = —55°C. (A) Experimental results, lock-in time constant =8 
sec. (B) Theoretical results, using Univac solution of the secular 


equation, through J=5. 





814 BAKER, NELSON, L 
peaks adjacent to the central peak are composed of two 
J =1 transitions and the outer two peaks have only one 
J=1 transition apiece. The frequency difference be- 
tween the outer two peaks of 200 kc/sec ~2|c,|-+dit+é 
implies |c,| =71+3 kc/sec. 

The above analysis includes effects of only the J=0 
and J=1 states; it further neglects effects of second and 
higher order perturbations. A numerical analysis shows 
that the dominant features of the experimental curves 
can be interpreted in this fashion. However, the best 
support for the correctness of our choice of parameters 
is a set of calculated curves using the constants given 
above to predict the observed line shapes. One of the 
authors (N.F.R.) has written several Univac programs, 
which calculate the frequencies and weights of spin 
transitions, both exactly through solution of the secular 
equation, and approximately, using perturbation theory. 
He has also devised a program which folds together the 
weighted transitions for a given experimental resonance 
width, and prints out a point plot of the resonance 
shapes. Since these calculations include the effect of all 
significant J states, their results confirm the correctness 
of the above simplified interpretation. Presentation of 
all the results of calculations on HF are beyond the 
scope of the present paper, but one can summarize the 
conclusions as follows: 

1. The determination of the signs of c, and cr has not 
been possible at high fields and low resolution, as there 
was insufficient difference between the curves calculated 
for the four possible combinations of signs of c, and cr. 

2. The calculated fluorine spectrum at high fields is 
in good agreement with that observed. In particular, the 
experimentally observed phenomenon of the higher fre- 
quency part of an m, doublet being higher in intensity 
is clearly shown. 

3. The calculated proton spectrum is in good agree- 
ment with the observed spectrum. The five proton peaks 
only occur with the proper spacing and relative in- 
tensities for |c,| ~70 kc/sec. 
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Fic. 5. Fluorine transition resonance spectrum, source tempera 
ture = —55°C., (A) Experimental results, lock-in time constant =8 
sec. (B) Theoretical results, using Univac solution of the secular 
equation, through J=5. 
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Taste IV. Individual proton and fluorine transition intensities, 
relative to total beam. (Throw-out power =0.5.) 


T=195°K 
2.81% 
2.06% 
1.10%, 

Cc 


T = 284°K 


1.44% 
1.23% 
0.90%, 

0.43% 
0.126 / 
0.03 


0.57% 
0.30% 
0.13! 


4. The assumption that the spacing between the 
outer two proton peaks is 2|c,|-+-d:+6 was verified by 
calculating the proton spectrum for differing values of 
|cp| and observing how the spacing alters with |c,|.! 

5. The effect of assuming varying value for the ro- 
tational magnetic moment was negligible. 

Calculated proton and fluorine resonance curves using 
our best values of the molecular interaction constants 
are shown in Figs. 4(B) and 5(B), and may be com- 
pared with the experimental results. Agreement is 
gratifyingly close. 


VI. DISCUSSION 


The spin-rotational interaction constants correspond 
to magnitudes of the rotational magnetic fields at the 
nuclei of 16.7 gauss at the proton and 76.1 gauss at the 
fluorine per unit rotational quantum number. The 
fluorine spin-rotational constant is the largest yet ob- 
served. Its exceptional magnitude may be ascribed to 
the combination of (a) the low molecular moment of 
inertia and (b) the electron distribution about the 
fluorine, which reacts strongly to the rotational per- 
turbation. The latter property appears in other fluo- 
rides. For example, using cr= —32.9 kc/sec in Li’F," 
one finds that if Li’F rotated at the same angular 
velocity as HF, its rotational magnetic field at the F 
would be even larger (119 gauss). 

The origin of the rotational field is twofold.” First, 
the rotation of one charged nucleus about the other is 
equivalent to a field-producing current. Secondly, rota- 
tion of the molecule can be considered to perturb the '= 
ground electronic state of the molecule and to mix in a 
small amount of higher lying magnetic 'II states. A 
calculation of the nuclear contribution is simple. In 
combination with our data, it shows that in HF, the 
electronic contribution outweighs the nuclear six to one. 
An ab initio calculation of the electronic contribution 
involves the evaluation of high-frequency terms® in- 
volving the excited IT states. The results are unreliable 
and extremely sensitive to the II functions chosen. 
Models based on a simpler approach, such as the 
irrotational-flow model of Espe® and Wick" give good 

1 The value of 6=0.615 kc/sec assumed has been that measured 
by I. Solomon and N. Bloembergen, J. Chem. Phys. 25, 261 (1956). 

" R. Braunstein and J. Trischka, Phys. Rev. 98, 1092 (1955) 

21. Espe, Phys. Rev. 103, 1254 (1956). 

8G. C. Wick, Phys. Rev. 73, 51 (1948). 
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(10%) agreement in hydrogen, but somewhat less 
satisfactory results for a larger, many-electron model 
like HF." 

The data so far obtained at high fields has not allowed 
a determination of the signs of cr and cy. In principle, the 
asymmetries produced by second-order perturbations 
should make the sign determination possible; but the 
effects are small and only slightly affect the intensities 
of the present resonances, rather than the positions of 
the maxima. The sign of cr should be the same as that of 
the high-frequency electronic terms since the magnitude 
of cr is so much greater than the nuclear contribution. 
All available experimental data on spin-rotational con- 
stants shows that the sign of the electronic contribution 
is that corresponding to the electrons following the 
molecular rotation. In this case, using our convention,® 
the sign of cr would be negative. It should be pointed 
out, however, that, in principle, the sign of the high- 
frequency term in the expression for the spin-rotational 
interaction cannot be determined except through ex- 
plicit evaluation. This is fundamentally different from 
the case of the high-frequency electronic terms which 
contribute to the rotational magnetic moment and 
diamagnetic susceptibility, and are positive-definite in 
form. Further experiments with higher resolution are 
planned, and it is hoped that these will provide the 
signs of cp and cr. 

In past applications of theories of relaxation times in 
nuclear magnetic resonance experiments, the spin-rota- 
tional interaction has ordinarily been neglected. There- 
fore, with the value of the fluorine spin-rotational 
interaction constant being much greater than the 
nuclear-spin interaction in the same molecule, it might 


be expected that the relaxation time would dominantly 


14 Baker, reference 6. 
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be determined by the spin-rotational interaction. How- 
ever, on the basis of calculations and discussion with 
Purcell and Bloembergen, it appears that if the spin- 
rotational interaction is included, the agreement be- 
tween theoretical and experimental relaxation times” in 
liquid HF is made worse rather than improved. This is 
in contrast to a measurement we have recently made but 
not yet reported on the spin-rotational interaction in 
SF. In this latter case, the inclusion of the spin-rota- 
tional interaction brings about a much better agreement 
between the experimental relaxation time’ and the 
theoretical value. The probable difference between the 
two cases is that with liquid HF the molecule is suffi- 
ciently asymmetric and sufficiently closely surrounded 
by nearby neighbors that the molecular rotation is 
dominantly quenched,'® so the spin-rotational inter- 
action does not contribute significantly to the relaxation 
time. On the other hand, with gaseous SF, the combina- 
tion of the greater spherical symmetry and the greater 
intermolecular spacing allows a single rotation state to 
be preserved sufficiently long that the rotational mag- 
netic field can contribute importantly to the relaxation 
process. There are no published data on nuclear relax- 
ation in gaseous HF so it is not yet possible to determine 
experimentally whether merely passing to the gaseous 
state with this molecule will diminish the quenching 
sufficiently for the spin-rotational interaction to con- 
tribute importantly to the nuclear relaxation. 
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For atomic configurations (1s®), (1s?2s), and (1s?2s*) perturbation theory has been used to obtain (1/Z 


expansions for the Hartree-Fock energies. 


INTRODUCTION 


ODIFIED Schrédinger perturbation theory as 

developed by Léwdin! is used in this paper to 
evaluate solutions to the Hartree-Fock problem for 2-, 
3-, and 4-electron ions in their ground state. The 
iterative techniques used in earlier methods for solving 
the nonlinear integro-differential equations? are thus 
replaced by a scheme where the difference between two 
approximations to the exact solution is calculated 
directly. Furthermore, it is possible to separate out the 
dependence of the solutions on the nuclear charge by a 
procedure used first by Hylleraas* in his work on 
2-electron ions. A scaling procedure deviced by Fréman 
and Hall‘ gives another tool to improve the results 
obtained. 


THE HARTREE-FOCK EQUATIONS 


In this paragraph the equations in the Hartree-Fock 
approximation are established for the ground states 
(1s?)4S, (15?2s)2S, and (1s?2s?)4S of 2-, 3-, and 4-electron 
ions. 

The following units and notations are used: Reduced 
and modified Hartree atomic units,®* where a modified 
unit charge eZ! is introduced, giving a unit of energy 
1\Hreu=ZH pe. Radial part of 1s orbital=au(r); radial 
part of 2s orbital=»(r); 


 ¢) 


(a =f a(r)b(r)r'dr, 


ab)=r f a(s)b(s)stds+ f a(s)b(s)sds, 
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Fund for Swedish Culture, the Knut and Alice Wallenberg’s 
Foundation, and the Swedish Natural Science Research Council, 
and in part by the Aeronautical Research Laboratory, Wright 
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Command, U. S. Air Force through its European Office under 
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1 P. O. Léwdin, Technical Note, June, 1959, Quantum Chemis- 
try Group, Uppsala University, Uppsala, Sweden (unpublished). 

? For the numerical procedure see D. R. Hartree, The Calculation 
of Atomic Structure (John Wiley & Sons, New York, 1957) and for 
the analytical variation method see G. G. Hall, Proc. Roy. Soc. 
(London) A205, 541 (1951); C. C. J. Roothaan, Revs. Modern 
Phys. 23, 69 (1951). 

3 E. A. Hylleraas, Z. Physik 65, 209 (1930). 

4A. Fréman and G. G. Hall, Technical Note No. 42, March 15, 
1960, Uppsala Quantum Chemistry Group (unpublished). 

5H. Shull and G. G. Hall, Nature 184, 1599 (1959). 
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(ab| cd) = f a(r)b(r)| cd)r*dr, 
0 
rey? «62 1 
ho =< ( ) — —— . 
2\dr rae 
The radial Hartree-Fock equations then read: 
(i) for two-electron ions, 
hyut+Z—'u| uu) = e(1s)-u; (1) 


(ii) for three-electron ions where it is 
introduce a so-called nondiagonal Lagrangian multi- 
plier, 


necessary to 


hout+Z—'u| un) +Z-'u| vv) —$Z-'v| ur) 

=e(1s)-u-t F«(1s,2s)-v, (2) 
hov +2Z-'0v| uu) —Z—'u| uv) = €(2s)-v+e(1s,2s)-u; (3) 
(iii) for four-electron ions, 


hout+Z—u| uu) +2Z—-4| vv) —Z—v| uv) 
hev+Z-—'v| vv) +2Z-"1 


e(1s)-u, (4) 
uu)—Z—'u| uv)=e(2s)-v; (5) 


and the conditions in all three cases 


(u|u)=1, (6) 
(u|v)=0, (7) 
(v} v)=1. (8) 


These equations depend on the parameter Z~' and we 
are going to solve for the e’s, u, and v as functions of 
that parameter. We use power series representations 
for these functions and proceed as suggested by Léwdin.' 
We define 


u=tUot+Z—-'u1+Z ust: --, (9) 


v= tZ—0,+-Z 00+: -- (10) 

e(1s) = e9(1s)+Z-'e,(15)+Z-e.(1s)+:-- (11) 
€(1s,2s) = €9(15,2s)+Z-'e1 (15,25) 

+Z-*eo(15,2s)+---, (12) 

(2s) = €9(2s)+Z-e:(25)+Z-*e2(2s)+--: (13) 


The series will be evaluated to the first order in the 
wave functions, to third order in the energy for the 
two-electron case, otherwise to the second order in the 
energy. 
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ZERO ORDER FUNCTIONS: ZERO AND 
FIRST ORDER ENERGIES 


To zeroth order the functions and energies are 
obtained from the solution of Eqs. (1)—(5) when Z-'=0. 
This immediately gives the well-known hydrogen wave 
functions and energy eigenvalues: 

Uy = 2€ - €o(1s)= —}, 


vo=V2(1—4r)e*", «0(2s)=—F 
in all cases and with 
€o( 1s,2s) =0 
in (ii). These wave functions also give the first order 
energies : 
(i) €1(1s) = (uotto| uouo) = 2, 
(ii) €1(1s) = (uote | toto) + (otto | Vov0) — 3 (uovo | woo) 
= $+ 145/729, 
2 (uvteo| Vor) — (u0vo| wove) = 290/729, 
€:(1s,2s) = — (moro vov0) = —512V2/84375, 
€1(1s) = (totto| otto) +2 (totto | Vov0) — (toe | Uovo) 
= §+290/729, 


€,(2s)= 


(i11) 


€1( 2s ) = (voVo | Vol o)+ 2( Uy | VoVo) —_ (u9vo| Ut 0) 
= 77/512+290/729. 


FIRST ORDER FUNCTIONS: SECOND 
ORDER ENERGIES 


For solution of the first order functions, we find that 
we can form the functions #; and v as linear combi- 
nations of the solutions u“., u,, Vu, Y» Of the following 


equations: 
(hot+4)Uu= (uotto | Ueto) Mo— Uo | Motto), (14) 
(hot4) uy = [2 (tomo | vov0) — (toro | wor) ]ee0 
—2uo| vovo)+v0| uovo), (15) 
(ho+%)0u= [2 (uouto| vor) — (uovo| uovo) }vo 
—2v9| uote) +0| uovo), (16) 
(ho+4)0,= (vovo| v0v0)%o— Vo| Vove), (17) 
adding in case (ii) 
(hot+43)u’ = —}(uovo| vov0) v0, (18) 
(ho+#)v’ = — (novo! vovo) to. (19) 


We have then 
(i) m4 
(ii) m=ut}ut+u’, 
, 
M1=VUut?, 
(ili) #1= Ut, 
11=Vut2e, 
if orthogonality is required between mw and each of the 
functions u,, “,, u’ as well as between v and each of 


Uuy 


OF 
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Vu, Vy, v. The equations (14)-(17) are solved here by 
means of expansions in first order Laguerre functions® 
{L;'(2ar)e-*"}. Direct integration is also possible, as 
well as the Laplace transform method.’ The following 
functions are obtained: 


Uy=e" 7% a,L,'(2r), 


a,=5/16, a2=5/32, 

n!an= (n—7)(n—1)-'2-" 
Uy=e* >» baL'(2r), 
b,= 46/2187, b.=23/2187, 

n!b,,= (112n'— 1840n?4-9272n— 14552) (n—1)13-"-6, 


n>2 


. eZ 


%=Vie* >. CaL.((7), 
ci= —16/243, co=206/2187, c3= —896/19683, 
n!Cn= (n?+71n— 1040) (n—2)"X2">X3-*, n>3 
v,=V2e* > daL,'(r), 
d; =—1/512, d.=77/4096, d3=13/1536, 
n!d,= (n*— 30n'+ 283n?—910n4-504) (n—2)712-"-*, 
n> 3. 


The equations (18) and (19) have the solutions: 


, 


= (4, 3) (uovo| ovo)? ; v= (8 3) (u9vo| Vovo) Mo. 


Second order contributions to the energy are derived 
from (1)-(5): 


(i) €2(1s)=3(uouo| wos), 


(ii) €2(1s) = 3 (wou! uous) + (uous | Vor) — 3 (000 | 4100) 


+2 (1ytto| Vov1) — (too | Uo?1) 
+3 (uovo| vovo) (uo| 01), 


€o(2s) = 2 (uote | D001) — (ovo | M001) +4 (t4otes | Vov0) 


— 2(uovo| u1v0) + (rt000| vor) (t41| v0), 
(iii) €2(1s) = 3(mouo| uou1) +2 (mores | vor) — (4000 | 4100) 
+4 (uouo| 0001) —2(uovo] wor), 
€o(25) = 3(vovo| vov1) +2 (tote | Vov1) — (44000 | 4001) 
+4 (1921 | Lovo) — 2 (400 | 44100). 


There are six basic quantities entering in these expres- 
sions. They are given in exact and decimal form in 
Table I. With the proper functions inserted in the 
above formulas we get the values of the second order 
energy. parameters tabulated in Table IT. 


THIRD ORDER ENERGIES 


The knowledge of first order functions enables us to 
calculate the energy contributions of the third order. 
There is, however, a considerable amount of work 

6 For the definition used here, see L. I. Schiff, Quantum Me- 
chanics (McGraw-Hill Book Company, Inc., New York, 1955), 
2nd ed., p. 85. 

7C. Schwartz, Ann. Phys. 6, 156 (1959); A. Dalgarno, Proc. 
Phys. Soc. (London) 75, 439 (1960). 








818 JAN LINDERBERG 


TaBLE I. Contributions to second order energy terms.* 








Parameter Exact value Decimal 
(Motto | Mott) -sita in(3) ~—0.05550159 
(te tto | Uottr) 23 110282 , 146 i a 
2 (tote, | Povo) — (4400 | uo) | 218 700 000 t 243 in(? ) —0.00387184 
; let teak ’ 986 249 849 | 1 364 224 (8 _.0.00030108 
SE OTE 3265 173 304 531441 "NO _— 
114 947 4.201 


—(.01000328 


(4) 


ee | _ 988.649, 2533 2) 
2 (uote | PoP») — (t49Xo| Uo?) 71 663 616 31104 '\3 


8 957 952 +32 768 768 


0.0468 1534 





_ 928911128 , 44.402 | en 
Vol — (gVo | Mo? LIIDIO. 
2 (Motto | VoVu) — (Ut 400 u 4982 750 | 375 531 441 n >) 5 5 
* All energies in Hra’s. 
which is difficult to check and which must be judged which gives 
according to the amount of resulting information. 2en(1s)+ pen(2s) = (n+1)E,. 


Nevertheless, for the two-electron case the calculations 


are carried through here, and we get the following result: The values of the 


Table IT. 


parameters £, are tabulated in 


€3(1s)= 8 (uot, | uot.) +4 (uote! Mutu) 


—4 (motto | uotto) (| Un) 
1(775+39 912 In2—25 332 In3 


+11 664/(—1/3)—13 6087 (—1/4) ]. 
Here the notation 


SCALED EXPANSIONS 
= (92 hs :; 
(9216) It has been shown here that it is possible to determine 


coefficients in an expansion of the Hartree-Fock energy 
for an atomic system in descending powers of the 
nuclear charge. Fréman and Hall have also shown that 
a change of variable in such an expansion can give a 
more rapidly convergent expansion. This procedure 
corresponds to a partition of the Hamiltonian such 
that part of the nuclear attraction term is included in 
the perturbing poten al. We consider here directly a 
change of variables and assume that the 
expansion exists (1, units): 


(x)= f (dt/t) In(1+é)=—>o(—x)"n? 
is used. 
THE TOTAL ENERGY 


A formula first used by Fréman* is applied in order 
to get the total energy in the Hartree-Fock approxi- 
mation. If 


Eur 


following 


EFur=Eh2?+E,Z+E ae a,(Z—s) a” 


— 


n—1\_ 
1.=E( ° )(-9'8 1 
1 


A four-term formula is chosen to represent the Hartree- 


=FotZ71kE,+Z7°E.+ZE3+ :::, 
then the following relation is valid for the configuration 


(15?2s?) 
0 
2e(1s)+ pe(2s) = (1-2—) ew, 


OZ 


TaBLe II. Coefficients in (1/Z) expansions of orbital and total energies.* 








Configuration Energies Zz 2 Z a 

1s? 45 e(1s) —0.50000000 0.62500000 —0.16650476 0.00211049 
Eur — 1,00000000 0.62500000 —0.11100317 0.00105525 

1s?2s 28 e(1s) —0.50000000 0.82390261 —0.40982806 not calc. 
€(2s) 0.12500000 0.39780521 —0.24399097 not calc. 
Eur — 1.12500000 1.02280521 —0.35454903 not calc. 

1572s? 1S e(1s) —0.50000000 1.02280521 —0.74703075 not calc. 
€(2s) —0.12500000 0.54819584 —0.46117048 not calc. 
Eur — 1.25000000 1.57100105 —0.80546750 not calc. 








* All energies in units of Haw. 


8 A. Fréman, Phys. Rev. 112, 


870 (1958). 








PERTURBATION TREATMENT 


TABLE III. Third order correction term as determined 
by least square deviation condition.* 


State E3 s 

1s? (—0.00105525) 0.440 
1572s -0.04109 1.079 
15225? —0.1336 1.400 


* All energies in units of Hrw. 


Fock energy. With 
R(A, Z) = Enr— Lod 





2— Fi Z— Ep, 
the fourth term is determined by 
> 2z|R(1/Z)— E3(Z—s)" |?= min. 


For the state 1s? the value of EZ; is known and the 
equation determines the “best” s. The states 1s?2s and 
1s?2s? give equation systems from which the “best” 
combination E; and s are derived. The equations are 
solved with use of values for Egy determined by 
Roothaan ef al.* by means of the variation procedure.’ 
The ranges of Z considered in the equations were 
2<Z<10 for the 1s?, 4<Z<10 for the state 1s°2s, and 
5<Z<10 for the state 1s?2s*. The parameters thus de- 
rived are given in Table ITI. 


RESULTS 


The perturbation calculations presented above give 
reasonably rapidly convergent expansions for the 
Hartree-Fock energies of 2-, 3-, and 4-electron ions in 
their ground state. Especially the scaled expansions are 
well adapted for a functional representation of the 
energies. Table IV displays the comparison between the 
variationally determined values at reference 9 and the 
truncated series given in Table II and ILI. The four- 
term formulas fail to reproduce the Hartree-Fock 
energies of the systems Li, Li-, and Be. A further 





°C. C. J. Roothaan, L. M. Sachs, and A. W. Weiss, Revs. 


Modern Phys. 32, 186 (1960). 
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PABLE IV. Second and third order perturbation calculations 
compared to results from the variation method.* 

FoZ?+E1Z 
+E: +E3/ 
State Z Enr> £07? +EiZ+E2 R(1/Z)¢ (Z —s) 
1s? 2 — 2.861680 2.861003 —0.000677 — 2.861680 
3 7.236415 7.236003 —0.000412 — 7.236415 
4 13.61130 13.61100 —0,00030 — 13.61130 
5 — 21.98623 - 21.98600 0.00023 — 21.98623 
6 — 32.36119 32.36100 0.00019 — 32.36119 
7 — 44.73616 44.73600 0.00016 — 44.73616 
8 — 5911115 59.11100 —0.00015 — $9.11114 
9 - 75.48613 75.48600 —0.00013 — 75.48613 
10 — 93.86112 93.86100 —0.0001 2 — 93.86111 
1522 3 — 7.432727. — 7.411133 -0.021594 — 7.432523 
4  — 14.27740 — 14,26333 —0.01407 — 14.27740 
5 — 23.37599 — 23.36552 —0.01047 — 23.37600 
6 — 34.72606 — 34.71772 —0.00834 — 34.72607 
7 — 48.32685 — 48.31991 —0.00694 — 48.32685 
8 — 64.17804 — 64.17211 —0.00593 — 64.17804 
9 — 82,.27949 82.27430 —0.00519 — 82.27949 
10 —102.6311 — 102.6265 —0,0046 —102.6311 
Is?2s? 3 — 7.428232 — 7.342464 0.085768 — 7.425964 
4 — 14,57302 14.52146 —0.05156 — 14.57285 
5 24.23758 24.20046 -0.03712 — 24.23757 
6 36.40850 36.37946 —0.02904 — 36.40850 
7 — $1.08231 — 51.05846 0.02385 — 51.08232 
8 68.25771 68.23746 0.02025 — 68.25770 
9 — 87.93404 — 87.91646 0.01758 — 87.93404 
10 =—110,1110 110.0955 0.0155 —110.1110 


* All energies in units of Hr. 
> See reference 9. 
¢ R(1/Z) =Enr —EoZ? —EiZ —Ex. 


extended approach to the rest-terms of the series is 
necessary to fit these systems into the scheme of the 
perturbation treatment used here. 

Perturbation calculations for atomic systems have 
been suggested as an alternative to the Hartree-Fock 
approximation.” The two approaches can be brought 
together through a variation principle for the second 
order energy correction in perturbation theory.* Work 
is in progress on this scheme. 
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Deuteron Stripping and Pickup Reactions in Oxygen-167 


Epon L. KELLER* 
Sarah Mellon Scaife Radiation Laboratory, University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received August 15, 1960) 


The reactions O'*(d,p)O"? and O'*(d,t)O™ were studied by bombarding thin nickel oxide foils with 15-Mev 
deuterons from the University of Pittsburgh cyclotron. The reaction particles were magnetically analyzed 
and detected either by nuclear emulsions or by a CsI(TI) scintillator. Angular distributions and absolute 
cross sections were obtained for the first six states of O"’ and for the ground state of O'%. Reduced widths 
having values 6?=0.045, 0.16, 0.0024, 0.0024, 0.0071, 0.047, and 0.012, respectively, were extracted from 
a comparison of the data with the predictions of Butler stripping theory. The most notable results of the 
(d,p) experiment indicate that : (1) the #~ state at 3.846 Mev does not appear to be a good 1/7;2 single-particle 
state, (2) the 23/2 single-particle component seems to be fragmented over more than two states, and (3 
the }~ state at 3.058 Mev contains a 2/2 single-particle component. The results of the (d,t) experiment 
suggest a dependence of the 1) single-particle reduced width on Q value. 


I, INTRODUCTION been extensively studied? at various deuteron energies 
by several investigators, but the (d,/) reaction has not 
been previously reported. 

Butler stripping theory’ provides a_ convenient 
means for reducing stripping data to a usable form 
and was used in the analysis of the experimental data. 
The results are summarized in Table I. 


HE study of deuteron induced stripping and 
pickup reactions in O'* is of considerable interest! 
because they involve transitions from the doubly 
magic nucleus O'* to single-particle and single-hole 
states coupled to that nucleus. The (d,p) reaction has 


Il. EXPERIMENTAL PROCEDURE 





The apparatus used has been previously described.‘ 
The collimated beam of 15-Mev deuterons incident 
upon the target had an energy spread of +20 kev and 
a total angular spread of about 1.8°. Typical beam 
currents were 0.3-0.7 wa. Nickel oxide foils having a 
thickness =0.3 mg/cm? O'* were prepared by heating 
thin nickel foils in an oxygen atmosphere by the 
method described by Holmgren, ef a/.® 





























TABLE I. Summary of reduced widths. 


Peak 

cross 

section Relative Absolute 
(mb/sr) (ou 3 





Final 
state Q 
(Mev) (Mev) ro 


O'*(d,p)O" 

6.18 34.00 1 
4.67 95.04 3.6 
5.40 1.581 0.053 
6.00 2.370 0,053 
6.87 0.047 
440 8527 0.16 
5.09 50.00 


O'*(d,t)0" 
4.75 0.842 


1.919 
1.048 
— 1.139 
— 1.927 


0.045 
0.16 
0.0024 
0.0024 
0.0021 
0.0071 
0.047 


— 2.636 
—3.164 

















u7=(1/20 0 








—9.395 3 1 





0” 15 ——— 
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The uncertainties indicated in the angular distribu- 
tion plots shown are combinations of all uncertainties 
including the statistical uncertainties. The major 
uncertainty in the data points for @¢.m.<10° arose 
from the uncertainty introduced by the use of beam 
monitoring techniques other than the conventional 
Faraday cup method, resulting in estimated low angle 
uncertainties of 10% for the scintillator data and 20% 
for the emulsion data. 

The absolute cross sections of the levels were 
determined by obtaining their cross sections relative 
to that of the O'*(d,p)O'” ground state (g.s.) whose 
peak absolute cross section has been previously 
determined® to be 34 millibarns per steradian. This 
value is uncertain to +25% and hence all absolute 
cross sections and reduced widths quoted herein have 
that uncertainty. 

Il. O'%(d,p)O" 
A. Experimental Results 


The energy level diagram of O" is shown in Fig. 1. 
The asterisks denote the levels that were studied via 
the stripping reaction. The experimental angular 
distributions for these states are shown in Figs. 2-7 
together with their Butler stripping theory comparisons. 
The reduced widths extracted from these comparisons 
are listed in Table I as are the peak absolute cross 
sections determined for these transitions. The two 
curves fitted to the 3.846-Mev state data represent the 
two “fits” which yielded the largest and the smallest 
reduced widths for that state. 





50 


» nuclear emulsion data 
e crystal detector data 
— Theory (Butler) 
2,,=2, 1, 6.18* 107 cm 








millibarns per sieradian 


° 








cm. 


Fic. 2. Angular distribution of the O'*(d,p)O" ground state. 
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PICRUP REACTIONS 


» nuclear emulsion data 
e crystal detector data 
— Theory (Butler) 

Q,=0,1,=4.67x10"% cm 





millibarns per steradian 











cm, 


lic. 3. Angular distribution of the O'*(d,p)O' 0.871- Mev level. 


B. Discussion 
This reaction provides an ideal means for studying 
widths involves 
transitions from a doubly magic nucleus to configu- 


single-particle reduced because it 


— Theory (Butler) 
2,21, f= 5.40x10-3em 


millibarns per steradian 











Fic. 4. Angular distribution of the O'*(d,p)O"? 3.058-Mev level. 





Theory (Butler) 
£, (10cm) 
—=s 6.87 
“3 6.00 





millibarns per steradian 








0.0 





rr 
@, m. 


Fic. 5. Angular distribution of the O'*(d,p)O"? 3.846-Mev level. 


rations in which one neutron of the appropriate angular 
momentum is coupled to that core. The low-lying 
(Eexe<5.1 Mev) states of O'’ have been the subject 
are reasonably well 


of many investigations? and 


understood. ! 
1. Positive Parity States 


Since the 1p shell closes at O'*, the low-lying positive 
parity states of O'’ will consist of single neutrons from 
the ds shell coupled to the O'* core. As shown in Fig. 1, 
the spin and parity of the ground, 0.871-, and 5.083- 
Mev states of O'’ are J"=$*, $+, and 3+, respectively. 
The angular momentum transfers for these states, as 
determined in this work, are consistent with the inter- 
pretation that 1d5,/2 251/2, and 1d3,/2 neutrons, respec- 
tively, are coupled to the O'* core. In addition, the 
large cross sections observed for these transitions are 
consistent with the assumption that these are relatively 
pure single-particle states. The state at 5.083 Mev is 
considered to be the spin-orbit doublet*companion™to 
the ground state, as evidenced by the fact that 
6? (d3/2) =O? (ds/2). The single-particle reduced widths 
for these positive parity states, as determined from the 
present experiment, are in agreement with the values 
currently used in analyses of stripping reactions.! 


2. Negative Parity States 


The states at 3.058, 3.846, and 4.555 Mev have 
J*=}-, }, and $-, respectively. The probable con- 
figurations for the #~ and }~ states are 1f7/2 and 23)» 
neutrons, respectively, coupled to the O'* core. How- 


KELLER 


ever, the small reduced widths (6?= 0.0024 and 0.0071, 
respectively) suggest that these may not be pure single- 
particle states. This could perhaps be explained by the 
interaction of these states with other }~ and 3> states 
of O" thus “spreading” the single-particle components 
over several states. 

The next }~ state, being only 823 kev above the 
4.555-Mev state, is close enough to allow considerable 
mixing. However, available data at this laboratory 
indicate that this state at 5.378 Mev is very weakly 
excited and its reduced width is certainly no larger 
than 6?=0.001. Noting that single-particle reduced 
widths in the 29 shell typically have values 0.?(2p) 
=(.025,' it is seen that even the sum of the reduced 
widths for the 4.555- and 5.378-Mev states is a factor 
of 3 smaller than 0,°(2p). These results suggest that 
the 23/2 single-particle component is fragmented over 
more than two states and that, in fact, another state 
above E.xe=5.70 Mev contains the major portion of 
the 23/2 single-particle component. 

The value obtained in the present experiment for 
the ratio O3.s46°/0,..2=0.053 is only one quarter as 
large as the value found for the same ratio by Green 
and Middleton’ using 9-Mev deuterons. Using the 
Green and Middleton value for this ratio and noting 
that the next 3- state of O' lies 1.851 Mev higher, 
Macfarlane and French' concluded that the 3.846-Mev 
state is a good If7/2 single-particle state since a very 


large interaction would be required to “spread” the 
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— Theory(Butler) 
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Fic. 6. Angular distribution of the O'*(d,p)O" 4.555-Mev level. 


7™T. S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956). 
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l=3 components over so large a region. However, 
fragmentary data available at this laboratory indicate 
that the unresolved doublet at 5.71 Mev (part of which 
is the }~ state at 5.697 Mev) shows relatively strong 
stripping structure having a cross section of 11.3 
millibarns per steradian at O¢.,=14.1°. This infor- 
mation, although not conclusive, together with the 
small reduced width obtained for the 3.846-Mev state 
suggests that it may contain a smaller fragment of the 
1f7/2 single-particle component than is concluded by 
Macfarlane and French.! 

The 4} - state at 3.058 Mev exhibits stripping, 
although weakly. Theoretical considerations! indicate 
that this state is probably formed by an excitation of 
the O'* core rather than by a 21/2 neutron coupled to 
O'®, However, the stripping structure observed in- 
dicates the presence of a 21/2 single-particle component 
in the configuration of this state. 


IV. O'%(d,t)O" 


A. Experimental Results 


The O' energy level diagram is shown in Fig. 1. 
Since pickup 
(O=—9.395 Mev),® it was possible to study only the 


this reaction is very endothermic 


transition to the ground state in O'%% The angular 
distribution for this reaction is shown in Fig. 8 and 
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Fic. 7. Angular distribution of the O'*(d,p)O"" 5,083-Mev level. 


8V. J. Ashby and H. J. Catron, University of California 
Radiation]Laboratory Report UCRL-5419, 1959 (unpublished). 

This work has been previously reported. See E. L. Keller, 
Bull. Am. Phys. Soc. 5, 246 (1960). 
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iG. 8. Angular distribution of the O'®(d,t)O"'. ground state. 


has been fitted with a Butler curve with /,=1 and 
ro=4.75X10-" cm. From this comparison one obtains 
A@?= 2.38, where A is the factor proportional to the 
normalization constant for the asymptotic triton wave 
function and ©? is the single-particle reduced width 
0.° times the spectroscopic factor or relative reduced 
width S. 


B. Discussion 


At the present time very little is known about the 
dependence of single-particle reduced widths on 
incident energy and Q whereas there is considerable 
information available’ concerning their dependence on 
other parameters (e.g., , /, J, ro, and A). Because of 
its high negative Q, the O'*(d,/)O"™ reaction can yield 
information concerning the Q dependence. 

This reaction presumably involves a transition from 
the closed 1p shell to a 11/2 hole state of O'. Since 
single-particle reduced widths in the 1 shell typically 
have values 0.?(1p)=0.04—0.06, one should expect to 
observe a large cross section for this transition because 
the relative reduced width has the value S=4 and in 
pickup reactions there are no statistical factors which 
cancel the effects of a large reduced width. The peak 
cross section (0.842 millibarn per steradian), however, 
is not large and consequently when the reasonable 
value of A=195! is used, a single-particle reduced 
width of 6,?=0.0031 is obtained. 

Recent studies by Macfarlane and French! indicate 
that values of 1d and 2s single-particle reduced widths 
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Lithium-Induced Reaction Yields Below 4 Mev* 


Epwin Norseckf 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received September 19, 1960) 


Thick-target yields of the following reactions were measured by counting the beta active products 
Li? (Li®,2n)C™, Be®(Li®,2n)N™, C(Li§,2)F!7, C2(Li?,m)F'8, N“(Li®, He5)O%, N(Li§,d)F'8, N™(Li’,t) F', 
O'*(Li®,n)Na®, O'*(Li®,He*)F'8, F'(Li*,Li5)F®, Na*(Li®,Li5)Na”. The reactions F(Li*,2p)Ne® and 
Na*®(Li’,Li®)Na™ had too small a yield to permit accurate measurement. All of the yield curves show a 
very rapid but smooth increase of yield with energy. Some general rules are given for estimating the yield 
to be expected for any positive “Q” lithium beam reaction in the energy range under consideration. 


N a previous work! yields are reported for a number A variety of methods were used for making targets. 

of nuclear reactions with lithium beams under 2.0 The carbon and beryllium targets were cut from the 
Mev. In one recent paper, the excitation curve for elements. The nitrogen targets were made by heating 
Be*(Li’,Li*)Be® has been extended up to 3.9 Mev.? In 
the present work the beam energy is in the range of 
1.2 to 3.7 Mev. Although all possible reactions are not 
covered by this survey, there is enough variety so that 
one may make reasonable estimates of the yields to be 
expected from other reactions. From the thick-target c a ; =p 
yield curves presented here, one can read directly the Teaction yield as the atomic number is increased, the 
expected thin-target yield if the target thickness is 
expressed in terms of the energy loss by the beam. By 
making use of stopping-power information, one could 
calculate actual nuclear cross sections for these reactions. 


titanium in an atmosphere of anhydrous ammonia, the 
oxygen targets by heating titanium in oxygen. The 
other targets were made by melting salts onto thin 
steel backings, LiF for lithium, NaF for fluorine, and 
NaCl for sodium. In each case, because of decrease in 
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EXPERIMENTAL 


The production and analysis of lithium ion beams by 
the Minnesota Van de Graaff machine has been de- 
scribed previously.? The thick targets to be bombarded 
were mounted at the bottom of a Faraday cup. After 
the bombardment they were removed and counted 
under a low background, end window counter. The 
number of counts were recorded by a printer which 
was activated by a clock so that it would print every 
1, 5, 10, 20, or 60 minutes. The shorter-lived activities 
were timed with a stopwatch and the number of counts 
recorded by hand. 
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(1957). 
* E. Norbeck, J. M. Blair, L. Pinsonneault, and R. J. Gerbracht, Fic. 1, Thick-target yields of C" from a Li® beam 
Phys. Rev. 116, 1560 (1959). on enriched LiF targets. 
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background activity induced in the heavier component 
of the salt was negligible. 

The yields have been calculated on the basis of the 
target materials actually used. If a metallic lithium 
target, for example, were used instead of a LiF target, 
the yield would be found to be higher than that indi- 
cated on our graph. A 15% backscattering correction 
for the beta rays was assumed for all cases. In some 
cases this may make a significant error in the absolute 
yield. The relative error in the points along a single 
curve is indicated by the scattering of these points. 


DISCUSSION 


The reactions with lithium and beryllium targets, 
Figs. 1 and 2, are both (Li®,27) reactions and so can 
be compared directly. The beryllium curve is con- 
siderably steeper, as might be expected with a higher 
Coulomb barrier, and indicates a lower cross section. 
The fluorine in the LiF cuts down the total reaction 
yield enough so that the total yield for the metallic 
beryllium target is actually larger in the higher energy 
range. 

Although the total yield for the C(Li’,)F'’ reaction 
is clearly greater than for the C"(Li®,n)F"’ reaction as 
shown in Fig. 3, the yield for each energy level of the 
final product is actually greater for the second reaction. 
There is almost an order of magnitude larger number 
of states available for F'® as compared with F'’. Since 
the two reactions are so similar one would expect to 
find about the same yield for each state of the final 
product. From this pair of reactions one must then 
conclude that Li® is more reactive than Li’. It is not 
clear why the energy dependence of the Li’ reaction 
should be so much steeper than for the Li® reaction. 

The ratio of O' to F'* from the reaction pair, 
N4(Li§,He®)O" and N'(Li®,d)F'® in Fig. 4, were de- 
termined with considerable precision, except for the 
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Fic. 2. Thick-target yields of N¥ from‘a Li® beam 
on beryllium metal targets. 
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Fic. 3. Thick-target yields of F'* from lithium 
beams on graphite targets. 


constant multiplicative error resulting from backscatter- 
ing corrections. The greater steepness of the F'® curve 
may be due to the fact that as the energy is increased 
more levels of F!® become available, but that in the 
entire range studied only the ground state of O' is 
available. All the states of F'® are therefore produced 
no more often than the one state of O'. This would 
support the conjecture that both reactions are of the 
transfer type. To make O' only, a proton needs to 
travel across the Coulomb barrier, whereas for F'* an 
alpha particle is needed. The Coulomb barrier plays a 
dominant role in all these low-energy lithium reactions. 
For lithium on nitrogen, in the energy range studied, 
the classical distance of closest approach runs from 12 
to 20 10—" cm. 

The O%-F'’ ratio was measured by making a short 
but uniform bombardment of a nitrogen target and 
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Fic. 4. Thick-target yields from lithium beams on 
titanium nitride targets. 
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Fic. 5. Thick-target yields from a Li® beam 
on titanium dioxide targets. 


then determining the decay curve under the thin 
window Geiger counter. Both activities were calculated 
from this same decay curve. It was found that the 
amount of nitrogen in the titanium varied considerably 
with very small changes in the nitriding technique. In 
order to determine the relative yield of the three nitro- 


4 


gen reactions, the same set of targets were used in 
determining all three curves. One should not expect to 
reproduce the absolute magnitude of this set of curves 
as a whole to much better than a factor of two. 

The ratio of the yields for the two reactions, 
N™(Li§,d)F"* and N"(Li’,t)F'* in Fig. 4, should be quite 
accurate since the same targets were used, and also the 
same product was formed, thereby eliminating errors 
arising from backscattering corrections. An alpha- 
particle transfer is involved in both cases, so one might 
expect very similar reaction yields. The effect of the 
slightly higher Q value for the Li® reaction and the 
slightly higher center-of-mass bombarding energy could 
hardly be expected to make the difference of a factor 
of six in reaction yield. This is then another example 
where a Li’ reaction seems to be inhibited in some way. 
The slope of the excitation curve for this particular Li’ 
reaction is probably not accurate enough to be com- 
pared closely with that of the Li® reaction. 

The yields from the TiO, targets were very repro- 
ducible. The O'*(Li*,He*)F'® reaction, Fig. 5, gives an 
excitation curve that is steeper than the nitrogen curves 
and indicates as high or even a higher yield. The 
steepness follows from the increased Coulomb barrier. 
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lic. 6. Thick-target yields from 
a Li® beam on (a) NaF targets 
and (b) NaCl targets. 
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Li-INDUCED REACTION 
The high yield is due partly to the high percentage 
of oxygen in the TiO, targets. It is probably also helped 
by the rather small barrier seen by the transferring 
deuteron and by the very large number of states pos- 
sible in F'§ when the Q value is 6.1 Mev. By contrast, 
the O'*(Li®,2)Na*! reaction, where an entire lithium 
nucleus must pass through the Coulomb barrier, is 17 
times smaller. 

The 40-sec activity from the F"*(Li®,2p)Ne* reaction 
could be barely detected in the presence of the very 
large amount of 11-sec F*® from the F'®(Li®,Li®)F” 
reaction, Fig. 6. The high yield for the F* reaction is 
undoubtedly due to the ease with which the neutron 
can tunnel from one nucleus to the other. The Ne” reac- 
tion probably involves an entirely different mechanism. 

In spite of the very high atomic number of the target, 
the yield of the Na*8(Li®,Li5)Na™ reaction, Fig. 6, is 
about the same as that of O'*(Li®,2)Na*!. As in the F?° 
reaction, the neutron encounters a small nuclear barrier, 
but no Coulomb barrier. There is a larger error in the 
sodium reaction points than with most of the other 
reactions. The long, 15-hr half-life of Na** required long 
bombardments which resulted in considerable buildup 
of F'® activity from impurities and sometimes in a 
sputtering away of part of the target. The reaction 
Na**(Li’,Li®) Na**—0.3 Mev was searched for without 
success. This sets an upper limit for this reaction of 
1.6 atoms of Na™ for each microcoulomb of 3.5-Mev Li* 
beam incident on the NaCl target. The Li® reaction is 
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YIELDS BELOW 4 MEV 827 
then at least 750 times stronger than the Li’ reaction. 
This may be the result of the low reaction energy along 
with the general inhibition of Li’ reactions noted earlier. 


CONCLUSIONS 


Considering all these reactions together, one could 
say that the general characteristics of lithium beam re- 
actions below 4 Mev are: 


(a) A small increase in energy always results in a 
large increase in yield. 

(b) The reaction rate goes down rapidly as the nu- 
clear charge of the target is increased. 

(c) The yield will be low when a large amount of 
nuclear material is transferred between the beam and 
target nuclei, and will be considerably larger when a 
smaller amount is transferred. A (Li®,Li*) reaction, for 
example, will be much more prolific than the (Li®,) 
reaction with the same target. 

(d) There is some indication that Li® reactions are 
somewhat more prolific than Li’ reactions. 
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Al*’(n,«)Na™ Cross Section as a Function of Neutron Energy 


H. W. Scumitt AND J. HALPERIN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received September 16, 1960) 


The cross section for the Al?7(n,z)Na* reaction has been measured as a function of neutron energy in 
the range 6.1< E,<8.3 Mev and at 14.8 Mev. Measurements were made relative to the fission cross section 
of U®8; activation techniques were used to determine the number of Al?’(m,a) events. While a number of 
peaks and valleys appear in the cross section versus energy curve, there is a general increase in cross section 
with increasing energy consistent with the Coulomb penetrability of the alpha particle. 


INTRODUCTION AND METHOD 

HE Al"(n,a)Na*™ reaction is of interest in the 

study of neutron interactions in intermediate 
nuclei. In addition, it is of practical importance. in 
reactor technology, inasmuch as it is a threshold reaction 
which is suitable and convenient in certain circum- 
stances, for high-energy neutron flux monitoring. This 
paper reports a measurement of the Al?’(n,a)Na* cross 
section as a function of neutron energy, relative to the 
known! fission cross section of U***, 


1W. D. Allen and R. L. Henkel, Progress in Nuclear Energy 
(Pergamon Press, New York, 1958), Vol. 2, Series 1. Cross-section 
values were taken from the smooth curve of Fig. 30. 


The Q value for the reaction is —3.136 Mev,’ al- 
though, as will be seen, the cross section increases to 
values of the order of a few millibarns only at a neutron 
energy of about 6 Mev. 

The experimental arrangement used in these meas- 
urements is shown schematically in Fig. 1. Mono- 
energetic neutrons were obtained from the D(d,n)He* 
reaction using the ORNL 5.5-Mv Van de Graaff 
generator. Neutrons in a small cone about 0° with 
respect to the charged-particle beam were incident on 
an aluminum metal sample and on a thin deposit of 


2PM. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
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Fic. 1. Experimental arrangement for measurement of the 
AF" (n,a)Na™ cross section. Aluminum samples were placed in 
position 1 for experiments 1 and 2, and in position 2 for experi- 
ment 3. 


U*8 as shown in the figure; the neutron energy was 
varied by changing the incident deuteron energy. The 
aluminum sample was located at position 1 to reduce 
geometric corrections for absolute cross section meas- 
urements; position 2, convenient for rapid sample 
changes, was used for detailed excitation function 
determinations. 

The number of Al?’(n,a)Na™ reactions occurring 
during an irradiation was obtained from a subsequent 
measurement of the gamma activity in the sample due 
to Na*™ (half-life=15.0 hr). A 1} in.X2 in. well-type 
scintillation crystal was used to count the 2.75- and 
1.37-Mev gamma rays from the Na*™ decay. Calibration 
was accomplished by comparison with a standard 4r 
gamma-ray detector, calibrated in turn relative to 
absolute 4% beta counting measurements. Except for the 
initial activity (9.5-min half-life) due to Mg*’ formed 
from the Al?’(n,p)Mg*’ reaction, only the characteristic 
15.0-hour decay of Na™ was observed. 

Fragments from the neutron-induced fission of U*** 
were counted in 27 geometry in the thin-walled gridded 
ionization chamber shown schematically in Fig. 1. The 
two U%% samples used during the course of these 
measurements were electroplated in the form of U;03 
onto 0.010-inch-thick platinum backings. Masses of the 
fissile deposits were determined by alpha-particle 
counting. Pulse-height spectra of alpha particles from 
the U** deposits, counted in the ionization chamber of 
Fig. 1, were obtained; the absolute rate of alpha 
particle emission from each deposit was thus deter- 
mined. In obtaining the mass of a deposit, corrections 
were included for the backscattering of alpha particles 
(counting geometry factor=0.52)* and for finite deposit 

3J. A. Crawford, The Transuranium Elements: Research Papers 
(McGraw-Hill Book Company, Inc., New York, 1949), Paper 
No. 16.55, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV. 
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thickness. The U*** half-life was assumed to be (4.51 
+0.02) X 10° years.* The deposits contained fissionable 
impurities to an extent less than one part in 10°. 

Fission counts were recorded using duplicate ampli- 
fiers and scalars. Fission events were identified as counts 
above the integral pulse-height discriminator levels in 
the standard pulse amplifiers; the discriminator biases 
were set to reject alpha particle counts and other 
backgrounds not associated with neutron irradiation. 
A small fraction of the fragments (those emitted 
almost tangential to the deposit surface) lost sufficient 
energy in the deposit to give pulses below the discrimi- 
nator bias setting. The correction for these fragments, 
determined from integral bias curves, amounted to 2 
to 3% with an estimated uncertainty of 1%. 

Background counts throughout the present experi- 
ment were measured under conditions and settings 
identical to those of the neutron irradiations, except 
that the target gas (tritium or deuterium) was replaced 
with helium. Backgrounds in fission counting ranged 
from one percent or less at the lowest deuteron energies 
to about 6% at the highest deuteron energy; the 
corresponding backgrounds in aluminum activity were 
less than one percent in all cases. 

Neutron energies were determined by means of 
standard methods; published tables® were used to relate 
incident deuteron energy to neutron energy. Account 
was taken of deuteron energy loss in the thin nickel 
foils, in the helium gas used for cooling, and in the mean 
thickness of deuterium. Deuteron currents up to 15 
microamperes were used in the double foil gas target.® 
The foil thicknesses were measured by accelerating 
protons onto the assembled target with a small amount 
of tritium in the gas cell and measuring the incident 
deuteron energy corresponding to the T(p,)He® reac- 
tion threshold energy. The thicknesses of all foils were 
also measured with a C™ beta-ray “thickness gauge ;” 
on those occasions when a target foil was broken it was 
replaced with one of the same thickness as determined 
from the beta-ray measurements. 

The (n,a) reaction cross section was obtained for each 
neutron energy from the following equation : 

Na (U8) 
On,a=os(En) X—X : (1, 


ny (Al) 


where o,(E,,) represents the known! fission cross section 
of U8, m, represents the number of n, a reactions per 
aluminum atom in the sample, m; the number of U”** 
fission counts per atom of U™*, and ¢(U™* or Al) the 
average neutron flux (neutrons/cm? sec) incident on 
the U** or aluminum. The ratio ¢(U™*)/é(Al) was 
calculated from published angular distributions of 
source neutrons.® It is to be noted that 


the ratio 


4A. F. Kovarik and N. I. Adams, Phys. Rev. 98, 46 (1955). 

5 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 

® R. W. Lamphere (to be published). 
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different from unity principally because of the difference 
in diameter of the aluminum and uranium samples; it 
is, however, relatively insensitive to the neutron angular 
distribution and hence to neutron energy. 

A measurement at 14.8 Mev was carried out using 
the ORNL Cockcroft-Walton accelerator. Deuterons 
were accelerated to an energy of 190 kev and were 
incident on a conventional solid water-cooled Zr-T 
target. The target holder was specially constructed so 
that only a 0,040-inch thickness of water intervened 
between the neutron source and the chamber. Samples 
were located at position 1 in the chamber, Fig. 1. Four 
separate runs were made using two different U** 
deposits; the results were in excellent agreement. 
Procedures and considerations similar to those described 
above were applied in these measurements. 


RESULTS AND DISCUSSION 


The cross-section results obtained from these meas- 
urements are given in Fig. 2 and Table I. In experiments 
1 and 2 the samples were located in position 1 (see Fig. 
1), and absolute values of the cross section were 
obtained. Experiment No. 3 was designed for convenient 
change of aluminum samples, i.e., sample position 2 
was used, so that the shape of the cross section versus 
energy curve could be readily obtained in detail. 
Cross-section values obtained from experiment No. 3 


TABLE I. Final results of present experiment, taken from a 
smooth curve drawn through the original data points. Energies 
of maxima and minima are indicated by asterisks. Entries in 
column 3 are taken from reference 1. 


Neutron energy = on, a (All) 
(Mev) 


6.10 
6.20 
6.30 
6.40 
6.50 
6.60 
6.66* 
6.70 
6.73* 


os (U8) 
(barns) 


0.648 
0.682 
0.722 
0.766 
0.810 
0.845 
0.863 
0.876 
0.884 
0.902 
0.928 
0.950 
0.964 
0.976 
0.982 
0.985 
0.991 
0.993 
1.00 

1.005 


On, a(Al) 
(millibarns) 


- 
S 


0.0050 
0.0056 
0.0072 
0.0097 
0.0109 
0.0095 
0.0090 
0.0119 
0.0163 
0.0179 
0.0193 
0.0224 
0.0245 
0.0235 
0.0211 
0.0215 
0.0256 
0.0310 
0.0343 1.01 
0.0315 1.01 
0.0340 1.01 
0.0415 1.01 
0.0489 1.01 
0.0439 1.01 
0.0431 1.01 
0.0450 1.01 
0.0943 1.24 
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Fic. 2. Al*?(n,v)Na™ cross section as a function of neutron 
energy. Bases of the triangles indicate total neutron energy 
spread, including effects of energy degradation of deuterons in 
the target and of angular spread of the sample. Error flags indicate 
combined statistical and other point-to-point uncertainties; 
uncertainty in absolute value is +7% as indicated. The broken 
curve shows the results of calculations described in the text. 


are therefore normalized to the absolute values obtained 
in experiments 1 and 2. Uncertainties arising from 
counting statistics, background determinations, and 
other point-to-point effects, are indicated by error flags 
in Fig. 2. Systematic uncertainties, e.g., in the U** 
masses or in the absolute value of os, combine to give 
an absolute uncertainty in on,¢(Al) of +7%. Because 
of the large number of data points, the values tabulated 
in Table I are those taken from a smooth curve repre- 
senting the best visual fit to the data. The measured 
quantity is on,«(Al)/o;(U**); values used for o,(U**) 
are also tabulated, together with the resulting values 
Of on,a(Al). 

Measurements of the Al??(n,a)Na*‘ cross section at a 
neutron energy of 14.76 Mev yielded a cross section value 
of 117+8 millibarns. This value is the weighted mean 
of the results of four experiments as described in the 
preceding section. Individual values were 116 mb, 
116 mb, 117 mb, and 118 mb. The mean value of 
117+8 mb, where the uncertainty includes all statistical 
and systematic uncertainties, is in excellent agreement 
with that obtained by Kern ef al.’ at this energy and 
is consistent with those values obtained by Grundl 
ef al.,* Khurana and Hans,’ and Yasumi.'® The present 
result appears to be inconsistent with measurements in 

7B. D. Kern, W. E. Thompson, and J. M. Ferguson, Nuclear 
Phys. 10, 226 (1959). 

8 J. A. Grundl, R. L. Henkel, and B. L. Perkins, Phys. Rev. 
109, 425 (1958). 


*C, S. Khurana and H. S. Hans, Nuclear Phys. 13, 88 (1959). 
1S, Yasumi, J. Phys. Soc. Japan 12, 443 (1957). 
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this energy region by Forbes" and by Paul and Clarke." 
The cross section versus energy curve of Fig. 2 is 
generally consistent with values obtained by Grundl 
el al.’ for three neutron energies up to 8.1 Mev. The 
present results are inconsistent, however, with earlier 
Los Alamos data (cited in reference 8) giving the shape 
of the cross section versus neutron energy curve for 
energies below about 7.5 Mev. 

Calculations have been made of the shape of the 
Al?’ (n,a)Na™ cross section as a function of incident 
neutron energy above threshold. The continuum theory 
has been used together with certain simplifying assump- 
tions. In this treatment the cross section is written 


o(n,a)=oenG,-(a), (2) 


where o,, is the neutron cross section for compound 
nucleus formation, and G,(@) is the probability of 
decay of the compound nucleus by alpha-particle 
emission. On the basis of a statistical approach,” in 
which, however, angular momentum effects are neg- 
lected, G.(a) can be written 


en+Q 
f O cal €a) Rapp (€)deéq 


tn 
i) ‘ 


where o-a(€a) and o,»(€,) are the compound nucleus 
formation cross sections, respectively, for an alpha 
particle of center-of-mass energy ¢. and for a neutron 
of center-of-mass energy ¢€,; the compound nucleus is 
the same in both cases, i.e., Al*®*. In Eq. (3) ka and ky 
are the alpha-particle and neutron wave numbers, and 
pa(e) and pa(e) are the densities of states in the target 
nucleus A and residual nucleus B. The particle energies 
are related by ¢2=€, +0. 

Since there are relatively few states in the region of 
interest in Na™, the approximation pg=constant was 
made for the present limited energy range. For the 
case of Al’’, the level density p4(e) was assumed to 
follow the statistical relation pz(e) « exp[2(ae)!], with 
a=0.5 Mev." The cross section for formation of the 
compound nucleus by neutrons was taken from con- 


(€n)Rn2pa (ede, 


11S. G. Forbes, Phys. Rev. 88, 1309 (1952). 

2 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1955). 

18 See, for example, A. C. Douglas and N. MacDonald, Nuclear 
Phys. 13, 382 (1959). 

4 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley & Sons, Inc., New York, 1952). 
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tinuum theory estimates," while the compound nucleus 
formation cross section for alpha particles were taken 
from the optical model calculations of Igo." 

Results of the calculations are shown in Fig. 2. The 
agreement of the calculations with experiment is 
considered satisfactory in view of the approximate 
nature of the calculations; also the measured Al??(n,q) 
cross section reaches a peak in the neutron energy 
range 9-12 Mev, based on present data together with 
the decreasing cross section found by Kern ef al.’ in 
the 12-16 Mev energy range. Competition with other 
reactions, particularly the (m,2n), (n,d), and (n,t) 
reactions, should, of course, become important in the 
higher energy range. 

Concerning the structure in the measured Al*’(n,a)- 
Na*™ cross-section curve, Wildermuth'® has suggested 
that this may be a consequence of nuclear behavior 
according to the cluster model. Thus, if the compound 
nucleus prior to decay by alpha-particle emission can 
assume the form of an alpha-particle cluster moving 
around a Na*™ nucleus, then this system will have 
resonances whose average widths and spacings may be 
estimated from cluster-model considerations. Because 
of the poor neutron resolution (relative to the widths 
of peaks in the measured cross-section curve) in the 
present experiment, the separation of these “‘levels”’ 
provides the more sensitive test. While the cluster 
model as applied to such reactions has not yet reached 
a fully-developed quantitative form, it may be signifi- 
cant that for the present case Wildermuth'® has esti- 
mated a separation of the order of magnitude of 400 
kev or more, a result not inconsistent with the present 
experimental results. It is suggested that a systematic 
investigation of (n,a) angular 
distributions as a function of atomic weight of the 
target nucleus and incident neutron energy may be 
quite fruitful from the point of view of the cluster 
model. Of most interest'* would be those cases for which 
the (n,a) cross section for a decay to a specific state in 
the residual nucleus can be measured. Similar experi- 
ments for other clusters in the outgoing channel may 
also lead to results analogous to those found here. 


cross sections and 
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16 G. Igo, Phys. Rev. 115, 1665 (1959). 
16K. Wildermuth (private communication, 1960). 
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Sources of ssEr!*!(3.1 hr) were produced by the (m,2m) and (y,m) reactions. A study of the gamma-ray 
spectrum by means of scintillation coincidence spectrometry indicated 32 gamma rays. All but three of 
these are fitted into a tentative decay scheme with levels at 0, 211, 585, 826, 945, 1165, 1253, 1315, 1395, 
1450, (1604), 1700, and 1830 kev. The data are consistent with a }~ spin assignment to the Er ground state 
and } and 4* assignments to the ground state and 211-kev state of Ho, respectively. The 826-kev level in 


Ho probably has $~ character. 


INTRODUCTION 


N erbium isotope of 3.6-hour half-life was produced 

by Handley and Olson' by bombarding Er,O; 
with 24-Mev protons. They assigned it the mass num- 
ber 161. These investigators found gamma rays of 
0.824 and 1.12 Mev and possible gamma rays of 0.065 
and 0.195 Mev. They determined that the daughter is 
Ho and, from the absence of annihilation radiation, 
inferred that the nuclide decays predominantly by K 
capture. 

The mass assignment was confirmed by Michel and 
Templeton® by the use of a time-of-flight isotope sepa- 
rator. They obtained the nuclide by proton spallation 
of tantalum and reported a half-life of 3.5 hr. Nervik 
and Seaborg,* using these same techniques of produc- 
tion and identification, found positrons of 1.2+0.1 Mev 
which they said belonged either to Er'®™ or its Ho 
daughter. They believed that their value of 3.05 hr for 
the erbium lifetime was to be preferred over the above 
value of 3.5 hr. 

Dneprovskii and Kolesov‘ also produced neutron- 
deficient isotopes of Er and Ho by the proton spallation 
of tantalum. They used a §-ray spectrometer to study 
the internal-conversion-electron spectrum and found 
four groups of lines with approximate half-lives of 30, 
3.5, 2.5, and 1 hr. In the 3.5-hr group they found lines 
which they assigned to Er'®. These lines corresponded 
to gamma rays with energies of 67.0+0.1, 210.6+0.2, 
and 826.5+0.5 kev. They also found electrons with 
energies of 62.0, 69.2, and 164.2 kev which they were 
not able to identify. 

Harmatz ef al.’ bombarded a target of Er,O; en- 
riched in Er'® with protons to produce Er'®, Using 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. Submitted in partial fulfillment of the re- 
quirements for the Ph.D. degree in physics at the State University 
of Iowa. 

t Now at Lockheed Missile and Space Division, Palo Alto, 
California. 

1T. H. Handley and E. L. Olson, Phys. Rev. 93, 524 (1954). 

2M. C. Michel and D. H. Templeton, Phys. Rev. 93, 1442 
(1954). 

3W. E. Nervik and G, T. Seaborg, Phys. Rev. 97, 1092 (1955). 

“I. S. Dneprovskii and G. M. Kolesov, Izvest. Akad. Nauk 
S.S.S.R., Ser. Fiz. 22, 935 (1958) [translation: Bull. Acad. 
Sciences U.S.S.R. 22, 935 (1958) ]. 
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magnetic spectrographs they found interna!-conversion- 
electron lines corresponding to a transition with an 
energy of 211.4+0.3 kev. They assigned it the character 
E3, which is in agreement with Dneprovskii and 
Kolesov. 

The investigation reported here was undertaken to 
determine the decay scheme of Er'®, principally by 
means of scintillation coincidence spectrometry. 


SOURCE PREPARATION AND EXPERIMENTAL 
APPARATUS 


Sources of Er'®' were produced by the Er'@(m,2n)Er'®! 
reaction in a target of Er.O; enriched to 6.1% in Er'®. 
A Cockcroft-Walton accelerator was used to provide 
fast neutrons for most of the irradiations.’ An average 
flux of 10° 14-Mev neutrons/cm?/sec was obtained via 
the H*(d,n)He*® reaction. For a few irradiations the 
Argonne 60-in. cyclotron was used as an irradiation 
facility. A flux of approximately 10" neutrons/cm*/sec 
at about 23-Mev maximum energy was obtained by 
means of the Be*(d,z)B" reaction. The samples were 
wrapped in 1-mil Al foil for irradiation and transferred 
to new packets afterwards. For the cyclotron irradia- 
tions the packets were encased in about 3; in. of BN 
in order to diminish the number of slow neutrons 
reaching the Er.O3. The amounts of Er,Q; irradiated 
varied from 1 to 60 mg; the latter amount was used in 
most irradiations employing the Cockcroft-Walton ac- 
celerator. Near the conclusion of this work the Argonne 
20-Mev linear accelerator was put into operation. 
Three sources were activated by the (y,m) reaction. 
This facility provided the most intense sources as well 
as those most free of spurious activities produced by 
neutron capture in other isotopes and contaminants. 
Other activities were quite weak as found by following 
the rate of decay of the counting rate in the “singles” 
and coincidence experiments. 

The gamma-ray spectra were studied by means of 
cubic NaI(T1) crystals, about 2} in. on an edge, coupled 
to Dumont Type 6292 photomultipliers. The pulse- 
height analysis was accomplished by means of the 

® Enriched oxide obtained from Isotopes Division, Oak Ridge 
National Laboratory. 

7 The authors wish to gratefully acknowledge the cooperation 
of Dr. L. A. Rayburn and Dr. H. Casson in making the accelerator 
available for the irradiations. 
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Fic. 1. Gamma-ray spectrum of Er'*. 


Argonne 256-channel analyzer. For coincidence experi- 
ments a single-channel analyzer and conventional “fast- 
slow” coincidence circuit (resolving time 27=40X10-° 
sec) were used in conjunction with the multichannel 
analyzer. 

A 180° magnetic spectrograph was used in an attempt 
to study the internal-conversion-electron spectrum. 
With the source activities available from a single irra- 
diation, no lines were observed. Iterated exposures 
were not attempted. 


EXPERIMENTS 
Gamma-Ray Spectrum 


The scintillation spectrum of gamma rays from Er'* 
is shown in Fig. 1. A lead collimator® was used to con- 
fine the incident beam to the central region of the crys- 
tal. The collimator reduces the height of the Compton- 


*S. B. Burson, H. A. Grench, and L. C. 
115, 188 (1959). 


Schmid, Phys. Rev. 
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Fic. 2. Gamma rays in coincidence with the high-energy region of the spectrum. In windows J, K, and L the data below 100 kev 
were not obtained with the geometrical arrangement shown and are not normalized to the spectra above this energy. The dotted curve 


in window G shows the singles spectrum. 


electron distribution relative to the photopeak. It also 
serves to prevent scattered radiation from reaching the 
crystal. The lead filter shown was used so that the 
intense x rays from the source would not cause excessive 
dead time in the analyzer. The beryllium absorbed 
secondary electrons from the lead. 

As indicated in the figure, the total spectrum was 
decomposed in order to determine the energies and 
relative intensities of its components. The analysis 
started with the high-energy side of the most energetic 
photopeak. The spectrum of a single radiation of similar 
energy obtained in the same geometric arrangement 
was fitted. This spectrum was first adjusted to the 
correct energy and photopeak resolution. After the 
fitting, the spectrum of the monoenergetic gamma ray 


was subtracted and the process was repeated. The 
original spectral shape was rather ideal for such an 
analysis since the counting rate decreased sharply with 
increasing energy. Small errors in the spectral shape 
of a subtracted component did not significantly influ- 
ence the shape below it. 

The results of the analysis are shown in Table I. 
The gamma-ray intensities were derived from the areas 
under the photopeaks by correcting for the net photo- 
peak efficiency of the crystal and for the lead and 
beryllium filters used. The energies shown in Fig. 1 are 
those obtained from the calibration in that particular 
experiment. Although the results of such a complex 
analysis must be accepted with great reservation, the 
fact that most of the components obtained were found 
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TABLE I. Gamma rays of Er'®, 


Energy 
(kev) 


Gamma-ray 
intensity 


Energy 
(kev) 


Gamma-ray 
intensity 


7852415 0.23+0.09" 
826+4 100 
865+8 12+5 
877413 0.10-+0.06* 
945+ 20 4.6+1.3 
1020+ 25 1.7+0.5 
1105+10 1.8+0.3" 
1115+20 0.9+0.3* 
1167+10 7.1+0.4 
1240+ 20 4.0+0.4 
1326+20 3.6+0.8 
1410+20 3.8+0.8 
1489+30 2.2+0.5 
1616+20 1.4+0.2 
1705+20 1.2+0.4 
1820+30 0.25+0.05 
1968+40 0.07+0.03 


175+50 
1.7+1.0" 
5.2+2.0* 
3.0+2.0* 
3.4+2.08 
3.8+0.6* 
15.0+2.0 
1.6+1.0 
4.3+0.6 
1.2+0.5 
1.2+0.5 
0.02+0.01" 
2.2+0.4 
2.5+0.7 
7.6+0.8 
1.8+0.5 
3.84+2.0 


Ho x ray 
84+5 
88+4 
12545 
132+5 
20344 
21142 
267415 
30545 
367+20 
414+ 10 
429+ 10 
452+ 10 
51047 
592+5 
652+15 
705+15 


* Intensity found from coincidence measurements. The remaining values 
were found from decomposition of the ‘‘singles’’ spectrum. 


in coincidence experiments adds credence to the results. 
In determining the uncertainty in the energy and in- 
tensity of a particular radiation found in the “singles” 
analysis, it was assumed that the decomposition of the 
spectrum was correct to that point. The possibility of 
cumulative errors as a result of this procedure is ac- 
knowledged. Of the 24 radiations found, only the 414-, 
705-, and 1968-kev components find no place in the 
decay scheme proposed. 


Coincidence Experiments 


Introduction. Coincidence relationships between gam- 
ma rays were investigated by use of two Nal(TI) 
crystals. The output of one went to the multichannel 
analyzer; that of the other went to a single-channel 
pulse-height analyzer whose window was used, in con- 
junction with the coincidence circuit, to gate the multi- 
channel system. 

Because of the large number of coincidence experi- 
ments carried out (over 100), only selected figures will 
be used to illustrate the main relationships. Because of 
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Fic. 3. Gamma rays in coincidence with the 440-kev 
region of the spectrum. 
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the great complexity of the gamma-ray spectrum, a 
single experiment was rarely definitive in showing the 
coincidence of radiations. Instead, experiments using 
a series of adjacent windows had to be used for inter- 
pretation. The low activity and short half-life of the 
sources hampered such experiments. The various energy 
intervals accepted by the single-channel window, and 
for which the corresponding coincidence spectra are 
illustrated, are shown in Fig. 1. 

Coincidence of 450- and 1372-kev gamma rays. The 
principal features of the coincidence spectra obtained 
with the single-channel window ranging across the high- 
energy region of the spectrum are depicted in Fig. 2. 
Aside from the capture x rays, there were no radiations 
in coincidence with the gamma rays in the interval 
from 1685 to 1770 kev (not shown). Figure 2, window 
L, shows a gamma ray with an energy of 450+8 kev. 
The spectrum in coincidence with the 450-kev region 
is shown in Fig. 3. The highest energy radiation ob- 
served here is at 1372+20 kev. This establishes that 
the 450-kev gamma ray is in coincidence with a 1372+20 
kev gamma ray rather than with counts in the Compton 
distribution of some higher energy radiation. The 1820- 
kev radiation in Fig. 1 is interpreted as the crossover 
transition. 

Coincidences of 84- and 125-kev gamma rays with 
1320-kev radiation. The high-energy tail on the 450-kev 
peak in Fig. 2, window L, is attributed to annihilation 
radiation from Na*™ contamination as are some counts 
in the 200- and 300-kev regions. This conclusion is 
reached by following the rate of decay of the counting 
rate. The other main features of this figure are the 
radiations of 84+5 and 125+5 kev. Figure 4 shows the 
gamma rays in coincidence with the 84- and 125-kev 
sections of the spectrum. This indicates that gamma 
rays of about 1320 kev are in coincidence with these 
radiations. 

Coincidence of 440- and 1187-kev gamma rays. Further 
comparison of Figs. 2 and 3 indicates that a gamma 
ray of about 440 kev is in coincidence with a radiation 
at 1187+20 kev. On the assumption that the 440- and 
450-kev peaks are the same transition, it was concluded 
from the series of experiments from which Figs. 2, 3, 
and 4 were selected that the 1187- and 1372-kev peaks 
are the only features of the spectrum of Fig. 3 which 
can be definitely associated with the 440-kev transition. 

Coincidence of 132- and 1230-kev gamma rays. As 
seen in Fig. 2, windows J and K, the peak at about 
125 kev has a somewhat greater intensity than was 
observed in Fig. 2, window L. It has also shifted in 
energy to 132+5 kev. The energy difference between 
the 132- and 125-kev peaks is believed to be 744 kev. 
These are interpreted as two different gamma rays. 
After subtracting the 1320-kev component in Fig. 4, 
window B, one finds a gamma ray of 1230+25kev. 
Thus the 1230- and 132-kev gamma rays are in 
coincidence. 

Coincidence of 88- and 1105-kev gamma rays. An 88+4- 
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Fic. 4. Gamma rays in coincidence with the 90- and 125-kev regions of the spectrum. 


kev gamma ray was also seen to be in coincidence with 
a radiation of 116515 kev. Although the data are not 
so certain as in the 125-kev case, it appears likely that 
this 88-kev gamma ray is not the same as that observed 
at 84 kev in coincidence with the 1320-kev transition. 
The gamma ray observed at 1240 kev in the singles 
spectrum is interpreted as the 1165-88 crossover transi- 
tion. The features of Fig. 4 that are not discussed here 
can for the most part be understood in terms of other 
coincidence relationships which are shown to exist. 
Coincidences involving 205-, 285-, 1040-, 1165-, and 
1250-kev gamma rays. Figure 2, windows J and K, also 
contains peaks at 205+10 and 285+10 kev. Figure 5 
shows the curves obtained with the window at 200 and 


300 kev. In order to examine the differences in the 
high-energy regions of these spectra, the curves were 
normalized to equal peak heights at 940 kev. Then the 
difference curve was obtained and it was found that a 
gamma ray of 1250+20 kev was in coincidence with 
200-kev gamma rays and not with those at 300 kev. 
Furthermore, a gamma ray at 1040+ 20 kev was found 
to be in coincidence with 200-kev radiation. A gamma 
ray at about 1165 kev was found to be in coincidence 
with radiations near 200 kev and near 300 kev but more 
strongly with the latter. 

Coincidences of 1115-, 865-, and 365-kev radiations 
wilh 585-kev gamma rays. The peak remaining to be 
discussed in Fig. 2, windows J and K, is at 580+ 10 kev. 
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Fic. 5. Gamma rays in coincidence with the 200- and 300-kev regions of the spectrum 
The dotted curve in window C is the singles spectrum. 


As seen in Fig. 6, with the single-channel window 
accepting 580-kev gamma rays, the highest energy 
radiation observed is at 1115+20 kev. The most promi- 
nent feature of Fig. 6 is the transition with an energy 
of 865+7 kev. Examination of Fig. 2, window H, 
verifies that the gamma rays at 865 and 585+6 kev 
are in coincidence. 

The radiation at 365+10 kev in Fig. 6 was also 
verified to be in coincidence with a 585-kev radiation. 
In summary, then, the 585-kev transition has been 
found to be in coincidence with 365-, 865-, and 1115-kev 
gamma rays. The 1705-kev transition found in the 
singles spectrum, Fig. 1, is interpreted as the 585-1115 
crossover transition. 

The high, broad peak at 200 kev in coincidence with 
the counts included in the 550-620 kev window is due 
mostly to backscattered quanta from the intense 826- 
kev transition. Although lead was used between crys- 
tals to minimize this effect, the backscattering was 
present to some extent in al] experiments with the 


window set at 200 or 585 kev and with the crystals 
arranged as shown in the figures. In order to determine 
whether there were any real coincidences between the 
200- and 585-kev transitions, experiments were done 
with an angle of about 18° between the lines from the 
source to the two crystals. A thick lead wedge was 
placed between the crystals. With this geometric ar- 
rangement no crystal-to-crystal scattering was pos- 
sible. There was no 585-kev peak resolved with the 
window set at 200 kev. The peak in Fig. 6 at about 
280 kev may be due to coincidences with pulses in the 
940-kev Compton distribution (to be discussed later). 

Coincidences involving 825-, 875-, 785-, 380-, 650-, 
and 430-kev gamma rays. As shown in Fig. 2, windows 
G and H, there is a weak coincidence between the pair 
at 825415 and 875+20 kev. Also indicated and illus- 
trated in Fig. 2, window G, is a coincidence between 
the radiations at 785+15 kev and about 826 kev. As is 
apparent in Fig. 2, window H, a gamma ray of 380-+15 
kev was found to be in coincidence with the radiation 
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at about 865 kev. Evidence for an approximately 650- 
kev gamma ray can be seen in Fig. 2, window G. A 
detailed analysis of this region of the spectrum in this 
and in a series of adjacent coincidence runs showed 
evidence that this radiation persists in the coincidence 
spectra with windows to about 1 Mev. It was not pos- 
sible, however, to determine with which radiation this 
gamma ray was in coincidence. A 652-kev gamma ray 
is also found in the singles analysis, Fig. 1. 

The gamma ray at about 430 kev in Fig. 2, window 
G, appears to be in coincidence with 826-kev radiation. 
However, it was not possible to verify this relationship. 

Coincidences of 203- and 305-kev gamma rays with 
940-kev radiation. In the series of experiments done 
with the single-channel window accepting 200- and 
300-kev radiation, it was found that there exists a 
gamma ray at 940+15 kev in coincidence with radia- 
tion at 20343 and 30543 kev. The small peak at 
500 kev, observed in coincidence with 940-kev radia- 
tion, is interpreted as a summing of 200- and 300-kev 
gamma rays in the crystal. The other peaks in Fig. 5 
are consistent with the coincidence relationships noted 
except for the peak at about 490 kev which is 
unexplained. 

The coincidence relationships discussed in the fore- 
going paragraphs are summarized in Table II. 


Decay Scheme 


The proposed decay scheme is shown in Fig. 7. The 
presence of a level at 826 kev is established primarily 
on the basis of the intensity of the transition. The in- 
tensity of the 826-kev gamma ray is approximately the 
same as al] the other radiations in the spectrum com- 
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bined. However, it shows no strong coincidences with 
any other radiations. The observation of coincidences 
between the 826-kev gamma ray and K x rays indicates 
that the gamma ray is not associated with a delayed 
state unless, however, there is an unobserved highly- 
converted low-energy gamma ray that also gives rise 
to Ho x rays. The possibility of this explanation is 
conceded, although the 826-kev transition is shown as 
going directly to the ground state. 

The next most intense gamma ray, 211 kev, has been 
found to have E3 character.*® On the assumption that 
the expected 3- character’ of the ground state is correct, 
it will be seen that the experimental evidence supports 


placement of a }* isometric state at 211 kev. It was 
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Fic. 6. Gamma-ray spectrum in coincidence with 
the 585-kev region of the spectrum. 
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lic. 7. Proposed decay scheme of Er'®, 


seen in the coincidence spectrum, taken with the single- 
channel analyzer accepting only the x-ray peak, that 
the coincidence rate in the neighborhood of 211 kev 
was approximately 20% that observed for the 826-kev 
peak. Since no evidence was found which would indicate 
the presence of a converted low-energy transition in 
cascade with the 211-kev gamma ray, it was concluded 
that another transition of approximately 200 kev 
existed elsewhere in the decay scheme. This conclusion 
is supported by the fact that the peak at about 200 kev 
observed in coincidences between the x rays and the 
211-kev gamma ray always appeared at a point slightly 
lower in energy than the corresponding 211-kev peak 
in the singles, and further that such a peak is found in 
coincidence with high-energy gamma rays. Lastly, other 
transitions were observed whose energies are consistent 
with a state at 211 kev. 

Several experiments were done in order to try to 
determine the lifetime of the state from which this 
radiation arises. In order to determine a lower limit 
for the lifetime, coincidence experiments were done in 
which the single-channel analyzer accepted counts in 
the x-ray peak. Then the x-ray pulses were delayed up 


to about 10-7 sec relative to the fast pulses from the 
other crystal. Taking into account the resolving time 
of the coincidence circuit (r= 2X 10~ sec) it is believed 
that delayed coincidences would have been observed 
if the mean life of the state were less than 5X 1077 sec. 
To find an upper limit, an ion-exchange separation was 
done to separate Er'® from its Ho daughter. The Er 
enriched fraction was almost completely eluted in about 
15 minutes. Both fractions were studied and no relative 
change in the intensities of the 211- and 826-kev radia- 
tions was found. An upper limit of 10 min is placed on 
the mean life of the 211-kev state. With improved ion- 
exchange-column techniques the range of these limits 
could be substantially reduced. However, the limits 
obtained are consistent with the £3 character assigned 
to the 211-kev transition. 

The levels at 585, 1450, and 1700 kev are established 
from the 585-865 kev and 585-1115 kev cascade pairs. 
Since neither the 585 nor the 865-kev radiations are 
seen in coincidence with any other gamma rays of 
sufficient intensity to justify separating them from each 
other or from the ground state, a level at 1450 kev is 
suggested. As will be seen, other coincidence pairs also 
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sum to this energy. The existence of the 585-1115 kev 
pair indicates that the 585-kev transition lies on the 
bottom. The 1705-kev gamma ray is interpreted as a 
ground-state transition because of the excellent agree- 
ment with the 585-1115 sum and because of the absence 
of gamma rays in coincidence with 1705-kev radiation. 
The presence of the 1105-kev transition between the 
1315- and 211-kev states was verified from considera- 
tion of the gamma-ray intensities. The intensity of the 
1115-kev gamma ray found in coincidence with the 
585-kev radiation accounts for only about 4 of the 
intensity of the 1105-kev peak found in the singles 
analysis. The 1105-kev transition placed as shown 
explains this discrepancy in intensities. In addition, 
the weak coincidences observed between the 826- and 
875-kev gamma rays can arise from a transition from 
the 1700- to the 826-kev level. The gamma ray of 
approximately 375 kev found in coincidence with 585- 
and 865-kev radiation is placed above the 1450-kev 
level. Radiation with an energy of 375+1450= 1825 
kev is found in the singles spectrum. Furthermore, 
other pairs which sum to 1825 kev will be seen. Alterna- 
tive positions for the 375-kev radiation will be discussed 
later. 

The foregoing analysis is presented with some meas- 
ure of conviction. The following interpretations embody 
a much greater degree of tentativeness since in many 
cases alternative possibilities exist. 

The 440-1372 kev coincidence pair also sums to ap- 
proximately 1830 kev. The intermediate state is placed 
at 1395 kev since another combination also sums to this 
energy and the intensity of the 440-kev transition is 
too low to account for the total radiations which span 
the 1395-kev energy difference. The 1410-kev gamma 
ray found in the singles analysis is interpreted as the 
ground-state transition. The 1250-132 kev coincidences 
are attributed to decay of the 1395-kev state through 
a level at 1253 kev to the ground state. A transition 
between the 1450- and 1253-kev levels fixes the se- 
quences of the 132-1250 kev cascade and simultane- 
ously explains the 1250-200 kev coincidences. 

All the observed coincidence relationships involving 
the 1165-kev transition can be explained by fixing a 
level at that energy. The 285-kev gamma ray is the 
transition between the 1450- and 1165-kev levels. The 
1165-88 kev pair add to 1253 kev and allow the 1165- 
kev radiation to be in coincidence with a 200-kev 
gamma ray via the 88-kev transition. This interpreta- 
tion is consistent with the fact that coincidences exist 
between the 88- and 200-kev gamma rays. 

A level is placed at 945 kev to explain the 305-945 
kev coincidences. Coincidences between the same 945- 
kev gamma ray and 203-kev radiation may be due to 
decay from the 1450- to the 1250-kev level. It would 
be difficult to distinguish between this effect and some 
220-kev radiation between the 1165 and 945-kev levels. 

A number of the observed phenomena may be ex- 
plained if a level at 1315 kev is postulated. The sums of 
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the 1315-125 and 1315-84 kev coincidence pairs may 
be explained by transitions from the 1450- and 1395-kev 
levels, respectively. The 440-1187 kev coincidences ob- 
served are explained by the decay of the 1830-kev level 
via the 440-132-88 kev cascade to the level at 1165 
kev. It cannot be said with certainty that a 447-kev 
transition does not exist between the 1700- and 1253-kev 
levels. 

The 1616- and 1489-kev gamma rays are placed as 
transitions to the 211-kev level on the basis of their 
energies. 

As mentioned earlier, the 375-kev transition has been 
placed between the 1830- and 1450-kev levels. An alter- 
native hypothesis may equally well explain the ob- 
served coincidences. Instead of the transition indicated, 
or perhaps in addition to it, two other gamma rays of 
very nearly the same energy may exist. These would 
occur between the 945- and 585-kev levels and between 
the 585- and 211-kev levels. The choice presented was 
selected by virtue of its greater simplicity. 

The 785-826 kev coincidences observed may be due 
to decay of a state of about 1600 kev. The 650-kev 
gamma ray, noted in Fig. 2, window G, may be ex- 
plained as the transition from this level to the 945-kev 
state. Since there is no positive evidence of these rela- 
tionships, the state at 1604 kev is dotted in as are the 
785- and 652-kev radiations. It should also be men- 
tioned here that the 1616-kev gamma ray, which has 
been placed as the transition between the 1830- and 
211-kev levels, could be interpreted as the ground-state 
transition from the 1604-kev level. Both transitions 
may, in fact, be present. 

Although considerable doubt is acknowledged, the 
429-kev transition between the 1253- and 826-kev 
levels is dotted in to explain the possible 826-429 kev 
coincidences observed. No evidence of the 67-kev transi- 
tion reported by Dneprovskii and Kolesov‘ was found. 

The decay energy to the Ho ground state assumed 
for the determination of the log f¢ values is 2.2-2.6 Mev. 
The range of log ft values for a given branch incorpo- 
rates this range of energy and the uncertainties in the 
intensities of the gamma transitions. Internal-conver- 
sion of gamma rays for reasonable multipolarities was 
also taken into consideration in associating the branch- 
ing with the states. The upper limit of about 3% 
branching to the ground state was found by comparing 
the total x-ray intensity with the x-ray intensity neces- 
sary to feed the other levels. If the 1.2-Mev positron 
found by Nervik and Seaborg* corresponds to a transi- 
tion to the 211-kev level, the indicated decay energy 
to the ground state is 2.4 Mev. Furthermore, the 
theoretical K /s* 10 13 to the 211-kev 
state is in rather good agreement with the ratio of 
about 9 one obtains by assuming that the 510-kev 


ratio” of about 


radiation found in the singles analysis is the annihila- 
10M. L. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report BNL-485, 1958 (unpublished). 
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tion radiation. Finally, the mass tables of Cameron"! 
predict a ground-state decay energy of 2.0 Mev. 

In the level diagram, the states at 211, 585, 826, 
1450, 1700, and 1830 kev are considered to be established 
with substantial reliability. However, it should be 
emphasized that, although the remaining states and 
the transitions between them are consistent with the 
experimental data, the uncertainties in the energies 
and intensities are such that the interpretation is 
probably not unique. Therefore, the decay scheme in 
its entirety should be considered as tentative. 


DISCUSSION 


Since the nuclide g¢;Ho'® has many particles outside 
of closed shells, its nuclear shape is expected not to be 
spherically symmetric. Its intrinsic states are expected 
to be governed by the 67th proton. Current theories” 
predict bands of rotational states based upon these 
levels. 

On the basis of systematics and the Nilsson level 
diagram, the Er'®™ ground state would be predicted to 
have $~ character. However, there is little experimental 
evidence to support this assignment. 

The ground state of Ho'® is expected to have 3 
character in analogy with the measured spin® of Ho'®. 
The assignment of 4+ character to the 211-kev state is 
strengthened by the 305-kev £3 transition observed" 
in Ho'®, 


The log ft values for the decays to the 211-kev and 
ground states of Ho are consistent with the }~ assign- 


4 A. G. W. Cameron, Chalk River Laboratory Report CRP-690, 
1957 (unpublished). 

2 For references on and summary of properties of odd-A 
nuclei, see B. R. Mottelson and S. G. Nilsson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 1, No. 8 (1959). 

1%C, L. Hammer and M. G. Stewart, Phys. Rev. 106, 1001 
(1957). 
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ment of the Er ground state. This }~ assignment will 
be assumed in the following discussion. 

Since the capture branch to the 826-kev level is an 
allowed transition, the spin of the 826-kev state must 
be }-, 3°, or }-. The first two possibilities are rejected 
since the transitions to the 211-kev state would be 
much more intense than the ground-state transition. 
The choice of $~ implies that the ground-state transi- 
tion has M1 or M1+ £2 character. From the work of 
Dneprovskii and Kolesov‘ one obtains the ratio 


ex(211)/ex(826)=5.0+0.8. 


From the tables of Rose" we find a«(211)=0.46. With 
this information and the gamma-ray intensities of the 
211- and 826-kev transitions reported here, one finds 
ax(826)=0.014+0.003. The theoretical value of ax (826) 
for an M1 transition is 0.007 and for an £2 transition 
is 0.004. Thus we do not have very good confirmation 
of the $~ assignment. Since arguments concerning pos- 
sible spins for the other levels must be based in part on 
the spin of the 826-kev state and since the latter is 
uncertain, further interpretation is not attempted. 

None of the states identified in this work were shown 
to have rotational character. The theory predicts that 
the first excited state of a rotational band based upon 
the 211-kev level would be but a few kev higher. 
Population of this level would then appear merely as 
enhanced intensity of the 211-kev transition. 
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In order to check the theory of electric quadrupole Coulomb excitation, accurate measurements have 


been made of differential cross sections for inelastic scattering from the first excited state 


f Sm", Protons, 


deuterons, and alpha particles of energies in the region of 4 Mev were used as the bombarding particles 
In addition to the angular distribution of inelastically scattered deuterons, measurements were also made 


1 


with protons at two scattering angles and at a backward angle with deuterons and alpha particles of different 


incident energies. The data are found to be in excellent agreeme 


Coulomb excitation process. 


I. INTRODUCTION 


PREVIOUS measurement of the angular distribu- 

tion of inelastically scattered particles following 
Coulomb excitation was made by Elbek and Bockel- 
man.’ The results, however, do not represent a critical 
test of the theory due to the rather large experimental 
uncertainties. Later, more accurate measurements of 
differential Coulomb excitation sections have 
been made by Elbek, Olesen ef al.2~* Although, in these 
later experiments, both protons and deuterons of 
different bombarding energies were used, only a rather 
limited comparison with the theory can be made, 
especially since these measurements were confined to 
a single scattering angle (145°). 

In order to make a critical comparison between 
experimental data and Coulomb excitation theory, it 
is necessary that the bombarding energy be low 
with the Coulomb barrier so that the 
projectiles do not penetrate into the nucleus and 
produce proper nuclear reactions. This condition is 
well satisfied in the present experiment since, in the 
worst case (4.3-Mev protons), the classical distance of 
closest approach in a head-on collision is larger than 
the nuclear radius by more than a factor of two. 
Furthermore, the total cross section for compound 
nucleus formation for 4.3-Mev protons on Sm'® is 
about a factor of 35 lower than the total Coulomb 
excitation cross section. 

Wisseman and Williamson’ have made measurements 


cross 


compared 


of the inelastic scattering of 3.5- to 4.0-Mev protons 
and deuterons from Ge” and Ge*®, While some of their 
results can be explained in terms of Coulomb excitation, 


* U.S. National Science Foundation Fellow (1959-60). 

t Present address: Department of Physics, The Weizmann I 
stitute of Science, Rehovoth, Israel. 

' B. Elbek and C. K. Bockelman, Phys. Rev. 105, 657 (1957) 

2 V. RamSak, M. C. Olesen, and B. Elbek, Nuclear Phys. 6, 451 

1958) 


3B. Elbek, K. O. Nielsen, and M. C. Olesen, Phys. Rev. 108, 


406 (1957). 


‘B. Elbek, M. C. Olesen, and O. Skilbreid, Nuclear Phys. 10, 


294 (1959). 

5B. Elbek, M. C. 
19, 523 (1960). 

6M. C. Olesen and B. Elbek, Nuclear Phys. 15, 134 (1960) 

7W. R. Wisseman and R. M. Williamson, Nuclear Phys 
688 (1960). 
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t with the semiclassical description of the 


there are also indications that nuclear force processes 
are taking place for 4.0-Mev deuterons. 

In the present experiment, accurate measurements of 
differential sections for electric quadrupole 
Coulomb excitation of the first excited state of Sm'™ 
have been made. In addition to the angular distribution 
of inelastically scattered deuterons, measurements were 
also made with protons at two scattering angles and 
at a backward angle with deuterons and alpha particles 
of different incident energies. The particular bombard- 
ing conditions were chosen in such a manner that they 
represent a wide range of the parameters entering the 


cTOSS 


theoretical description of the process. 


Il. THEORY 


lhe spin of the first excited state of Sm!” at 122 kev 
has been assigned® as 2+ in agreement with the sys- 
tematics of deformed even-even nuclei. It is therefore 
expected that Coulomb excitation of this level must 
be pure electric quadrupole.* The differential cross 
section in the center-of-mass system for E2 Coulomb 
excitation can be expressed" in the following form: 


do A, 1, 
is19( 14 (/ AF’ 


dQ Ao Z ss 
millibarns 
< B(E2)d f(7i,&) 


Z122 Ay 
2 ( 10.08; 


steradian 


ZiZ0A YAR’ 


€ oe 


12.65(E;—3AE’)! 


A, 
AE’= (: + AE, 
A» 


where Z,; and Z; are the atomic numbers of the projectile 
and the target nucleus, respectively, A, is the projectile 
mass in units of the proton mass, A is the target mass 
number, £; and AE are the laboratory bombarding 
energy and the excitation energy expressed in Mev, 3 
*O. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 (1957). 
’The £2 character of the excitation is also demonstrated in 
the present experiment. See Sec. III. 
1K. Alder, A. Bohr, T. Huus, B 
Revs. Modern Phys. 28, 432 (1956 
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is the scattering angle in the center-of-mass system, 
and B(E2) is the reduced electric quadrupole transition 
probability for excitation'' expressed in units of 
ex 10-48 cm‘. Alder and Winther” have calculated the 
function d f(8,n;,é) in the limit »;= © which corresponds 
to a classical description of the projectile path. This 
semiclassical calculation leads to a total cross section 
which differs by about 2% from the exact quantal 
calculation” for n;=5. However, it was found that the 
angular distribution of the deexcitation gamma rays 
was not given correctly by the semiclassical calculation, 
even for rather large values of n;. Therefore, one might 
suspect that the quantum corrections to the differential 
cross section would be much larger than the corrections 
to the total cross section. Recently, Bang has made 
quantum mechanical calculations of the function 
df(ni,é) in the limiting case of no energy loss (=0). 
The results of these latter calculations show that, at 
least for £=0, the semiclassical and quantal calculations 
of the differential cross section differ by less than 2% 
for ni; 24. 

The values of ¢ and n; for the measurements reported 
here range from ¢=0.07, n;=4.7 for protons to £=0.34, 
ni= 20 for alpha particles. 


III. EXPERIMENTAL PROCEDURE 


The experimental techniques are essentially the 
same as those that were used in the previous measure- 
ments*-* of inelastically scattered particles made at 
this Institute. 

Protons, deuterons, and alpha particles from the 
Institute’s 4.5-Mev electrostatic accelerator were used 
as bombarding particles. The spectrum of scattered 
particles was measured by means of a broad-range 
magnetic spectrograph, utilizing Ilford C2 photographic 
emulsions of 25 or 50u thickness as a detector. The 50y 
plates were used in the deuteron exposures in order to 
distinguish deuterons from protons of the same momen- 
tum originating in (d,p) reactions in the target backing. 

Two targets prepared at different times in the 
Institute’s electromagnetic isotope separator were 
used for the measurements reported here. The target 
material, enriched to better than 99% in Sm', was 
deposited over an area of about 5X5 mm on carbon 
foil backings of about 75 ug/cm? thickness. A detailed 
description of the method of target preparation is 
given in reference 5. 

The targets were rather uniform over the area of the 
beam spot (0.3 mm highX3 mm wide). However, 
there was some variation in the thickness of the 
target material from the top to the bottom. Therefore, 
it was possible to bombard a region on the targets 


“ Throughout this paper, B(£2) always refers to the transition 
probability for excitation and not decay. 

12K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 31, No. 1 (1956); see also reference 10. 

18 J. Bang, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
32, No. 5 (1960 
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corresponding to a thickness of about 12 ug/cm? for the 
alpha-particle measurements, whereas the proton and 
deuteron measurements 
thickness corresponding to about 45 ug/cm?. 


were made with a target 

A thinner target is necessary for good energy resolu- 
tion with alpha particles, since they have much larger 
energy loss than protons and deuterons. 

The inelastic cross sections were obtained from the 
ratio of the inelastic to the elastic yield, assuming that 
the Rutherford 
scattering law. The Coulomb excitation cross section 


the elastic cross section is given by 


per unit solid angle in the center-of-mass system is 
given by the product of the measured ratio" 
Rutherford cross section per unit solid angle evaluated 
in the center-of-mass system. Due to the large ratio of 
the elastic to the inelastic scattering, it 
to count the particle tracks corresponding to the elastic 
group on the same exposure which gave a reasonable 
inelastic yield. Therefore, a short exposure of a few 
microcoulombs was made before and after the long 
exposure and all three were recorded on adjacent zones 
of the same plate. The three exposures were normalized 
by means of a current integrator. 

The intensities and positions of the elastic peaks on 
the short exposures gave a check that 
significant changes in the target or bombarding condi- 
tions during the long exposure. 

For the angular distribution the 
input aperture of the spectrograph was adjusted so 
that the angular spread of the detected particles was 
approximately +1° for angles smaller than 90° and 
approximately +2° for larger angles. 

The spectrograph is constructed in such a way that 
the accepted particles always leave the horizontal plane 
containing the beam at an angle of approximately 35° 
Thus, the maximum obtainable scattering angle in 
the laboratory system is approximately 145° while the 
minimum angle is approximately 35°. The absolute 
scattering angles were determined by comparing the 
energy loss of the elastically scattered particles from 
Sm! with the energy loss of the elastically scattered 
particles from several light element impurities. These 
results were consistent with the above-mentioned 
geometry. The measured angle between the horizontal 
plane and the direction of the accepted particles was 
35.5+0.8 degrees. 

The problem of contaminants in the target and the 
backing proved to be the main factor limiting the 
accuracy and extent of the angular distribution meas- 
urements. Due to the rapid increase of the elastic yield 
compared to the inelastic yield as the scattering angle is 
decreased, contaminants of one or parts 
thousand produce peaks of the same order of magnitude 


and the 


was not possible 


there were no 


measurements 


two per 
as the inelastic peak at the forward angles. This is 
illustrated in Fig. 1, where a spectrum obtained at 60.9 


44 Even for alpha particles in the present case the ratio of the 
inelastic to the elastic differential cross section is the same in 


both systems to an accuracy of better than one part per thousand 
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Fic. 1. Spectra of deuterons scattered from Sm'*. The elastic and inelastic groups from Sm! are labeled Sm'®(0) and Sm'**(1), respee- 
tively. The most intense impurity peaks in the 60.9° spectrum correspond to contaminations of a few parts per thousand. 


is compared with one obtained at the back angle. 
Also, in the forward direction it is difficult to find a 
“gap” for the inelastic peak since the contaminant 
peaks move closer together as the scattering angle is 
decreased. 

For deuteron measurements on Sm'™ the inelastic 
peak at about 60° falls between the elastic peaks of Ca 
and Fe (see Fig. 1). As there are no common con- 
taminants between these two elements, it was thought 
that accurate data could be obtained at that angle. 
The absence of contaminants between Ca and Fe was 
established from an exposure made at 48° expressly for 
this purpose!® and from the exposure made at 91°. In 
three cases, the inelastic peak was not completely 
resolved from contaminant peaks and therefore the 
errors of these measurements are larger than the others. 
rhe worst case was at 40° where the Sm'® inelastic peak 


5 A cross-section determination was impossible at this angle 


ince the inelastic peak was completely unresolved from th« 


elastic peak from Cl. 


was sitting on the low-energy side of the elastic peak 
from Al. The other cases were the deuteron measure- 
ment at 91° and the proton measurement at 146°. In 
the latter the subtraction was very small (1.5%) and 


therefore did not appreciably affect the accuracy. 


IV. RESULTS 

The average value for the energy of the first excited 
state of Sm'® determined from the position of the in- 
elastic peak is 121.7+-0.7 kev. This is in excellent agree- 
ment with the accurate value of 121.85 kev determined 
from bent-crystal gamma-ray measurements.'6 

The results of the differential cross-section measure- 
ments are summarized in Table I. In most cases, two 
exposures were made at different times with the same 
bombarding conditions. The listed values are averages 
of the two determinations. The errors quoted correspond 
to standard deviations which include, in addition to 


16 E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark, Phys. Rev. 112, 518 (1958) 
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Fic. 2. Angular dist 
4.00-Mev deuterons and 4.27-Mevy 
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both normalized to the 
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the statistical error, the uncertainties in background 
subtraction, scattering angle, and bombarding energy. 

In Fig. 2, the angular distribution measurements are 
compared with the theory. The semiclassical theoretical 
curve (n;=~x) for E2 with 4.00-Mev 
deuterons is a least-squares fit to the experimental data 
and corresponds to a B(E2) value of 3.52. The semi- 
classical curve for £2 excitation with 4.27-Mev protons 
is an absolute prediction of the theory calculated from 
the deuteron results. To illustrate the sensitiveness of 
the angular distribution to the multipole order of the 
excitation, the theoretical curves for £1 excitation are 


excitation 
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Fic. 3, Experimental values of df compared with the semiclass 
ical theory. The experimental points, calculated from the measured 
cross sections at 145.9°, correspond to a B(E2) value of 3.56 
e*X 10~8 cm‘, which represents a least-squares fit to the theory. 
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also shown. Both £1 curves are normalized to the 
deuteron cross section at the back angle. The theoretical! 
curves for other multipolarities (£3, M1, and M2 
deviate even more from the experimental points than 
the E1 curves. 

The measurements at the back angle are compared 
with the theory in Figs. 3 and 4. In Fig. 3 values of 
d f(8,n:,£) calculated from the measured cross sections 
are plotted as a function of £ along with the semiclassical 
curve. The experimental values of df are based on 


Tas_e I. Differential cross sections in the center-of-mass 
system for inelastic scattering from the 122-kev level of Sm 
The quoted errors correspond to standard deviations which 
include the statistical uncertainty and the uncertainties in the 
background subtraction, the scattering angle, and the bombarding 
energy. The parameters £ and n; entering the theoretical descrip 
tion of the Coulomb excitation process are given in columns 4 
and 5, respectively. The B(£2) values given in column 6 ar¢ 
calculated from the measured cross sections using the semiclassical 
theory. 
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least-squares fit to the theory and correspond to a 
B(E2) value of 3.56. This is in excellent agreement with 
the B(E2) value of 3.52 obtained from the deuteron 
angular distribution measurements. These same data 
are shown in Fig. 4 where the B(E2) values calculated 
using the semiclassical theory are plotted as a function 
of n;. From this representation it can be seen that the 
calculated B(E2) value is constant within the experi- 
mental uncertainty of a few percent over a range of n, 
of about a factor of 4. 


V. DISCUSSION 


It has been shown by Bohr"? that 9;>>1 (n; is defined 
in Sec. II) is a necessary and sufficient condition for 
describing the motion of a charged particle in the 
Coulomb field of a nucleus in a classical manner. 
Although in the present experiment the maximum 7 
value is still finite (~20), it is expected that the 
Coulomb excitation process for such a large value will 
be very well described by the semiclassical theory. This 
is substantiated by the fact that for 7,=20 the semi- 
classical calculation of the total Coulomb excitation cross 
section differs by less than a tenth of a percent from the 
exact quantum mechanical calculation. As was pointed 
out in Sec. II, it might be suspected that the quantum 
corrections to the differential cross sections would be 
much larger than the corrections to the total cross 
sections. If this were the case, deviations would have 
been observed in the measurements reported here, 
since the correction to the total cross section for n;=4.7 
is at least a factor of 20 larger than for 7;= 20. However, 
it can be seen that the experimental results are in 
excellent agreement with the semiclassical calculations. 

This is also in agreement with the quantum mechan- 
ical calculations" of the differential cross sections for 
the case £=0 which indicated that the quantum 
effects were only of the order of 2% for n; values as 
low as 4. 

It is also of interest to compare the B(E2) values 
obtained from Coulomb excitation measurements with 
the values obtained from direct lifetime measurements 


TaBLeE II. Comparison of B(£2) values for the 122-kev transi 
tion in Sm! obtained from Coulomb excitation with those 
calculated from direct lifetime measurements. The total conversion 
coefficient of 1.17 and the transition energy of 121.85 kev were used 
in the calculations of B(/2) from the lifetimes. 


B(E2),in B(E2)c.x. in 
ex 107-*% cm! eX 107% cm* 


3. 46-+-0.26 
3.34+0.13 


Mean life r 
in 107° sec Reference 
2.02+0.15 
2.09+0.08 


Sunyar* 
Birk, Goldring, 
and Wolfson” 
Elbek, Olesen, 
and Skilbreid' 
Present experiment 


3.40+0.15 


3.53+0.10 


* A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
> M. Birk, G. Goldring, and Y. Wolfson, Phys. Rev. 116, 730 (1959) 
© See reference 5. 


17N. Bohr, Kgl. Danske Videnskab. Selskab, 18, No. 8 (1948) 
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Fic. 4. B( £2) values calculated, using the semiclassical theory 
from the measured cross sections at 145.9°, plotted as a function 
of m;. The horizontal line corresponds to a B(E2) value of 3.56 
e?< 10-8 cm‘ which is the weighted average of the data shown. 


This comparison is made in Table II. In order to 
calculate the B(E2) value from the measured lifetime, 
it is necessary to have an accurate knowledge of the 
total conversion coefficient and the energy of the 
transition. It should be noted that, while there are at 
present two different calculations'*:'® of internal conver- 
sion coefficients, the agreement in the present case is 
within 2%, which is the accuracy of the necessary 
interpolation. The total conversion coefficient of 1.17 
was obtained from the published theoretical K and L 
values by including 0.3 times the Z-shell coefficient 
to account for the contribution from the higher shells. 
The accurate value of the transition energy'® of 121.85 
kev has been used in the calculations. The errors given 
in Table II for the B(E2) values calculated from the 
lifetime measurements only include the uncertainty 
quoted for the measured lifetimes. 

There is good agreement within the quoted errors 
between the various determinations of the B(£2) value. 

In conclusion, the data presented here indicate that 
the semiclassical calculations of the differential cross 
sections for electric quadrupole Coulomb excitation are 
accurate to at least a few percent for , > 4.7. 
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Half-Life of O't 
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The half-life of O“ has been remeasured and found to be (70.91+0.04) seconds. The corresponding partial 
half-life for the 0* — O0* beta transition is found to be (71.34-++0.08) seconds. These results are about 1.6% 
less than reported earlier. The new half-life is combined with the O“ end-point energy as recently determined 
by Bardin et al. to re-evaluate the Fermi coupling constant for beta decay. From this, the mean life of the 
wu meson is calculated. The predicted mean life is greater than the observed value by (3.31+0.4)% if the 
radiative corrections of Kinoshita and Sirlin are used, and by (1.4+0.4)% if the radiative corrections of 


Durand ¢ al. are used. 


HE vector coupling constant of the beta-decay 

interaction is determined most directly' from the 
ft value for the 0+ — 0* transition in the decay of O". 
The conserved current theory of weak interactions ad- 
vanced by Feynman and Gell-Mann? is based on the 
assumption that this coupling constant is identical to 
the corresponding constant in uw decay. Accordingly, it 
is now of considerable interest to determine these con- 
stants with the best experimental precision possible. 
The two experimental measurements needed to de- 
termine the O™ fé value are the decay energy and the 
partial half-life for the 0* > 0* transition. We have 
made a new measurement of the latter and have ob- 
tained for the partial half-life (71.340.08) seconds. 
This value differs significantly from the value (72.5 


+0.5) seconds reported earlier by Gerhart.’ It is in 
good agreement with the value (71.5+0.2) seconds 
recently obtained by Bardin e# al.* 


I. EXPERIMENTAL METHOD 


O™ was produced by the N“(p,n)O" reaction on Ne 
gas (containing approximately 0.03% Oy carrier) using 
22-Mev H;* ions from the University of Washington 
60-inch cyclotron. Activated gas was drawn from the 
cyclotron target in a continuous flow Nez gas system. 
C", produced by the competing N“(p,a)C" reaction, 
was removed by passing the active gases through hot 
CuO (to oxidize CO to CO.) and then through Ascarite 
(to remove CO:). Hydrogen was then introduced into 
the gas stream and the mixture passed over a hot 
platinum catalyst to convert oxygen into H,O vapor. 
The activity was piped approximately 100 feet to the 
experimental apparatus where the gas stream was passed 
over one end of a copper rod kept at liquid N» tempera- 
ture. The active H,O frozen onto this rod served as 


t This work was supported in part by the L 
Commission. 

* National Science Foundation Predoctoral Fellow, 1960-61. 

1J. B. Gerhart, Phys. Rev. 95, 288 (1954); 109, 897 (1958). 

?R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

*R. K. Bardin, C. A. Barnes, W. A. Fowler, and P. A. Seeger, 
Phys. Rev. Letters 5, 323 (1960) 
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the O" source. The remaining gases were exhausted to 
the atmosphere.‘ 

During half-life measurements the source chamber 
(see Fig. 1) was isolated by valves located as close as 
possible to the source and the flow of active gas from the 
cyclotron was diverted through a by-pass about 25 
feet from the source. The pipes joining the source 
chamber to the by-pass were exhausted before beginning 
a measurement of the O"* decay and were pumped con- 
tinuously during the measurements. The source chamber 
was free of leaks so that no active gas could either enter 
or leave during the half-life measurements. 

The O* source contained an impurity of O'° made by 
the N'5(,n)O" reaction on the 0.37% abundant N’ 
in the target gas. To ensure that this O"* positron activity 
did not interfere with the O™ half-life measurement,° 
the decay of the 2.3-Mev N™ gamma ray was observed. 
The detector was a 1.5-inch diameter by 1-inch NaI(Tl) 
crystal mounted on a Dumont 6292 photomultiplier. 
The detector was heavily shielded with lead. In addition 
to the shielding shown in Fig. 1, there were 3.5 inches 
of lead between the O" source and the pump located 
at the bypass. Gamma rays from the source entered the 
scintillator through a collimator arranged so that only 
the cold copper rod was exposed to the counter and 
not the entire source chamber. Preliminary measure- 
ments, in some of which the collimator was removed 
to expose the entire source chamber to the scintillator, 
showed there was no detectable migration of the ac- 
tivity to or from the cold rod during the time of 
measurement. 

Pulses from the photomultiplier were amplified and 
simultaneously fed to a 20-channel pulse-height analyzer 
and an integral discriminator. A typical pulse-height 
spectrum is shown in the inset of Fig. 2. Also indicated 
in this figure is the setting of the integral discriminator 
used for the half-life measurements. 

The output of the integral discriminator was fed to 
two scalers which were activated by a timing circuit 

‘J. B. Gerhart, F. H. Schmidt, H. Bichsel, and J. C. Hopkins, 
Phys. Rev. 114, 1095 (1959). The O" source chamber used in the 
present work was designed originally for use in the experiment 
reported in this reference. 

§ Annihilation-in-flight photons from O'* positrons contributed 


only negligibly to the observed counting rates. There are no 
nuclear gamma rays emitted in the O'* decay 
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Fic. 1. Schematic diagram showing the O" source chamber and the NaI (TI) detector. 


driven by a synchronous motor. This circuit alternately 
activated each scaler for about 10 seconds and in addi- 
tion controlled an electric clock which recorded the 
total counting time. The accuracy of the clock 
was checked against the line-frequency records of 
the Seattle City Light Department and the U. S. 
Department of Interior’s Columbia Basin Project. Cor- 
rections were made for line-frequency variations during 
the time data was collected, the largest frequency cor- 
rection being 0.05%. The line frequency itself is moni- 
tored and checked against the Naval Observatory time 
at the Columbia Basin Project. During the time our 
data was accumulated the average absolute frequency 
did not differ from 60 cps by more than two parts in 10°. 

In a typical decay measurement the total counting 
rate detected had a maximum value of about 2X 10* 
counts per second, and the counting rate after integral 
discrimination had a maximum value of about 4X 10° 
counts per second. Under these conditions we estimate 
that the opposing effects of pileup and counting loss 
combined so as to alter even the highest counting rate 
by at most 0.2% and thus were negligible. 

In each decay measurement the gain of the counter 
system was monitored at about 30-second intervals by 
observing the pulse height of the 2.3-Mev photopeak 
with the 20-channel pulse-height analyzer. We observed 
a gain reduction at high counting rates which was re- 
produced from run to run. The gain shift was less than 
5% at the highest counting rates used and negligible 
when the integral discriminator counting rates’ were 
less than 750 counts per second. From our data on this 
gain shift and the known pulse-height distribution an 
empirical correction was made for this counting rate 
effect. 

Background in the integral discriminator was 0.23 
count per second when the cyclotron beam was turned 


off, and 0.37 count per second when O* activity was 
brought as far as the bypass. In the half-life measure- 
ments the ratio of initial counting rate to background 
was ordinarily 10* so that in a typical measurement such 
as shown in Fig. 2 the O" activity was observed for 
12 or 13 half-lives before dropping to background. In 
each measurement the integral discriminator counting 
rate at the beginning of the decay was about 4000 counts 
per second. A total of 40 measurements were made and 
analyzed. 


II. ANALYSIS OF DATA 


The O* half-life was determined for each measure- 
ment by fitting a weighted-least-squares straight line 
to the logarithm of the net counting rate plotted against 
time. Each point was weighted by the reciprocal of its 
relative statistical uncertainty. 80 to 90 points were 
used in each determination. The calculations were per- 
formed on an IBM-650 computer. The possibility of 
curvature in the decay curves was investigated by 
making least-squares fits to several portions of the 
decay curve. In all cases where this was tried there was 
no significant difference in the half-lives determined 
from various sets of points. 

The average of the 40 half-life measurements is 
70.91 seconds. The standard deviation® of each of the 
40 least-squares fits was calculated and in each case 
we obtained a value close to +0.19 second (which is the 
average of these 40 calculations). The standard devia- 
tion about their average of the 40 different half-life 
determinations was also calculated directly. The latter 
calculation gave +0.23 second. The good agreement of 
these calculations is strong evidence against statistically 

® Y. Beers, Introduction to the Theory of Error (Addison-Wesley 


Publishing Company, Reading, Massachusetts, 1957), 2nd ed., p. 
42, Eq. (66). 
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Fic. 2. One of the 40 decay curves used to determine the O" 
half-life. The data shown have not been corrected for gain shift 
at the higher counting rates. The inset shows the pulse-height 
spectrum observed in the detector. The integral discriminator 
setting used in the half-life measurements is indicated 


significant, long-term variations in our apparatus during 
the period in which data was collected. The standard 
deviation of the average of all 40 determinations is 
0.04 second. Thus our final value for the O" half-life 
is (70.91+0.04) seconds. 

Combining this half-life with the experimentally de- 
termined’ branching ratio for decay to the first excited 
state of N™ (0.994+0.001), we obtain for the partial 
half-life for the 0* — 0+ transition from O" (71.34++0.08) 
seconds. It should be noted that the uncertainties given 
here represent statistical standard deviations only, and 
that no allowance is made for unknown systematic 
errors. 


III. DISCUSSION 


The O* half-life of (70.91+0.04) seconds and the cor- 
responding partial half-life for the 0+ — 0+ transition 
of (71.34+0.08) seconds, differ significantly from the 
older measurements by Gerhart! of (72.1+0.4) seconds 
and (72.5+0.5) seconds, respectively. Several new pre- 
cautions were taken in the present experiment which 
probably account for the difference. In particular the 
care taken to confine the O™ source to a small, well- 
defined volume and the study of counting rate effects 
were not done so well in the older measurements. Also, 


7 R. Sherr, J. B. Gerhart, H. Horie, and W. F. Hornyak, Phys. 
Rev. 100, 945 (1955) 


AND J. B. 


GERHART! 


the old data were analyzed graphically rather than by 
the method of least squares, and consequently the old 
measurement 
Finally, the present measurements used much stronger 
O* sources which greatly reduced the relative correction 
for background. The recent measurement of Bardin 
es al. of (71.14%0.2) seconds for the O" half-life is in 
good agreement with our present result. 

Until recently the O" ft value has been computed 
from the half-life given in reference 1 and the 
C"(He*,n)O" threshold as measured by Bromley e¢ al.* 
Bardin ¢ al.* have redetermined the O* end-point 
energy with great accuracy by measuring the Q values 
of the reactions C"(He’,n)O“ and C"(He*,p)N™*. Their 
value for the O" end-point energy is (1810.6+1.5) kev. 
From this end-point energy and our partial half-life 
we find for the O" ft value (3061+ 10) seconds.’ Using 
this fé value and the Coulomb correction to the nuclear 
matrix element calculated by MacDonald,” we find 
for the coupling constant gy in nuclear beta decay 
gv = (1.420+0.003) x 10-" erg cm*. If we include the 
radiative correction for the O" decay calculated by 
Kinoshita and Sirlin," then gy= (1.407+0.003) x 10-” 
erg cm’. If we use instead the radiative correction of 
Durand ef al., then gy = (1.427+0.003) X 10-* erg cm’. 

When our O* fé value is combined with y-meson 
mass [(206.76+0.03) m,}" to calculate a predicted 
u-meson mean life, we find r,= (2.235+0.008) x 10~' 


was more open to subjective error. 


second (with no radiative corrections included in either 
the O" f¢ value or the u-meson mean life). If the relative 
radiative corrections for O" vs the u meson of Kinoshita 
and Sirlin" are used, we compute 7,= (2.282+0.008) 
X10-® second. With the radiative corrections of 
Durand ef al.," we obtain 7,= (2.241+0.008) x 10-° 
second. These calculated mean lives differ significantly 
from the observed mean life [(2.208+0.004) x 10~' 
second’; (2.211+0.003) x 10 
between the calculated and observed mean lives is 


® second" }. The difference 


(3.340.4)% or 8 times the experimental standard 
deviation if the radiative corrections of Kinoshita and 
Sirlin" are used. If the radiative corrections of Durand 
et al.” are used, this difference is (1.4+0.4)%, more 
than 3 times the experimental standard deviation. 


8D. A. Bromley, E. Almqvist, H. E. Gove, A. E. Litherland, 
E. B. Paul, and A. J. Ferguson, Phys. Rev. 105, 957 (1957). 

9 We have used f=42.78+0.14 as given in reference 3, and have 
included a correction of 0.29% for nuclear electromagnetic form 
factors, K capture, and electron screening given in reference 12. 

1 W. M. MacDonald, Phys. Rev. 110, 1420 (1958). 

iT, Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). 

21. Durand, L. F. Landovitz, and R. B. Marr, Phys. Rev. 
Letters 4, 620 (1960). 

%3V. L. Telegdi, R. A. Swanson, R. A. Lundby, and D. D. 
Yovanovitch, quoted in references 12 and 14. 

4R. A. Reiter, T. A. Romanowski, R. B. Sutton, 
Chidley, Phys. Rev. Letters 5, 22 (1960) 
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A variational calculation of the binding energy of the triton has been carried out 


using the Gartenhaus 


potential. The results indicate that this potential leads to an unbound ground state of the three-nucleon 
system; this result is attributable to the even-parity tensor potential which is relatively large in magnitude 
compared to the weakly attractive even-parity central potential. Since this property is also a characteristic 
of the Signell-Marshak potential, it too should lead to an unbound triton. 


I. INTRODUCTION 


URING the past few years, a great amount of 
effort has been expended in obtaining repulsive- 

core nucleon-nucleon potentials which are consistent 
with a wide range of two-body data. A number of such 
potentials have been found which lead to good agree- 
ment with experiment.’ While repulsive-core po- 
tentials may be treated in a straightforward manner in 
the two-body problem, they complicate considerably 
the three- and four-body nuclear problem; such systems 
have traditionally acted as critical tests for two-body 
potentials. Aside from calculations done with purely 
central hard-core forces,®* only Derrick and Blatt’ 
have heretofore calculated the binding energy of the 
trition with a realistic potential. Using Monte Carlo 
methods, they have found that the Gammel-Thaler 
potential apparently leads to a ground-state energy for 
the triton that is in the continuum region, E~+2 Mev. 
In this paper the results of a variational calculation 
using the Gartenhaus potential? will be presented which 
indicate that this potential also predicts an unbound 
ground state for the triton. The Gartenhaus potential 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ This work forms part of a Ph.D. thesis submitted to the 
Graduate School of the University of Minnesota. 
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3 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957); 
107, 1359 (1957). 

4 P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 

5 T. Kikuta, M. Morita, and M. Yamada, Progr. Theoret. Phys. 
(Kyoto) 15, 122 (1956). 

®°H. Mang and W. Wild, Z. Physik 154, 181 (1959). 

7G. H. Derrick and J. M. Blatt, Nuclear Phys. 8, 310 (1958) ; 
G. H. Derrick, thesis, University of Sydney, 1959 (unpublished) ; 
G. H. Derrick, Nuclear Phys. 16, 405 (1960); G. H. Derrick and 
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is known to be inadequate for all but the lowest energies 
and it has been modified in a significant manner by 
Signell and Marshak**® to obtain agreement with 
scattering data up to 150 Mev. These extensive modi- 
fications were not included in the present calculation 
for several reasons: The most important change is the 
addition of a strong spin-orbit term to the potential. 
However, the matrix elements of a spin-orbit potential 
acting between two § states or an S and a D state 
vanish; the matrix element of a spin-orbit potential 
between the principal S and the principal P state (these 
states are defined in the next section) also is zero. Since 
the totally symmetric S state has by far the lowest 
kinetic energy, it should predominate in the ground 
state of the triton and any term in the nuclear potential 
which cannot couple the other important states directly 
to it can have little effect on the total energy. Signell 
and Marshak suggest making the odd-parity central 
potentials less attractive by setting them equal to 
zero in the core regions and at the same time making 
the positive cores of the even-parity central potentials 
more repulsive. They have not defined these changes 
quantitatively but, as will be discussed later, decreasing 
the strength of the attractive central potential relative 
to the tensor should raise the total energy of the triton. 
In view of the latter point, it is felt that the results of 
the calculation reported here are characteristic of the 
Signell-Marshak potential as well as of that of 
Gartenhaus. 

All of the calculations reported in this paper have 
been carried out using the more attractive singlet even- 
parity potential, 'V +, of the two given by Gartenhaus. 

* J. L. Gammel and R. M. Thaler, Phys. Rev. 103, 1874 (1956). 

* P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957). 


0 P. S. Signell, R. Zinn, and R. E. Marshak, Phys. Rev. Letters 
1, 416 (1958) 
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Il. ENERGY CALCULATION 


The ground states of the two mirror nuclei H*® and 
He’ have a total angular momentum of 3. The ground 
states can thus be completely represented as a linear 
combination of S, P, and D states, each coupled to the 
spins of the three nucleons to give /=}. Gerjuoy and 
Schwinger" were the first to list appropriate states in 
terms of operators constructed from the relative 
position vectors and spin operators acting on arbitrary 
scalar functions of the nucleon coordinates. Sachs” has 
listed 8 linearly independent states of essentially the 
same form but has added isotopic-spin functions, the 
total isotopic spin being taken to be 4. More recently, 
Derrick’? has shown that one S and one P state have 
been omitted in the listing by Sachs. However, neither 
of these two states is expected to be present to an 
appreciable extent in the triton ground state. 

In the present calculation the triton functions listed 
by Sachs were used. Of the eight linearly independent 
functions, three can be expected to be the most im- 
portant because they contain the relative position 
vectors to lower powers than do the other states of the 
same orbital angular momentum. This means they are 
more smooth varying functions of nucleon position 
and can be expected to have lower kinetic energy. The 
three “principal” S, P, and D states are: 


2S: Wy"'=(Co4'— on |fi(arris), 
2Ps Ws" = {[12iem'+ (ioig+o12X e3)n~* | 
‘[rXe]}eo"fs(as,ri3), (1) 
2D: Wr™'= {40 (e1-r) (03: 0) + (o1- 0) (o3-48) 
— (9-1) (o1- 03) n-‘—[(o1- 0) (os: 9) 
— 3(a,-r)(a3:r)—4(p?—3r*) (o1- @3)n' |} 
Xo” fr(ai,7:3). 


¢™ and 7‘ are, respectively, three-particle spin and 
isotopic-spin functions with total spin and isotopic spin 
$ which are antisymmetric in nucleons 1 and 2. g” and 
#' are corresponding functions which are symmetric in 
1 and 2. The two relative position vectors are defined 
as f=r—Fr, and p=4r+4f,—2r3. The fx(ax,7i;) are, in 
general, arbitrary scalar functions which are symmetric 
under the interchange of any two nucleons. In the 
present calculation they were given the form 


Fi= (niaravris)" expl—ai(riet+rest+ris) |. (2) 


This form, with m an integer and a; a variational 
parameter, is the one which satisfies the boundary 
conditions and is easiest to handle. As usual, f;—> 0 
for any r;;—> © and, because of the strongly repulsive 
cores of the Gartenhaus even-parity central potential, 
f:=0 for any r;;=0. For i=7, n was chosen to be 1 
while for i=1 it was taken to be 1 (case A) and 2 (case 

4 E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942). 

2R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Reading, Massachusetts, 1953), Chap. 8. 
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B). If one writes the ground state as 
yn §= Ayn t+ A tte 
|Ai|?+|A3\2+]A7|?=1, (3) 


and divides the Hamiltonian into a kinetic and potential 
energy part, H=7+V, the expectation value of the 
energy in the ground state is given by (omitting all 
terms identically equal to zero) 


(w| H|)= | Ay|X,| TEV |W) + | Ag |203| TH+ Vs 
+ |Az|4W7] T+ VW7)+2 ReAPtAdkhs | Vel V; 
+-2 ReA 3*¥AxXWV; Vr WV). (4) 


In the above, V7 is the tensor potential. Neither a 
central nor a tensor potential can couple an S state to 
a P state so VW; cannot be coupled to % by the 
Gartenhaus potential. Therefore, ¥; was omitted in 
the present calculation. The question arises of whether 
VW; could become important when a strong spin-orbit 
force is present, as it is in the Signeli-Marshak potential. 
The answer is no because the L-S operator contains 
the factor o:+:,"* which is always acting to either the 
right or left on y” for which the identity o,¢"= 
obtains. 

The total energy was computed" for a wide range of 
values of a, and a; and no minimum in the energy was 
found for the trial wave functions of cases A and B. 
However, for any fixed value of a; there is a value of 
a, for which a relative minimum exists. That is to say, 
there is a trough in the surface E(a:,a7) running towards 
the origin. The total energy as a function of these 
values of a: is shown in Fig. 1. 

At the same time, a two-body trial wave function 
with S- and D-state components, whose radial parts 
are given by 


ne G20" 


fs=nigexp(—asriz), fo=rizexp(—apri2), (5) 


was used in a variational calculation of the deuteron 
total energy, again using the Gartenhaus potential. A 
definite minimum energy of +0.65 Mev was found. 
This value is to be compared to the experimental value 
of —2.226 Mev to which the Gartenhaus potential has 
been fitted. This difference corresponds to an error of 
about 10% in the potential energy and indicates there 
is likely to be an error of comparable size in our triton 
potential energy elements. 

It seems clear that the difficulty stems from the 
relatively slow change of the S-state trial wave function 
in the core region as compared to the potential itself. 
The repulsive core should act more or less as a boundary 
condition and the wave function should fall off so 
rapidly that there is very little positive contribution 
to the potential energy. To check on this, the positive 
cores of the central potentials were set equal to zero, 
and all the calculations repeated. As a result, the 


13 Because of the complete antisymmetry of ¥™ ‘ only the V (12) 
term need be calculated. 
4 See Appendix for details 
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deuteron energy was lowered to —4.83 Mev while a 
minimum of +8.18 Mev appeared for the triton trial 
function of case A. On the other hand, no minimum was 
found with the trial function of case B. The minimum 
of +8.18 Mev is produced by a change of about — 12 
Mev in the expectation value of H in the S state as 
compared with its value with the repulsive core present. 
This indicates that the wave functions are indeed 
deficient in the manner mentioned above. 

Since our trial wave functions are believed to be very 
inadequate in the core region when used with the 
Gartenhaus potential, our conclusions concerning its 
consistency with the experimental energy of the triton 
can best be obtained by considering the value of the 
energy calculated upon setting the repulsive cores equal 
to zero and using the same form trial function. The 
minimum of +8.18 Mev represents an estimate of the 
lowest eigenvalue to the three-nucleon problem with 
the boundary conditions, ¥(r;;)=0 for any r;;— ~, 
V(r;;)=0 for any r;;=0, and a potential the same as the 
Gartenhaus except for the removal of the repulsive 


central cores. The exact lowest eigenvalue to this 


altered problem must be considerably lower than the 
energy predicted by the actual Gartenhaus potential 
(For example, the estimate of the deuteron energy is 
already 2.6 Mev lower than the known eigenvalue with 
the complete Gartenhaus potential.) Furthermore, one 
might then expect that the simple trial wave function 


would be a better estimate of the solution to the altered 
problem because of the zero rate of change of the 
potential in the core region. Because our minimum of 
+8.15 Mev is already about 17 Mev above the experi- 
mental value, it is extremely likely that the exact 
solution to the altered problem is also higher than the 
experimental value. If this is true, the complete 
Gartenhaus potential must lead to a triton ground-state 
energy which is even higher. If Ex, E, and £’ are, 
respectively, the measured triton energy, the exact 
energy predicted by the Gartenhaus potential, and the 
exact energy predicted by the coreless Gartenhaus 
potential, the inequality 
Ea. < Li’ <E, (6) 

would seem to hold by virtue of the calculated in- 
equality 

E.xwKEy'<Ey. (7) 
In the latter the subscript V refers to the estimate 
obtained from the variational calculation. 


III. DISCUSSION 


A comparison of the matrix elements of H for the 
deuteron and triton indicates that the tensor potential 
is much more effective in binding the former than the 
latter. The interference term between the S and D 
states, brought about by the even-parity tensor po- 
tential, is critical for the binding of both nuclei and 
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>. 1. Total energy as a function of a; along 
the curve 0E(a1,7)/da;=0 


only in the deuteron is it sufficiently large. This can be 
clearly seen in Table I. 

The relative ineffectiveness of the tensor potential 
in lowering the energy of the three-body system has 
long been known. Avery and Adams" found that purely 
central potentials without repulsive cores yield binding 
energies for the triton and He‘ which are much too 
large; the addition of a tensor potential is necessary to 
make the total energy less negative. Pease and Fesh- 
bach'® used elaborate trial wave functions with a family 
of potentials, each member of which gave a good fit to 
the low-energy two-nucleon experimental data. They 
showed that the higher the deuteron D-state admixture 
a given potential produces the smaller is the binding 
energy of the triton. The 6.9% deuteron D-state ad- 
mixture of the Gartenhaus potential should be com- 
pared to the 3.6% of the potential with which Pease 
and Feshbach obtained estimates of the triton binding 
energy which were too small. 

Our results suggest, then, that the Gartenhaus 
potential is unsuitable for the three-body nuclear 
system because its even-parity central potentials are 
too weakly attractive compared to the even-parity 
tensor potential. A large tensor component appears in 
derivations of nucleon forces from meson theory and 
this property is already present in the one-meson 
exchange contribution to the nucleon-nucleon force. 
A large number of workers' take the nucleon-nucleon 
potential to be reliably given by meson theory for 
r=1/u but, unlike Gartenhaus, construct the potential 
in the inner regions phenomenologically so as to give a 


16 R, Avery and E. N. Adams, Phys. Rev. 75, 1106 (1949). 
‘6 R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 
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raste I. A comparison of the matrix elements of the deuteron 
and triton at minimum energy. For this comparison the strengths 
of the cores in the Gartenhaus potential have been set equal to 
zero. Only the principal triton D state has been used. 


Matrix element Deuteron (Mev) Triton (Mev) 


7 115,957 
1 ~ 36.479 
{ 1179.38 
83 8.1843 


S|\H'S 
S\H'D 


1 
g 


) 
j 


DH D +224 
4 


fit to low- and high-energy data. In most cases D-state 
admixtures to the deuteron of the order of 7% are 
predicted from these potentials. This is consistent with 
the work of Biedenharn, Blatt, and Kalos'’? who have 
shown that for triplet even-parity potentials with weak 
central parts, the admixture of D state increases 
rapidly with increasing hard-core radius. (In general, 
one is forced to choose fairly large hard-core radius in 
order to obtain a fit to high-energy scattering data.) 
If it is true that the Gartenhaus potential fails to bind 
the triton because of its very strong tensor force and 
large radius repulsive core, one can perhaps conclude 
that the nucleon-nucleon force must be taken to be 
strongly energy dependent in its inner region if in the 
outer region the force derived from meson theory is to 
be used. 

It should be pointed out that we have included only 
one of the three linearly independent D states in our 
trial wave function. Hu and Hsu"* have shown that the 
presence of all three is necessary, if one is to obtain an 
accurate estimate of the ground-state energy since the 
two-body tensor operator acting on any one of the D 
states produces a linear combination of all three. We 
have made an estimate of the effect of adding the other 
two D states and found that their presence can lower 
the energy by about 4 Mev. One of the additional D 
states, V,”"'', has the following form: 


Ve" = {[(o- r)#'— (p?— 3r")n' IE (o: -0)(@3: 0) 
+3(o;-r) (3-14) — 4(p?+3r") (o1- 3) }} 
Xo" felasris). (8) 


Noting that it is quartic in the position coordinates, 
it is clear that its various terms have more nodal 
surfaces in the space of the relative coordinates than 
do the terms in ¥;":'. Therefore, one would expect the 
following inequalities to hold: 
(WV, Vrt| We WV; VrtiW)| = £6< : 
(W5|H|V5)|/| (V7) A |v (9) 
= (We| K.E.| Ve) (W;| K.E.|7)| = hg> 1. 


We have evaluated the above ratios for the easily 


17... C. Biedenharn, J. M. Blatt, and M. H. Kalos, Nuclear 
Phys. 6, 359 (1958). 

1%®T. Hu and K. Hsu, Proc 
(1950). 


Soc. (London) A204, 476 


Roy 


computed special case of 


fi=expl—a,(r+P) 
V rt(12)= Vr e€xp(— 712), 


1.4 10-8 cm. 


(10) 

1/y- 
The a,’s were chosen such that each a; led to a value of 
(W;|e?/ri2|V,;) which was equal to the H*— He? energy 
difference. The values obtained for gs and Ag are gg= 0.63 
and Ag= 1.28. Assuming that these ratios are approxi- 
mately true independently of the potential and also 
hold roughly for the third D state, Ws"", one can 
evaluate a new triton energy as a function of 


A?| =D’. 


In the latter expression D® is the total D-state proba- 
bility and A, is the amplitude of the ith D state. Table 
II below shows a sizable decrease in the energy but one 
which is not nearly large enough to remove the 
discrepancy. 

The only other state coupled directly to the principal 
S state which has been omitted is the partially space 
antisymmetric § state 


W2"'={(r-9)(12¢"n'— orn! 
- (p?— 3r?) (o"H'+ S"n')} fo(as,r:;). 


It is coupled to Y; by the combination of potentials 
'V c+ (12)—*V¢*(12). In the core region this quantity 
can be of the order of — 100 Mev but goes to zero more 
rapidly with increasing 7). than either potential sepa- 
rately. This is due to the fact that to second order in 
the meson coupling constant the two potentials must 
be equal in a charge symmetric theory and for suffi- 
ciently large r:2 the second-order terms dominate. For 
example, at ri2=2.0X10~" cm, Mev, 
3V ct = —3 Mev, and V7+= —10 Mev. From the above 
numbers one can see that at distances comparable to 
the average internucleon separation,*:" 


'Veot=—5$ 


((757)av)*= (39?) ems) *2.5 X 10-8 cm, 


the coupling of VW, to ; is weak compared to the 
coupling of the D states to W;. 


TaBLe ITI. Change in total energy of the triton as a function of 
total D-state probability with all three linearly independent D 
states present. In this estimate (W«| Vr| W«s) has been taken to be 
equal to 0.63 (Wi|Vr|W:) and (Wgs|H|Wes) equal to 1.28 
W;| H!W-). The values of the necessary matrix elements have been 
taken from Table I 
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APPENDIX 


rhe requirement that the energy be a minimum with 
respect to the coefficients A; and A; [Eq. (1-a) ] yields 
the secular equation for E(ai,a;) in terms of the matrix 
elements of the Hamiltonian H: 


E(aj,a7)— (WV; H VY, Re WV; H VY, 


Re VY; H YV; 4 VY; H V 


W 


1 =-+ 24(h? M)N, 13 Viefi(ai,%, 


Wi)=36N 1" filanriz) | Vet(n)+3*Vct(r 


W;)=24(N N72) 4 fi (1,7; ) [p?—3(o-r) P+ 6r? PV rt 


sf 7) = 


+(V i0f2(ar,ri5)° 


+ V 19 f7(arz,ri5)° = 


. 
V7)= 


8); 
< [—9p*r? — 15(o-r)? J+? 
Che normalization constants are defined by 


(a) Ni 
(b) N; = ( 


24( fo(an,riz) | fi(err,ri;) ‘ 
fz (a7,75) | (8/3)p*+32p*r?+ 2445 
16(o0-r)"! fr(azr ;)). 


( f1(a7z,% iz) 3), (r)[9p?r? +3(o- 


After inserting the appropriate forms for /; and fy, 
the integrations were performed by making the change 
of variables 


S= (reg+ri3),/ 2, 


ri2- 


\s a result, the integral 


( 


+ 8(h? M V7 Mt ¢ f7(a7,ris) 30p* +-9Or* J7\az,7 ;) 
+r 24)" +69: r+ 36r*) Si(az,rij) CV 93 fr (a7,%7 ij) ° 
p*+ 12p*r?+-9r4—6(0-1r)?| Vis fz (az,r%45) 


r)? 


Vrt (r)[p' _ 6p°’r’ 


LEAR PROBLEM 853 


Because of the complete antisymmetry of the trial 


functions the Hamiltonian for the inner motion of the 
triton is equivalent to 


H (t?/M)[3¥ 12° Vie—3V 12 V2 


3] Vet(rie)+ V 


or 


5) 
L 


Tio) iV’, *(r19)+*Ve (ri) | 


Vet(rie)tV r (ri2) |Sie. (A-2) 


In the above, ¥,, refers to the gradient with respect to 
r.;, Sig is the usual tensor operator, and the four V¢’s 
and two V7’s constitute the spin- and parity-dependent 
Gartenhaus potential. The projection operators which 
usually precede each component of the potential have 
been omitted because the structure of VW; and VW; with 
respect to the pair 1,2 makes their explicit use un- 
necessary. It should be pointed out that the above form 
of the kinetic energy operator requires one to consider 
ri3 to be independent of 712 and re3. That is to say, 
V it i3= Voari3s= 9. 

Using the definitions of VY; and W; given in Eq. (1), 
the kinetic energy and potential energy matrix elements 
have the following form after being summed over spin 


and isotopic spin: 


h1(a@1,%i3)>, 


(r)| fr(az,r; 
V io f7(az,riz)° 


o(60-r)—r(12p*?+ 187? 


— 0(2p?+-120-r+-12r’) 


(A-3) 


fz(az,7i;)) 
*— 12p’r? — 9r*+-6( 0-4)?! Vos fr(a7,7i;))}, 
— 18r4+-18(0-r)- 


(r)[p* a 3p°r" +.Qy4 —9(o-r)? 1+ Vr (r) 


3(o-1r)*p?/r? |! fr(a7z,riz)). 


[his transformation permitted the reduction of the 
potential energy elements to single-fold integrals over 
rig Which were performed numerically. The integrals 
are too unwieldy to be listed here. 
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Angular Distributions for C’(d,n)N'*} 


RICHARD ZDANIS,* GEORGE E. Owen, AND L. MADANSKY 
Department of Physics, The Johns Hopkins University, Baltimore, Maryland 
(Received September 2, 1960) 


Angular distributions of neutrons corresponding to transitions to the first 


2.31 Mev) and second (3.95 


Mev) excited states in the reaction C"(d,n)N™ have been measured at an incident deuteron energy of 
1.3 Mev. A time-of-flight technique utilizing the associated gamma ray as a trigger was employed to separate 
the various neutron groups. Because the data, particularly for the first excited state transition, exhibited a 
relatively large intensity in the backward direction, a simple deuteron-stripping process is not sufficient to 
account for the results. An analysis which included the heavy-particle stripping mode was consistent with 


the data 


INTRODUCTION 


HE reaction C(d,n)N™“ has been studied pre- 
viously'; however, many of the investigations 
determination of the 
energy levels of N'*. Some attempt has been made? to 
make Butler® fits to the angular distributions. 

The angular distributions of the neutrons correspond- 


have concentrated upon the 


ing to transitions to the first and second excited states 
exhibit a relatively high intensity at the backward 
angles. As a result a detailed investigation of the angular 
distributions has been made at a deuteron bombarding 
energy of 1.3 Mev. 

The nucleus C® should not undergo a heavy-particle 
stripping’ of the outer , neutron because of parity 
conservation. Therefore, if the large intensity at 
backward angles is to be interpreted as a process in 
which some of the emitted neutrons originate in the 
C" nucleus, one must consider contributions from the 
py shell. 

A time-of-flight spectrometer based upon the design 
of Neilson and Sample’ was constructed to study these 
angular distributions. 

Since the gamma ray which is used to initiate the 
timing circuits arises from transitions between a 0(+) 
and a 1(+-) state, the gamma neutron correlation for a 
fixed neutron angle is isotropic. Therefore this time-of 
flight technique utilizing a fixed gamma-ray counter at 
90° to the reaction plane enables one to measure a true 
neutron angular distribution. 


t Supported by the U. S. Atomic Energy Commission 
* Now at the Department of Physics, Princeton University, 
Princeton, New Jersey. 
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EXPERIMENTAL ARRANGEMENT 


The time-of-flight spectrometer was set up to utilize 
the gamma ray associated with the 2.312-Mev state as 
a trigger. Since this gamma ray represents the decay 
from a spin-zero state, the 7— + correlation is isotropic ; 
and therefore an angular distribution taken in coin- 
cidence with this gamma ray represents a true angular 
distribution. 

The gamma detector consisted of a 13-inch diameter, 
l-inch thick NaI(Tl) crystal mounted upon an RCA- 
6342 phototube. This detector was located 12 cm above 
the target at 90° to the reaction plane. Although the 
Nal(Tl) does not provide maximum time resolution 
for the spectrometer, it does provide the energy 
resolution needed for gamma-ray selection. A side 
gating channel was used to select the 2.31-Mev photo- 
peak from the NalI(T]). 

Because the neutron counter must be a large distance 
from the target in order to obtain sufficient time 
resolution, a large 2-in.X5-in.X24-in. Pilot B plastic 
scintillator was employed as a neutron detector. This 
scintillator 
perpendicular to the plane of the reaction and with the 
scintillator face bisected by the reaction plane. The 
scintillator was viewed through one end by an RCA- 


was oriented with the long dimension 


7046 photomultiplier which was coupled to the scintil- 
lator by means of a tapered light pipe 4 inches in length. 

The neutron flight path was 1 meter in length and the 
to the 
perpendicular to compensate for the time of transit of 


neutron detector was tilted’ 7° with respect 
light emitted at the far end of the scintillator. 

Further side gating of the proton recoil pulses from 
1.4 to 3.6 Mev kept the accidental background within 
workable limits. 

The C™ targets were made by cracking C'*-enriched 
methyl iodide on a nickel backing. The targets used in 
these experiments were kindly made available to us by 
the U. S. Naval Research Laboratory. 

In Fig. 1 a typical time-converter spectrum is shown. 
lhe nonlinearity in the time scale for short delays is 
caused by the unequal sensitivity of the two control 
grids*of the 6BN6 converter tube. 
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ANALYSIS OF THE DATA 


Since the settings for the neutron side gate remained 
fixed for all runs, the efficiency of the side gating system 
varied as a function of observation angle. The number 
of counts in the peak of a time spectrum is proportional 
to the integral of the recoil proton spectrum between 
the limits set by the side-gating system. If the scintilla- 
tion crystal is large enough so that end effects may be 
neglected, the integrated spectrum is a linear function 
of proton recoil energy.® This linear relationship may 
be expressed by 

\ 


(Vo ky) E+ Vo, 


where V=the number of recoil protons with energy 
above FE, Eo= the incident neutron energy, and No= the 
total number of recoil protons. If RB and dE/dx are 
known for the scintillating material, then Birk’s 
formula may be used to express No in terms of .V and 
pulse height. dE/dx was calculated using the method of 
Hirschfelder and Magee,’ in which the formula (CyoH11), 
was used for Pilot B. 


*C. D. Swartz, G. E. Owen, and O. Ames, U. S. Atomic Energy 
Commission Report NYO-2053, 1957 (unpublished). 


J. E. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948 
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l'ypical time-converter spectrum for C4(d,n)N" 


With no upper limit used on the neutron side gate 
the number of counts in a time-spectrum peak is taken 
as a function of the setting of the lower limit for several 
incident neutron energies. These curves were extra- 
polated to zero counts for each incident energy. The 
experimental points so obtained were used to establish 
a kB value of 0.012 mg/kev-cm? for Pilot B. 

rhe correction factor to the data is 


where 


dE 


P f 


Pmax 1S the smaller of the two quantities, (1) Po and 


1+kBdE/dx 


(2) 


the maximum pulse height allowed by the side 
gate; Pin is the minimum pulse height allowed by the 
side gate 

The data were also corrected for the center-of-mass 


transformation and for the variation in detector 


efficiency due to a variation in 7— cross section. 
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RESULTS AND DISCUSSION 


Angular distributions for the first and second excited 
state neutrons, at a bombarding energy of 1.3 Mev, are 
shown in Figs. 2 and 3, respectively. 

The data were analyzed using the dual-mode stripping 
theory as given by Edwards.* For the heavy-particle 
stripping mode of the theory the ‘“‘last’’ neutron is 
separated from the target nucleus and the residual 
core is captured by the deuteron to form the final 
excited state. It shall be shown that if a shell-model 
configuration (neglecting the closed s shell) of p3(p,)° 
is used for the C™ ground state and (p3)'(p;)~' is 
used for the second excited state of N™,® then with 
J—J coupling the p; neutron of C cannot be used as 
the “last” neutron. 


ras_e |. Parameters used in obtaining the 


fits shown in Figs. 2 and 3. 


V" excited state 
Ist 2nd 
3.8X 10-8 cm 3.8 10-8 cm 
4.5107 cm 4.5 10-8 cm 
0.70 1.00 
1 1 
0 0 


8S. Edwards, Phys. Rev. 113, 1277 (1959). 


* E. Warburton and W. Pinkston, Phys. Rev. 118, 733 (1960) 


Angle 


1 A. 
120 140 


Consider the (d,n) reaction from the ground state of 
C8(4-) to the first excited state of N“(0*). If the p, 
neutron were removed from the C", the core would have 
spin zero and even parity. Conservation of parity would 
require the coupling of deuteron and core with even 
angular momentum. However, it is impossible to couple 
the spin of the deuteron with any even angular momen- 
tum and obtain a resultant of zero. 

For reactions which leave the N“ nucleus in the 
second excited state, a spin flip would have to ac- 
company the stripping process if the p,; neutron were 
removed. It will be possible to fit the data without 
assuming a spin flip. 

The calculated distributions used to fit the data were 


[da (0) dQ | ret . Gife (Riki ) + 28.42°G ;/" ta | koRs) 
me 10.1aGafa(Rik: Guta (keRe) cose, 

[ da (0) d2 Jona x Gi fa" ( RR, ) + 28.42°G 7" f ny” ( koRs ) 
—4.1 Ga f (kiR Gua fa| koRo) cose, 


where the notation is that of reference 6. A delta 
function approximation to the interaction potential 
was not used to generate the /’s but rather the method 
of the kinematic factor‘ was used. The fits obtained 
are shown by the solid curves in Figs. 2 and 3, where the 
values of the adjustable parameters are shown in 
Table [. 

An analysis such as the one presented is naturally 
subject to the qualification that various distortion 
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effects have been neglected. Indeed it has been demon- 
strated” that the distortions can produce a measurable 
modification of the angular distributions. The results 
thus give a qualitative agreement only with the 
possible presence of “‘heavy-particle stripping.”’ 

It should be kept in mind, however, that the sim- 
ple “forward” stripping analysis was found to hold 
qualitatively for many years before a distorted-wave 
calculation was attempted. In the same manner the 
“heavy-particle” stripping amplitude represents a 
primary process while the distorted-wave analysis is 
only a modification of the fundamental mode of the 

L. C. Biedenharn e al., Phys. Rev 
lobocman, Phys. Rev. 115, 98 (1959 


104, 383 (1956); W 
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reaction. Because in many instances there is good 
reason to believe that the heavy-particle-stripping 
cross sections are large, it is essential that the analysis 
in terms of distorted waves include this amplitude. 


Otherwise, the resulting computation cannot be con- 
sidered to provide a realistic resuit. 
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Inverse Photonuclear Reactions N“(p,7)O'* and N'°(,7)O"° in the 
Region of the Giant Resonance* 
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The 90° yield of y rays to the O'' ground state from the N(p,7)O"* reaction has been measured for proton 
energies between 12 and 19.5 Mev covering the region of excitation in O'* between 18 and 25 Mev. The 
excitation curve is quite flat (with do/dQ at 90°=16 wb/4x sr), and shows little evidence of the giant reso 
nance. The results for O'5 are compared to those for N'* obtained by Jacobs and Stephens by means of the 
N'5(y,p)C™ reaction. The 90° yield of y rays to the O"* ground state from the N'5(,7)O"* reaction has been 
measured for proton energies between 10 and 15 Mev, corresponding to ©"* excitation energies between 21 
and 26 Mev. The excitation curve shows two large resonances peaked at 21.8 and 24.7 Mev with integral total 
cross sections of about 0.27 Mev-mb each if no background is assumed. The O" results are compared to 
theoretical calculations of Elliott and Flowers and of others 


I. INTRODUCTION 


ECENTLY, interest has arisen in the study of the 

giant-resonance region of nuclear excitation by 
means of inverse photonuclear reactions.'~* The (y,po) 
and (p,yo) reactions, where po and o represent transi- 
tions to the ground state of the residual nucleus, are 
related by the principal of detailed balancing. Thus, 
these two reactions should show a similar energy de- 
pendence in the region of the giant resonance. 

There are several reasons why the inverse photo- 
reaction can be expected to be important—but not all 
important—in future investigations of the giant reso- 
nance. Opportunities for study of the giant resonance 
are extended by use of the (,y) reaction since the 
resonance may be studied for those excited nuclei whose 
ground states are unstable, and which are therefore 
unsuitable as targets for use in the (y,po) reaction. A 
study of the (p,7o) reaction induced by monoenergetic 
protons is, ipso facto, capable of yielding detailed infor- 
mation more readily than the conventional study of 
(y,Po) reactions by means of a bremsstrahlung beam. 
On the other hand, the proton width of the giant reso- 
nance for the ground state of the A-1 nucleus is not 
expected to be an especially fundamental quantity. A 
complete study of the giant resonance phenomenon 
must, in fact, include investigations of all the particle 
widths of the giant resonance. For this purpose the 
photonuclear reaction cannot very well be replaced. 
However, observations on the capture gamma rays 
emitted to excited states of the residual nucleus can be 

* This work was supported by the U. S. Atomic Energy Com 
mission and the Higgins Scientific Trust Fund. 

¢ On leave from The Hebrew University, Jerusalem, Israel 

¢ Now at Clarendon Laboratory, Oxford, England. 

*D. S. Gemmell, A. H. Morton, and E. W. Titterton, Nuclear 
Phys. 10, 33 (1959). 

*H. E. Gove, A. E. Litherland, and R. Batchelor, Phys. Rev 
Letters 3, 177 (1959). 

3N. W. Reay and N. M. Hintz, Bull. Am. Phys. Soc. 4, 403 
(1959). 


4S. G. Cohen, P. S. Fisher, and E. K. Warburton, Phys. Rev 
Letters 3, 433 (1959). 


made with the (,7) reaction. Thus, it provides a direct 
method of studying questions such as whether or not 
there exist giant resonances built on the low-lying 
excited states as well as the ground state. 

The (p,y) investigations’ of the giant resonance 
regions of Be* and C” could be made using proton 
energies less than 12 Mev since the Li’(p,7)Be*® and 
B"(p,y)C™ reactions have high Q values (17.25 and 
15.95 Mev, respectively) and the giant resonances are 
at about 22 Mev in these nuclei. At this laboratory 
the aim is to investigate inverse photo-proton reactions 
in cases involving lower Q values or for excitation 
above the giant resonance and thus at excitation en- 
ergies above those accessible with tandem Van de 
Graaffs. For this purpose, variable proton energies 
up to 19.5 Mev are available from the Princeton 
synchrocyclotron. 

The work reported herein is confined to measurements 
of differential cross sections at 90° as a function of 
excitation energy in the giant resonance region. The 
N"(p,y¥o.)O" and N'*(p,yo)O'® reactions were investi- 
gated. A brief report of this work has appeared 
previously.® 

The N"(p,7)O" reaction has a Q value of 7.30 Mev, 
so that it was expected that the giant resonance would 
be excited for incident proton energies around 15 Mev. 
Therefore, the reaction was explored for incident proton 
energies between 12 and 19.5 Mev. The ground state 
of O* is unstable, and so the O'(p,7o)N™ reaction has 
not been investigated. On the other hand, the photo- 
proton reaction N'*(y,po)C has been investigated ;* 
and since the giant resonances studied in these two 
reactions, are in mirror nuclei, it is expected that the 
two reactions will have features in common. 

The O'*(y,p)N™® been extensively 


reaction has 


5 See reference 4. The present results contain a more careful 
appraisal of the gamma-ray detection efficiency than those oi 
reference 4 and should be considered as superseding the previous 
report. 


® J. L. Rhodes and W. E. Stephens, Phys. Rev. 110, 1415 (1958) 
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1. Schematic view of the experimental arrangement. S, is a carbon collimator with a }-in. aperture, Sy is a similar collimator with 


*s-in. aperture. The target is designed by 7, and the carbon lined Faraday cup by F 


studied,’~"’ and shows evidence of structure from near 
threshold to about 27-Mev excitation in O'* with the 
giant resonance centered at ~23 Mev. In this work 
the N'®(p,y)O"* reaction (Q= 12.11 Mev) was investi- 
gated for excitation energies between 21 and 26 Mev, 
the lower limit giving an overlap of several Mev with 
the energy region available to tandem Van de Graaffs. 
Such an accelerator has been used, in fact, in a recent 
study" of the N'*(p,70)O"* reaction with proton ener- 
gies up to 8 Mev which corresponds to an O"* excitation 
energy of 19.6 Mev. 


II. EXPERIMENTAL PROCEDURE 


The general experimental arrangement is shown in 
Fig. 1. A 3 by 3 in. NalI(Tl) crystal, mounted on a 
5-in. Dumond 6364 photomultiplier, was used as a 
detector for the high-energy y rays. The crystal was 
placed at 90° to the proton beam and 7 cm from the 
target. The spectrum of pulse heights was displayed 
on a RIDL 200-channel analyzer. 

Between 14.5 and 19.5 Mev, the energy of the proton 
beam was changed by varying the synchrocyclotron 
characteristics. To reach energies below 14.5 Mev a 
polyethylene absorber either 99 mg/cm? or 119 mg/cm? 
thick, was placed in the beam so as to extend the range 
of proton energies to lower values. The polyethylene 
absorber was placed just in front of collimator S, (see 
Fig. 1) which was about 60 cm in front of the target. 
A second collimator (S.) served to define the proton 

7L. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. E. 
Stephens, and E. J. Winhold, Phys. Rev. 104, 108 (1956). 

®S. A. E. Johansson and B. Forkman, Arkiv Physik 12, 359 
UOC Milone, S. Milone-Tamburino, R. Rinzivillo, A. Rubbino, 
and C. Tribuno, Nuovo cimento 7, 729 (1958). 

10 P, Brix and E. K. Maschke, Z. Physik 155, 109 (1959) 


tN. W. Tanner, G. C. Thomas, and W. E. Meyerhof, Nuovo 
cimento 14, 257 (1959) 


beam which was drastically scattered by the thickest 
(~5-Mev energy loss) absorber used. The full energy 
width at half maximum of the unattenuated proton 
beam was about 150 kev, while the calculated energy 
spread due to straggling in the absorber was ~ 200 kev. 

The whole beam tube, including the Faraday cup, 
was lined with graphite and the collimators were fabri- 
cated from graphite sheet. By this means the neutron 
background was kept to a minimum, since the (p,m) 
threshold in C” is at 20 Mev. Although initially some 
attempts were made to shield the crystal from neutrons 
originating from the cyclotron, the target, and impuri- 
ties in the graphite and ployethylene, it was difficult 
to shield efficiently with the detector close to the target, 
and in the final runs it was found advantageous to work 
without neutron shielding in the region of the detector. 
The proton beam impinging on the graphite and poly- 
ethylene produced a copious source of C"(p,p’)C” 
y rays. The lead shielding shown in Fig. 1 was efficient 
enough so that, in the pulse-height region of interest, 
the background arose almost entirely from the target 
itself, 

In order to see clearly the spectrum of high-energy 
capture y rays of low intensity in the presence of pileup 
from a spectrum of high intensity background radiation, 
produced by lower energy y rays and neutrons, it was 
found necessary to adopt several measures. The beam 
intensity was kept low to minimize pileup of small 
pulses in the detector and electronic circuits. The beam 
current varied with energy, being about 3X 10-® ya at 
the lowest proton energy (9.5 Mev) with the thickest 
absorber and about 3X10~ ya at higher energies. A 
short clipped pulse (2X10~’ sec) was formed at the 
output of the photomulitplier and the pulses fed into 
a biased transistor preamplifier. In this way all pulses 
corresponding to a y-ray energy of less than 10 Mev 
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were excluded before the pulses were lengthened and 
fed to the pulse-height analyzer. The analyzer was gated 
to the beam pulse of the synchrocyclotron so as to 
remove the background pulses which were not prompt 
with respect to the beam. 

The N**(p,y)O" reaction. was investigated first. 
Melamine (CsN¢He) suspended in polystyrene was used 
as a target material.” A target thickness of about 4.9 
mg/cm? was used in most of the runs, corresponding 
to a proton energy loss of about 120 kev at 17.0 Mev. 
The background due to carbon was measured in separate 
runs using a polyethylene target containing the same 
amount of carbon as the melamine target. It was found 
that the background within 5 Mev of the pulse height 
corresponding to the full energy loss of the y rays 
leading to the O'* ground state was due primarily to 
radiations—presumably fast neutrons—coming from 
the nitrogen in the target. No contribution from the 
C"(p,y)N® reaction was expected in this region because 
the Q value is only 1.94 Mev. For proton energies above 
its threshold, the (J*,7) = (1*,1), 15.1-Mev level of C” 
was strongly excited and gave a prominent y ray of 
this energy. This y-ray line provided a convenient 
calibration in the high-energy region. 

For the N**(p,7)O"* investigation, Nz gas enriched 
to 98.7% in N™ was used as a target. The gas was fed 
into a cylindrical cell 3.8 cm long, 1 cm in diameter, 
from an activated charcoal trap into which it had been 
absorbed at liquid nitrogen temperature. Observations 
were made with N» gas at a pressure of 930 mm Hg, 
corresponding to a proton energy loss of about 200 kev 
at 12 Mev. The end windows were of 0.0005-in. Mylar 
sheet, giving about 40-kev energy loss at E,= 12.0 Mev. 
The background from the N“ in the Ne» gas and from 
the Mylar—which contains hydrogen, carbon, nitrogen, 
and oxygen—was negligible, within about 10 Mev of 
the pulse height corresponding to the full energy loss 
of the O'* ground-state capture y rays. This was so 
because the O'*(p,70)F"’ reaction has a Q value of only 
0.60 Mev and because the cross section for the 
N'°(,70)O"* reaction is considerably larger than that of 
the N"*(p,70)O"* reaction in the energy region studied 
(see Sec. ITT). 

For both targets the total beam spread was about 
200 kev without an absorber and 300 kev with an 
absorber. The beam energy was known to +200 kev. 

The spectral response of the 3 by 3 in. NalI(TI) 
crystal was determined by recording high-energy y 
spectra from the Li’(p,y)Be® and C"(p,p’)C” reactions. 
The former reaction was produced by 500-kev protons 
from the Brookhaven National Laboratory Van de 
Graaff accelerator. At this proton energy, y rays of 17.5 
and 14.6 Mev were produced from a thick Li’ target. 
For cyclotron energies above 17 Mev, the C(p,p’)C” 
reaction produced a copious source of 15.1-Mev y rays. 


12 We would like to thank Dr. R. W. Detenbeck for preparing 
the melamine targets. 
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The spectral shapes obtained were similar to published 
curves for y rays in the range 12-30 Mev." The 
spectral response is known to vary very little for y-ray 
energies between 15 and 30 Mev" and so was assumed 
constant in the present work. 

For a point source situated on the cylindrical axis 
of a 3 by 3 in. NaI(TI) scintillation crystal and 7 cm 
from the front face, the absolute y-ray detection. effi- 
ciency is calculated’® to be 2.8-3.0% for y-ray energies 
of 20 and 28 Mev, respectively. In the present experi- 
ments this efficiency was corrected for absorption in 
the brass wall of the target chamber (~ 10%), extension 
of the target area in the case of the gas target (~5%), 
and absorption in the lead collimator placed between 
the crystal and target (~ 16%). The latter two correc- 
tions were obtained from measurements made using the 
Li?(p,y)Be® y rays and low-energy y rays from radio- 
active sources. In obtaining the differential cross section 
from the N'(p,70)O" and N'(p,70)O'* y-ray spectra 
only the high pulse-height portion of the spectra were 
summed. The fraction of the total number of counts 
in this sum was estimated from the spectral response 
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Fic. 2. Gamma-ray pulse height distribution produced by bom- 
bardment of a melamine target with 19.3-Mev protons. The 
spectrum produced by bombardment of a polyethylene target is 
also shown. 
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Fic. 3. The differential cross section at 90° for the y rays leading 
to the ground state of O'* from the N"(p,7)O'® reaction. If the 

rays have an isotropic distribution relative to the proton beam 
the ordinate scale gives the total cross section 


curves obtained for Li’(p,y)Be® and C"(p,p’)C™. (For 
instance, 37% of the counts were estimated to be within 
25% of the maximum pulse height.) The net efficiency 
was the product of the total efficiency,!® the correction 
factors mentioned above, and the fraction of counts 
which were summed. This efficiency varied between 
0.3 and 0.6% and had an estimated uncertainty of 35%, 
mostly from the uncertainty in the shape of the pulse- 
height-curve. 


III. RESULTS 
A. N'*(p,y.)O'* Reaction 


Figure 2 shows a pulse-height spectrum of y rays 
from the melamine target taken at an incident proton 
energy of 19.3 Mev. The background spectrum obtained 
with a polyethylene target is also shown. The spectra 
of Fig. 2 represent results obtained in two hour runs 
with an average beam current of 3X10~‘ wa. The 15.1- 
Mev peak due to the excitation of the C” 15.1-Mev 
level by (p,p’) is clearly seen. The plateau with a steep 
drop at 25.2 Mev at the high energy end must be at- 
tributed to capture y rays to the ground state of O°. 
The effects of pileup on the spectrum near this plateau 
were shown to be negligible by repeating this spectrum 
with ~ 4 the beam intensity. There is some indication 
in the melamine spectrum of y rays of about 20.1 Mev 
which is the energy expected for capture y rays leading 
to the first two excited states of O¥ at 5.20 and 5.25 Mev 
The structure at 18.7 Mev most probably corresponds 
to capture y rays leading to the third excited state 
(6.15 Mev) of O and to capture y rays from the 
C®(p,v0) N™ reaction—for which the y-ray energy should 
be 18.8 Mev. It was not possible to identify transitions 
to excited states at lower proton energies with any 
certainty—presumably because of the higher back- 
ground in the y-ray energy region of interest—so that 
no attempt was made to obtain excitation curves for 
capture y rays other than to the O ground state. At 
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each proton energy the energy measured for the highest 
group in the spectrum checked very well with that ex- 
pected for capture y rays to the O' ground state. 

In estimating the relative intensities of yo at the 
various proton energies, a background in the region 
of the peak energy was subtracted which was consistent 
with the general shape of the pulse spectrum above and 
below the peak, but which left correctly shaped spec- 
trum. The counts included within a given pulse-height 
range of the maximum pulse height were then summed. 
The counting statistics were calculated from this sum 
and an estimate of the uncertainty in the background 
subtraction. 

Figure 3 shows the 90° yield of N“(p,7o)O"™ as a 
function of excitation in O'*. The energy scale is also 
the capture y-ray energy and is related to the proton 
energy by E,=(14/15)E,+7.30 Mev. The error bars 
are the estimated relative errors and do not include 
the uncertainty in the differential cross section. The 
differential cross section has an estimated uncertainty 
of 40% due mostly to the uncertainty in the net 
efficiency (see Sec. II), the integrated beam intensity, 
and the target thickness. 


B. N'*(p,yo)O'® Reaction 


In Fig. 4 is shown a pulse-height spectrum of y rays 
obtained at 90° to the proton beam from bombardment 
of the N™ gas with protons having an energy of 10.3 Mev 
at the center of the gas target. The capture y rays to 
the ground state of O'* should have an energy of 21.7 
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Fic. 4. Gamma-ray pulse height distribution produced by bom- 
bardment of an N'® gas target with 10.3-Mev protons. 
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Fic. 5. The differential cross section at 90° for the y rays leading 
to the ground state of O'* from the N'*(p,7)O"* reaction. If the 
y rays have an isotropic distribution relative to the proton beam, 
then the ordinate scale gives the total cross section. 


Mev at E,=10.3 Mev. The structure due to these y 
rays is clearly visible in Fig. 4. Capture y rays to excited 
states of O'® would have energies of 15.7 Mev or less. 
From the various spectra it was apparent that these 
transitions were excited but no reliable estimates could 
be made of their intensity because of the rapidly rising 
background, and no attempt was made to measure an 
excitation function for transitions to excited states. In 
analyzing the data for the variation of cross section 
with energy, a background was subtracted on the as- 
sumption that the flat background observed at energies 
above the maximum energy of the ground-state capture 
y rays continued in the same way at least 5 Mev below 
the maximum energy. After the background subtraction, 
the spectra were analyzed to obtain the total number of 
counts due to N'°(p,70)O"* in the same manner as was 
done for the N™(p,70)0" reaction. 

Figure 5 shows the 90° yield of N'®(p,yo)O" as a 
function of excitation energy in O'*. As in Fig. 4 the 
error bars are the estimated relative errors. The dif- 
ferential cross section scale is thought to be accurate 
to 40%. 


'V. DISCUSSION OF RESULTS 
A. N“(p,y.)O Reaction 


In Fig. 6(a) is shown the total cross section for the 
O'*(y,po)N™ reaction as a function of y-ray energy (or 
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Fic. 6. Comparison of the O'(y,p9)N™* and N'*(y,p9)C™ reac- 
tions. The lower curve [Fig. 6(a) ] shows the total cross section 
versus y-ray energy (or excitation energy in O") for the 
O!5(y,~0)N™ reaction obtained by detailed balance from the 
N*(p,70)O" yield curve of Fig. 3 assuming an isotropic distribu 
tion of the y rays relative to the proton beam. The upper curve 
[Fig. 6(b)] shows the total cross section versus y-ray energy (or 
excitation energy in N") for the N'5(p,y9)C™ reaction (reference 7) 


excitation energy in O'*). Figure 6(a) was obtained by 
detailed balance from the 90° differential cross section 
of Fig. 3 assuming the y rays in the N“(,70)0" reaction 
have an isotropic distribution relative to the proton 
beam. It is expected that this assumption introduces 
an error of at most 20% in the total cross section!® so 
that the total cross section scale of Fig. 6(a) is estimated 
to have an uncertainty of 45%. 

Figure 6(b) was taken from Jacobs and Stephens’ 
and shows their results for the N'*(y,po)C™ reaction 
cross section as a function of y-ray energy (or excitation 
energy in N'®). The N'(y,fo)C™ excitation curve indi- 
cates that the giant resonance in N" is centered at 
~ 21.5 Mev with a width at half-maximum of ~5 Mev; 
while the O'*(y,p0) N“ excitation curve is quite flat with 
only a falloff at 25 Mev to suggest the giant resonance 
of OF, 

As long as nuclear forces are charge symmetric the 
mirror nuclei, O'* and N°, are expected to have giant 
resonances of similar shapes. In spite of this, the dif- 
ference between the curves of Figs. 6(a) and 6(b) is 


16 For instance, for a y-ray distribution of the form 1+A cos’ 
with 1>A>—1 and for the geometry used in the present experi- 
ment, the correction factor for the total cross section of Fig. 6(a) 
would be between 1.15 and 0.80. Actually, the experimental and 
theoretical evidence is that 0>A>—1 for (y,p) reactions in the 


giant resonance region; therefore, it is most probable that the 
O'*(y,~o)N"™ cross section of Fig. 6(a) errs on the high side. 
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not surprising since both show excitation curves for 
a particular mode, while the giant resonance is associated 
with the total y-ray absorption cross section. As as 
example of the differences to be expected between these 
two curves consider the sharp peak at 20.5 Mev in the 
N'*(y,po)C™ excitation curve [ Fig. 6(b) ]. The nuclear 
state (or states) which is responsible for this peak will 
also be present in O'* and it is possible that the high 
point at 19.3 Mev in the O'*(y,p9)N" excitation curve 
(Fig. 6(a)] is associated with this state (or states). 
That is, the difference in excitation energies (20.5—19.3 
= 1.2 Mev) is about that expected for the difference in 
excitation energy between mirror states at ~20-Mev 
excitation in N'*-O%_, However, it is also possible that 
the state (or states) in question has a negligibly small 
proton width for the N“ ground state. This would be 
true, for example, if this level had isotopic spin T=} 
in which case it could decay by nucleon emission to the 
(J*,T)=(0*,1), C™ ground state (or N* first excited 
state), but not to the (1*,0), N™ ground state. 

The N'® and O' giant resonances can be compared 
in more detail by integrating the cross sections of Fig. 
6 over the giant resonance region. From Fig. 6(a) the 
integrated cross section for the O'8(y,p0)N™ reaction 
between 18.7 and 24.6 Mev is found to be 7.7 Mev-mb; 
while Jacobs and Stephens obtained an integrated 
cross section of 10.6 Mev-mb for the same photon 
energy interval in the N'°(y,po)C* reaction [Fig. 6(b) ]. 

There is a direct relation between the cross sections 
for the N'°(y,p0)C™ and O'(y,p,)N™ reactions if charge 
independence of nuclear forces is assumed and if the 
y-ray absorption is pure £1. Here p; represents proton 
transitions to the 2.31-Mev first excited state of N™ 
which is the M;=0 member of the (0*,1) isotopic-spin 
triplet of which the C™ ground state is the Mr=1 
member. As pointed out by Morpurgo,’ £1 rates be- 
tween corresponding states in mirror nuclei are equal as 
long as nuclear forces are charge independent. In this 
case, the cross-section ratio of the N™®(y,po)C™ and 
O'*(-y,p.) N“ reactions will be determined by the relative 
probability of proton emission into the final mass-14 
state. The N'*(y,p0)C™ and O!*(y,p:)N™ Q values are 
—10.21 and —9.61 Mev respectively. The small dif- 
ference between these Q values will be neglected in the 
following discussion ; that is, kinematical factors (which 
would slightly favor the O'+~ reaction) will be ne- 
glected. In this case, the cross section ratio of the 
N'(y,po)C* and O(y,p,)N™ reactions proceeding 
through corresponding intermediate states (excited 
states in N’ and O'* with Mr=} and —}, respectively, 
will be equal to the ratio of the isotopic-spin factors 
(T,3Mr,—}3|TMr)*, where 7, and M7, are the isotopic 
spin and z component of isotopic spin of the final state 
(the C™ ground state and N*™ first-excited state, re- 
spectively). This ratio is 2 for T=} and 3 for T=}, 
so that the integrated cross section for the O'§(y,p,)N™ 


17 G. Morpurgo, Phys. Rev. 114, 1075 (1959). 
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reaction between y-ray energies of 18.7 and 24.6 Mev 
is inferred from the N'°(,f0)C™ cross-section measure- 
ment to be between 5.3 and 21.2 Mev-mb if isotopic 
spin is a good quantum number in the giant resonance 
region of mass 15 and if the photonuclear absorption 
into this region of excitation is electric dipole. This 
integrated cross section leads to a maximum value for 


the ratio, 
24.6 24 
f odE fs f 
18.7 18.7 


of ~1.5 which occurs when the (y,p) cross section in 
the integrated energy range is entirely due to T=} 
states. In this ratio oo and o; represent the cross sections 
for the O'8(y,p0)N' and O!5(y,p:)N™ reactions, re- 
spectively. This cross-section ratio provides one test 
for any detailed calculation of the mass-15 photonuclear 
effect. For instance, if the (y,p) or (p,y) reactions in 
question proceed via the compound nucleus mechanism 
then, neglecting kinematical factors, it can be shown 
from the limits on the integrated cross section ratio 
given above that the ratio of the average effective 
proton reduced widths in the range of excitation 18.7- 
24.6, Mev in O* satisfies the inequality 


6 


o dF, 


1 Op") 
S—$10, (1) 
9” (Op? 
where we have used the fact that @p9? is zero for T= 3 
states in O'°. If the assumptions made in obtaining Eq. 
(1) are valid, it appears that the mass 15 giant reso- 
nance, if it is centered at ~22 Mev, has the N™ first- 
excited state as parent to a greater extent than the N“ 
ground state. It might be fruitful to compare this ratio, 
and any other details which might be gleaned from the 
N"*(p,y)C™ results of Jacobs and Stephens’ and the 
present N“(p,7o)O" results, with the mass 15 shell 
model calculations of Halbert and French.'* 
The integrated cross section for electric dipole ab- 
sorption in the nuclear photoeffect is given as'* 


feat =60(NZ/A)(1+0.8x) Mev-mb, (2) 


where x is the fraction of the neutron-proton interaction 
which has an exchange character. For N' or O'* this 
has the value 224(1+0.8x) Mev-mb, with limiting 
values of 224 and 403 Mev-mb for x between 0 and 1. 
Thus it is clear that the O'(y,f0)N™ cross section— 
integrated from 18.7 to 24.6 Mev—is only a small frac- 
tion of the dipole sum. This is not surprising since the 
O'* ground state has nine p” parents in N™ and five 
p parents in O', Thus it should be expected that the 


18 E. C. Halbert and J. B. French, Phys. Rev. 105, 1563 (1957). 
These authors did not publish their results for N** or O'* levels 
above 15 Mev, but state that the wave functions are available for 
study of the N™ (and thus O") photodisintegration. 

9 J. S, Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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O'* giant resonance will have many competing modes 


of nucleon emission.”° 


B. N'*(p,yo)O'* Reaction 


The N'*(p,yo)O"* excitation curve of Fig. 5 shows 
two peaks centered at 21.8 and 24.7 Mev. The 24.7-Mev 
peak shows some evidence of structure, but the statisti- 
cal errors are such that this is not established for certain. 
These results can be compared to those for the photo- 
nuclear reaction’~"° O'*(y,p0)N'* by applying the prin- 
ciple of detailed balancing. It is found that o(y,po) 
=77a(p,yo) to better than 3% throughout the excita- 
tion energy range of Fig. 5. This conversion factor 
gives an O!*(y,po)N'® 90° differential cross section of 
14 mb/4asr for the peak at 21.8 Mev in Fig. 5 and an 
O'*(y,po)N" integrated cross section of 41 Mev-mb 
4nsr for the y-ray energy range 21-26.5 Mev. This 
integrated cross section is divided equally between the 
intervals 21-23.5 Mev and 23.5-26.5 Mev. 

The measured (y,fo) angular distributions*:” can be 
used to obtain total cross sections from the differential 
cross sections of Fig. 5. The (y,fo) angular distributions 
have a maximum near 90°.” so that a total cross section 
obtained by integrating the differential value observed 
at 90° over all directions (as was done in Fig. 5) is 
expected to be too large by 10-15% for the goemetry 
used in this experiment. 

The present results are in excellent qualitative agree- 
ment with the O'*(y,f0)N’® results’ obtained with 
bremsstrahlung beams both as to the cross section and 
the general shape of the giant resonance. There can 
be no doubt that the O'*(y,0)N’® excitation curve in 
the giant resonance region is split into two distinct 
peaks, although there is some disagreement as to the 
energy positions and shapes of these peaks. However, 
this disagreement is not serious in view of the accuracy 
of thé various measurements. For example, it is possible 
that the90° excitation curve of Fig. 5 differs significantly 
from the total cross-section excitation curve because of 
a strong energy dependence of the (y,o) angular distri- 
bution function. 

The theoretical work of Elliott and Flowers,” of Pal,” 
and of Brown and Bolsterli® show that the general 
features of the O'® giant resonance agree with the 
Wilkinson™ model which explains the giant resonance 


* An unpublished manuscript of this paper was circulated 
privately and included in the Proceedings of the Karlsruhe Photo- 
nuclear Conference (1960). In this manuscript an argument was 
presented to the effect that the giant resonance of mirror nuclei 
with T=4 ground states should be mostly due to T= states. As 
was kindly pointed out to the authors by G. Morpurgo, the main 
assumption which lead to this conclusion was unjustified and so, 
therefore, is the conclusion itself. 

J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

# M. K. Pal (private communication) ; M. K. Pal and Y. C. Lee, 
Bull. Am. Phys. Soc. 4, 406 (1959); S. Fallieros, R. A. Ferrell, and 
M. K. Pal, Nuclear Phys. 15, 363 (1960). 

%G. E. Brown and M. Bolsterli, Phys. Rev. Letters 3, 472 
(1959). 

* DPD. H. Wilkinson, Physica 22, 1039 (1956). 
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in terms of single-particle excitations of the ground 
state. Before the work of Brown and Bolsterli® there 
was thought to be a conflict between the experimentally 
known spacings of single-particle states and the consider- 
ably larger spacings required to identify the nuclear 
giant resonance with single-particle excitations. Brown 
and Bolsterli removed this difficulty by showing in a 
quite general manner that the single-particle state 
carrying the bulk of the dipole strength would, by 
virtue of its symmetry, be pushed up in energy so as 
to appear at an excitation compatible with the known 
position of the nuclear giant resonance. The spin-orbit 
interaction was neglected in this work. Pal* calculated 
the effects of the spin-orbit interaction in O'* by calcu- 
lating the interaction of the dipole state (i.e., the state 
responsible for the giant resonance in the Brown- 
Bolsterli treatment) with the (1~,1) single-particle state 
generated by applying the operator). ;(r;X@,)73(i) to 
the O'* ground state. He showed that the spin-orbit 
interaction pushed this state closer to the dipole state 
and caused considerable mixing of the properties of 
these two states, but left the other three p-'d and p™'2s 
states essentially unchanged. The result was a splitting 
of the giant resonance in agreement with experiment. 
Previous to the work of Brown and Bolsterli and of 
Pal, Elliott, and Flowers”* had done a conventional 
shell-model calculation of the odd-parity states of O"* 
arising from the p~'d and p~'2s configurations. They ob- 
tained excitation energies and wave functions for the five 
(1-,1) states of these configurations. The two highest 
states were predicted to be at excitation energies of 
22.6 and 25.2 Mev and were predicted to have almost 
all of the dipole sum in O'*. It would then be expected 
that these two states would be the same as those gener- 
ated by Pal; and, in actual fact, the wave functions 
obtained by Pal for the two (1,1) states responsible 
for the giant resonance in O"* are quite similar to the 
wave functions of the 22.6- and 25.2-Mev states of 
Elliott and Flowers. Thus, the work of Brown and 
Bolsterli and of Pal gives us a qualitative explanation 
of the results of Elliott and Flowers. 

The wave functions of Elliott and Flowers give the 
radiative widths; I',=5.8 ev and 12.0 ev, for the upper 
and lower (1~,1) states, respectively; while the results 
of Pal indicate that the upper state has a radiative 
width approximately twice as large as the lower state. 
As pointed out by Elliott and Flowers, these single- 
particle states will be mixed with a multitude of J*™=1 
states arising from more highly excited states. This 
phenomenon will give rise to fine structure in the giant 
resonance and could be the explanation for the structure 
in the 24.7-Mev peak, which is suggested by the present 
results (Fig. 5). However, the total dipole absorption 
to all states sharing the properties of a given single- 
particle state is still expected to be that predicted for 
the single-particle state in the absence of mixing. 

Assuming compound nucleus formation, the Breit 
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Wigner one level formula can be used to estimate the 
F1 radiative widths of the two components of the O'* 
giant resonance shown in Fig. 5. For the 21.8-Mev peak 
in O'*(+,p0)N', the result is 


Pr, (21.8) ~0.042(r, Pv) f odin Mev-mb) kev, (3) 


where the widths refer to the O'® 21.8-Mev resonance, 
I’, and I’po are the partial widths for decay to the O'* 
and N’ ground states, and I’ is the total width. (Be- 
cause of the mixing of the single-particle state with 
more highly excited configurations, the total width I 
cannot be identified with the measured width of the 
21.8-Mev resonance.) The O'*(y,p0)N"* integrated cross 
section for the 21.8-Mev resonance is estimated as 20.5 
Mev-mb, which is the value obtained from the excita- 
tion curve of Fig. 5 for the range 21-23.5 Mev. This 
leads to an overestimation of f «dE since it assumes 
zero background to the resonance and neglects the cor- 
rection for the anisotropy of the (f,yo) angular distri- 
bution. On the other hand, integrating from 21 to 23.5 
Mev ignores the contribution of more distant states 
which have mixed with the single-particle state. The 
ratio I'/I'p9 cannot be obtained from the present ex- 
periment. To obtain this ratio it is assumed that 
['=I,+I, since other decay modes are not expected 
to be important. The ratio of the integrated (y,7) and 
(y,p) cross sections for O'* excitations in the range 
21-23.5 Mev is approximately 1,* so that I',~T,. 
Finally, the branching ratio to the N™ ground state in 
the O!*(y,p)N"™ reaction in the energy region 21—23.5 
Mev is taken as 77%, the average of the measurements 
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of Johansson and Forkman® and of Milone et al.® The 


result is (I'/I' po)&¥2.6, which gives 


I ,(21.8)-~2.2 kev (4) 

Using the same procedure, the radiative width for 
the 24.7-Mev resonance, obtained by integrating the 
cross section of Fig. 5 from 23 to 26.5 Mev is estimated 
to be in the range 


$<1 


(24.7)5 14 kev, (5) 


the greater uncertainty in the width of the 24.7-Mev 
resonance is due to the small branching ratio to the N™® 
ground state for this resonance combined with a rather 
large discrepancy in the measured®® branching ratio. 
(For these reasons the method used here is probably 
not the most accurate method of estimating the radia- 
tion width of the 24.7-Mev resonance.) 

The estimates (4) and (5) are in qualitative agree- 
ment, at least as to order of mangitude, with the shell- 
model predictions of Elliott and Flowers and of Pal. 
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Radiations from High-Energy Positrons Incident on a Beryllium Target 
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The energy spread and yields of nearly monoenergetic photons of various energies produced by the 
annihilation in flight of relativistic positrons have been experimentally determined using a 6-in.-long by 
5-in.-diam NaI(T1) crystal spectrometer. Photon lines with an energy spread of a few percent are reported 
Yields of positrons and monoenergetic photons in the energy range from 2 Mev to 14 Mev have been meas 
ured. The bremsstrahlung spectra from 8.5-Mev positrons and electrons were compared and the vields and 
spectral distributions were found to agree within the experimental error 


INTRODUCTION 


UCH work has been done on the measurement 

of photonuclear reaction cross sections by use of 
bremsstrahlung radiation. The results have raised many 
new questions about details of the nature of the 
reactions that may be answered by further use of 
bremsstrahlung only by undertaking exceedingly la- 
borious experiments. Much of the information needed 
could be obtained by use of a source of continuously 
variable, nearly monoenergetic photons having suffi- 
cient energy to examine regions through the giant 
resonances. The purpose of the work reported herein 
was to examine the feasibility of obtaining such a 
source of photons. 

In this report is described the experimental produc- 
tion and observed yield of nearly monoenergetic gamma 
radiation of variable energy, produced by the annihi- 
lation in flight of positrons, using the Livermore Linear 
Accelerator facility.' Similar work was conducted 
simultaneously elsewhere.? The experiment described, 
which is a modification of one previously reported,’ has 
permitted an appreciable reduction of backgrounds and 
an increase in the observed photon flux over that 
previously obtained. Positrons were produced by a 
cascade of photons and pairs initiated in a thick Ta 
target by bombardment with 20-Mev electrons. They 
appeared in a forward flux with energies distributed 
over a wide range. Positrons within a small energy 
interval were selected by collimation and magnetic 
analysis, then allowed to strike a thin Be target, where 
some of the positrons were annihilated in flight and 
produced a flux of nearly monoenergetic gamma radi- 
ation within a small solid angle in the forward direction. 
The observed line widths, photon yields, positron 
bremsstrahlung, scattering effects in the annihilation 
target, and effects introduced by collimation and beam 
energy analysis will be discussed. 


THEORY 


The production of electron bremsstrahlung and 
electron-positron pairs, such as occurred in the Ta 


'N. A. Austin and S. C. Fultz, Rev. Sci. Instr. 30, 284 (1959) 

2 J. Miller, C. Schuhl, G. Tamas, and C. Tzara, Compt. rend 
249, 2543 (1959) 

3C. P. Jupiter, N. E 
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Am. Phys. Soc. 5, 36 (1960 
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target, is described by the theory of Bethe and Heitler.‘ 
The Dirac differential cross section for the annihilation 
in flight of a positron with an electron at rest is discussed 
by Kendall and Deutsch.’ The relation between the 
energy ka of the primary photon and its outgoing 
angle @ in the laboratory system is given as 


E-n\} 
ky -u| 1 ( ) cos 1) 
E+u 


where yu is the electron rest energy and £ is the total 
energy of the incident positron. The fact that there is 
a one-to-one correspondence between energy and angle 
for the annihilation photons implies that an observation 
of the annihilation target at a given angle and aperture 
defines the energy and resolution of the observed 
photons. In attempting to see the annihilation radiation, 
one finds that the major competing process is positron 
bremsstrahlung. The differential cross sections at @=0 
for both processes are comparable in magnitude for 
positrons having an energy of about 10-Mev incident 
on a target of low atomic number. However, most of 
the bremsstrahlung photons are in the low-energy 
region of the spectrum, and the high-energy limit of 
the bremsstrahlung spectrum, fz, lies at the energy 
ky=E—u. The energy of the annihilation quanta, &4, 
may be obtained from Eq. (1) by letting cos@=1. For 
10-Mev incident positrons, 4, is 0.76 Mev greater than 
kg. The photon spectrum of bremsstrahlung and 
annihilation radiation in the forward direction was 
computed for the case of 10-Mev positrons striking a 
thin beryllium target, using the Dirac theory, and is 
shown in Fig. 1. 

Multiple scattering and straggling of positrons in the 
beryllium target will tend to broaden the annihilation 
peak. Using the Moliére multiple scattering theory® and 
the energy-angle dependence of the annihilation cross 
section, it may be shown that the broadening due to 


*H. Bethe and W 
90 (1934). 

°H. W. Kendall and Martin Deutsch, Phys: Rev. 101, 20 
(1956) ; also J. W. Shearer, Ph.D. thesis, Massachusetts Institute 
of Technology, 1950 (unpublished). 

6G. Moliére, Z. Naturforsch. 3a, 78 


Heitler, Proc. Roy. Soc 


(London) A146, 
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Fic. 1. Computed photon spectrum from 10-Mev positrons 


striking a 0.050-in.-thick beryllium target. The width at half 
maximum for this spectrum was taken to be 0.5 Mev 


positrons incident on a 0.050-in. beryllium target. The 
contribution to the energy broadening arising from 
energy straggling and energy loss of the positrons was 
estimated as follows. The energy loss in collisions 
averaged over all positrons passing through the target 
is approximately 0.4 Mev. The energy loss and strag- 
gling of only those positrons annihilating in flight 
within the target will be considerably smaller. Any 
remaining contribution to the linewidth can be attrib- 
uted to the positron momentum interval, as determined 
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Fic. 2. Experimental lay 
out for positron annihilation 
experiment. 
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by the analyzing magnets and collimators for the 
experiment. The latter effect was estimated by ray- 
tracing of the positron trajectories. 


APPARATUS AND PROCEDURE 


In Fig. 2 is shown a diagram of the layout of the 
experimental apparatus. The high-atomic-number tar- 
get used for the source of positrons was Ta with a 
thickness approximately equal to the range of the 
incident 20-Mev electrons. Beryllium 0.050 in. thick 
was used for the annihilation target. This was enclosed 
in a vacuum box located between the poles of a beam- 
sweeping magnet, and could be rotated out of the 
positron beam path for background measurements. 
Spectra were observed with a 6-in.-long by 5-in.-diam 
Nal(Tl) crystal mounted on a DuMont-6364 photo- 
multiplier tube, and were recorded on a 200-channel 
pulse-height analyzer. The analyzer was gated “‘on” 
simultaneously with the beam pulses. 

Observed pulse-height spectra for photons obtained 
from the annihilation of 6-Mev positrons are shown in 
Fig. 3. The gamma-ray spectrometer consisted of the 
6-in.-long by 5-in.-diam NalI(Tl) crystal mounted 
behind a 1-in.-diam lead collimator, 18 in. thick. The 
curve labeled “bremsstrahlung background” was ob- 
tained under the assumption that the shape of the 
positron bremsstrahlung spectrum is the same as that 
obtained from negative electrons of the same energy. 
To obtain the bremsstrahlung background curves, 
pulse-height distributions were taken under target-in 
and target-out conditions with magnet polarity re- 
versed in order to select negative electrons. The 
bremsstrahlung background curve was fitted to the 
corrected annihilation spectrum in a region of small- 
amplitude pulses and subtracted. The resulting curve 
is assumed to represent the pulse-height distribution 
obtained from photons arising from only the annihi- 
lation-in-flight process. 
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Fic. 3. Pulse-height spectrum and related backgrounds (de 
tected by a 6-in.-long by 5-in.-diam NalI(T]) crystal) for annihi 
lation gammas from 6.0-Mev positrons incident on a 0.05-in.-thick 
beryllium target. 


LINEWIDTHS 


The measured widths at half maximum of the ob- 
served pulse-height spectra of positron annihilation in 
a 0.050-in. Be target are shown in Fig. 4. The figure 
shows also the widths of the response functions of the 
6-in.-long by 5-in.-diam NaI(T1) crystal spectrometer, 
as derived from observations of resonance-fluorescence 
gamma radiation with similar collimation.? When the 
crystal response is unfolded from the observed pulse- 
height spectra (by assuming Gaussian shapes and 
taking the root of the difference of the squares of the 
half-widths), the widths of the gamma lines incident 
on the spectrometer are obtained. These are plotted as 
a dotted line in Fig. 4. The dotted curve contains 
contributions to the linewidths that arise from (a) the 
positron momentum interval associated with the finite 
width of the beam-analyzing slit, and (b) positron 
energy loss and straggling in the annihilation target, 
and annihilation occurring after scattering, which might 
result in contributions to the photons in the forward 
direction by lower energy gamma rays. 

A further experimental point, denoted by the dot 
in Fig. 4, corresponds to a measured linewidth obtained 
in a modified geometry in which the annihilation target 
and the detector were moved 16 ft farther from the 

7F. D. Seward, H. W. Koch, R. | 
Bull. Am. Phys. Soc. 5, 68 (1960 
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second deflecting magnet and the Ta target was moved 
about 14 in. ahead of the first bending magnet. A set 
of quadrupole focusing magnets was inserted between 
the second bending magnet and the detector. It can be 
seen that the spectrometer linewidth measured in the 
new geometry corresponds closely to that obtained 
from the resonance-fluorescence measurements. This 
emphasizes that most of the broadening observed in 
the first measurements arose in imperfect magnetic 
analysis of the positron beam. The actual linewidth 
appears to be only a few percent of the photon energy. 

A pulse-height spectrum was analyzed to obtain the 
spectral distribution of photons originating in the 
0.050-in. thick beryllium target when bombarded by 
10-Mev positrons. The background counts and the 
crystal response function of the annihilation photons 
were subtracted from the pulse-height spectrum. The 
bremsstrahlung spectrum was unfolded by use of the 
response matrix of Hubbel.* The area under the crystal 
response function for the annihilation photons was 
measured and the number of counts thus obtained. 
Both the bremsstrahlung spectrum and the number of 
observed annihilation photons were corrected for ab- 
sorption in the 12-in. thick beryllium beam hardener 
and for the Nal crystal detection efficiency, thus giving 
the actual number of photons emitted. The number of 
annihilation counts was fitted to the area under a 
Gaussian curve having a chosen width at half maximum 
of 0.5 Mev. The photon spectrum from this analysis is 
shown in Fig. 5. Comparison with a predicted shape 
shown in Fig. 1 indicates reasonable agreement. 
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Fic. 4. Widths of gamma lines (using a 6-in.-long by 5-in.-diam 
Nal(T1) crystal spectrometer). A, pulse-height spectrum of 
annihilation photons observed through a 1-in.-diam collimator; 
A, pulse-height. spectrum of annihilation photons observed 
through a 2.25-in.-diam collimator; +, pulse-height spectrum of 
fluorescent gamma rays and radioactive sources observed through 
a 1-in.-diam collimator; @, pulse-height spectrum of annihilation 
gamma rays observed through a 1-in.-diam collimator (modified 
geometry with 16-ft extension); -, photon spectrum (i.e., 
crystal response function unfolded from the observed pulse-height 
data) of annihilation gamma rays observed through a 1-in.-diam 
collimator. 


3 J. H. Hubbel, Rev. Sci Instr. 29, 65 (1958 
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OBSERVED YIELDS 


The observed yields of photons from the annihilation- 
in-flight process measured in the earlier geometry are 
presented in Fig. 6. The data are expressed in terms of 
the number of photons under the annihilation peak 
counted per minute, per kilowatt of power in the 
accelerator beam, per unit solid angle subtended in the 
forward direction at the Ta electron target, per unit 
solid angle subtended in the forward direction at the 
Be target. The momentum resolution of the analyzing 
magnet was about 2.5%. Corrections have been made 
for absorption in the Be beam hardener and counts 
arising from backgrounds and positron bremsstrahlung. 
The falling off of the curve at the lower photon energies 
is probably caused by the reduced positron-momentum 
interval chosen at these energies, and by the smallness 


of the annihilation differential cross section in this 





Fic. 5. Photon spec- 
trum from 10-Mev posi- 
trons striking a 0.05-in.- 
thick beryllium target, 
unfolded from the pulse- 
height spectrum assum- 
ing a 0.5-Mev annihi 
lation linewidth. 
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region. As the energy is increased the annihilation 
differential cross section and the yield increase, but at 
higher energies, i.e., near the tip of the spectrum of 
bremsstrahlung generated in the Ta target, the pro- 
duction of positrons declines. 

The observed positron yield, expressed in terms of 
the positron current in microamperes emitted from the 
Ta target per unit solid angle in the forward direction, 
per microampere of 20-Mev electrons in the accelerated 
beam, is shown in Fig. 7. The yields were measured in 
two ways: Some of the measurements were made with 
a Faraday cup located in a position closely following 
the second bending magnet. In order to make measure- 
ments of the positron current intermittently during the 
course of the experiment, a simpler portable detector 
consisting of a thick NalI(Tl) crystal mounted on a 
photomultiplier tube (which was calibrated against the 
Faraday cup) was used. 
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Fic. 6. Observed yields of photons from the annihilation in 
flight of positrons, in terms of the number of photons under the 
annihilation peak counted per minute per kilowatt of power in 
the accelerator beam, per unit solid angle subtended at the 
tantalum target in the forward direction, per unit solid angle 
subtended at the beryllium target in the forward direction. 


POSITRON AND NEGATIVE-ELECTRON 
BREMSSTRAHLUNG 


A comparison of the positron and negative-electron 
bremsstrahlung production is of value in determining 
the contribution of positron bremsstrahlung to effects 
observed with irradiation by annihilation photons. 
Earlier experimental work by Fisher,’ using 247-Mev 
electrons and positrons on Au targets, indicates that 
the cross sections for bremsstrahlung production by 
these particles are essentially identical at this energy. 
It is of interest to compare the cross sections at a lower 
energy and under different conditions of nuclear 
screening. 
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Fic. 7. Positron yield in microamperes per steradian in the 
forward direction per microampere of 20-Mev electrons on a thick 
tantalum target. The momentum resolution of the analyzer was 
about 2.5%. 


Pp. C. Fisher, Phys. Rev. 92, 420 (1953). 
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Fic. 8. Observed pulse-height spectra of bremsstrahlung for 
8.5-Mev electrons and positrons, for (a) 0.030-in. beryllium target, 
(b) 0 


.003-in. tantalum target. 


Data were obtained for the Be target used during the 
present work and for a thin Ta target introduced 
specifically to maximize the bremsstrahlung process. 
Gamma-ray pulse-height spectra were obtained for 
8.5-Mev positrons and negative electrons incident on 
0.030-in. thick Be and 0.003-in. Ta targets. At approxi- 
mately five-minute intervals during the spectrum runs 
the beam was switched into a Faraday cup for measure- 
ments of the particle currents, and then magnetically 
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deflected back to the target for further counting. Each 
run was about thirty minutes long. Additional runs 
were obtained under target-out conditions with each 
kind of particle to obtain backgrounds. 

The observed pulse-height data were smoothed, then 
normalized to charges in the particle beams. Back- 
ground spectra were subtracted from target-in spectra 
and annihilation peaks were removed by subtracting 
detector response functions scaled to the data. The 
resultant bremsstrahlung curves for positive and nega- 
tive 8.5-Mev electrons incident on 0.030-in.-thick Be 
and 0,003-in. Ta targets are shown in Fig. 8. The 
errors in the data are caused by uncertainty of the 
crystal response function, statistical counting error, 
and fluctuations in the beam current. The over-all 
error was about 15%. 


CONCLUSIONS 


The properties of the radiations from high-energy 
positrons incident on a beryllium target have been 
examined. Yields of nearly monoenergetic annihilation 
photons have been measured, from which the acceler- 
ator and facility requirements for undertaking photo- 
nuclear experiments may be derived. The energy spread 
of the annihilation photons could not be accurately 
measured by the gamma spectrometer, but appeared 
to be a few percent of the photon energy when examined 
with good positron-beam optics. The yields per particle 
of positron and negative-electron bremsstrahlung ap- 
pear to be the same within the errors of measurement. 
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The relative yields of the two groups of neutrons from the 
Li’(,2) Be’, Be™* reaction, leading to the ground state and the 
430-kev state of Be’, have been measured with a time-of-flight 
system, using pre-acceleration pulsing of the accelerator beam. 
Data were taken at 30° intervals between 0° and 150° for proton 
energies high enough to produce (p,n’) neutrons above the detec- 
tion threshold (300 kev). Since the yield of the (p,m) reaction is 
more highly peaked in the forward direction than that of the 
(p,n’) reaction, the ratio of the (p,n’) to (p,m) intensities grows 
with increasing angle, severely limiting the usefulness of the 
(p,m) reaction as a neutron source above the (,m’) threshold at 
back angles. Absolute differential and total cross sections for both 


HE Li’(p,n)Be’ reaction is a widely used source 

of monoenergetic neutrons and has therefore 
been studied in detail from threshold, at a proton 
energy of 1.881 Mev, to a proton energy of 2.378 Mev. 
Above the latter energy, however, a second group of 
neutrons emerges, leading to the first excited state of 
Be’ at 430 kev. No systematic study of the neutron 
yields has been made for proton energies above 2.87 
Mev! except measurements of the total cross section 
for production of all neutrons* and the 0° differential 
cross section for production of all neutrons.*® 

A knowledge of the relative intensities of the two 
groups is important in experiments requiring mono- 
energetic neutrons with energies above 650 kev. 
Furthermore, the levels excited in the compound 
nucleus Be® are sufficiently separated that some of the 
parameters of these levels may be calculated from 
angular distributions and total cross sections for the 
two groups. 

In the present experiment® the relative yields of the 
two groups were measured at 30° intervals from 0° to 
150° (laboratory angle) for bombarding energies high 
enough to produce (p,n’) neutrons above the effective 
detection threshold (300 kev). Measurements were 
made in 100-kev and 200-kev steps up to the maximum 
proton energy available, 4.1 Mev. 


EXPERIMENTAL METHOD 


The data were taken with a time-of-flight system 
utilizing a pulsed proton beam and a time-to-pulse- 
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groups have been calculated from the data. A comparison with 
theory for total cross sections and angular distributions suggests 
the existence of three previously unidentified levels in Be*. One 
level, with J*=1-, near the threshold for the (p,n’) reaction, is 
responsible for the fast rise in the (p,m’) total cross section near 
threshold. A second level, corresponding to an incident proton 
energy of about 3.0 Mev, does not contribute significantly to the 
yield of the (p,m’) reaction; the data are consistent with an 
assignment of J*=1+* and a total width of 1 Mev. The bulk of 
the total cross-section curve for the (~,n’) reaction has been 
fitted by assuming a 1* level corresponding to an incident proton 
energy of 3.5 Mev, with yn? ~7;*, yn*~5y7;’, and yp*<y;". 


height converter of Los Alamos design.’ Neutrons from 
the lithium target were detected with a plastic scintil- 
lator viewed by two photomultiplier tubes in fast 
coincidence. The timing signal, denoting the production 
time of the neutrons, was derived from the instantane- 
ous voltage of the target. 

Proton bursts approximately 6 nsec long, separated 
by 200 nsec, were produced in the high-voltage terminal 
of the Duke University 4-Mv Van de Graaff accelerator. 
The proton source was adapted from an Oak Ridge 
design*—” and incorporated a strong-focusing einzel lens 
followed by a gap lens. To pulse the proton beam the 
focused image of the einzel lens was swept past the 
object aperture of the gap lens by a 5-Mc/sec sinusoidal 
voltage applied to a pair of deflecting plates near the 
probe canal of the rf ion source. A similar pair of 
deflecting plates near the gap lens aperture, with a 
small steady voltage between them, refracted the two 
ion bursts per cycle asymmetrically so that one burst 
was removed from the beam while the other was 
refracted onto the axis of the accelerator." 

The target, a thin layer of metallic lithium evapo- 
rated onto a tantalum end cap 0.010 in. thick, was 
electrically insulated from the beam pipe by a glass 
tube with a wall thickness of 2 mm. Voltage pulses 
caused by the charging of the target capacitance by 
the proton bursts were capacitively coupled to a dis- 
tributed amplifier, while the averaged current passed 
into a current integrator. To stabilize the capacitance 
of the target and to prevent pickup, the target was 


surrounded by a grounded copper shield consisting of a 
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Fic. 1. Fast coincidence circuit to supply the “start” input to 
time-to-pulse-height converter. 
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cylinder 5 in. in diameter and 8 in. long with a wall 
thickness of 0.010 in. 

The timing signal from the target was fed to a tuned 
5-Mc/sec amplifier” to produce a sinusoidal signal for 
the “stop” input of the time-to-pulse-height converter. 
A 0°-360° phase shifter incorporated in the tuned 
amplifier provided a variable time delay between the 
“start” pulses from the scintillator and the “stop” 
pulses to permit a shifting of the positions of peaks in 
the time spectrum from the converter as displayed on 
a 100-channel pulse-height analyzer. 

The lithium target was 35 kev thick to protons at an 
energy of 1.89 Mev. Proton energies were calculated 
from a potentiometer reading of the accelerator’s 
generating voltmeter, which was calibrated repeatedly 
at the Li’(p,2) threshold and later compared with an 
electrostatic analyzer for Jinearity. 

The neutron detector consisted of a plastic scintillator 
2 in. square and 1 in. thick to the neutron beam, 
optically coupled to two RCA 6342 photomultiplier 
tubes. The entire assembly was mechanically connected 
and optically shielded by a lead cylinder with a wall 
thickness of 3%; in., extending to the Bakelite bases of 
the tubes. The detector was shielded from room- 
scattered neutrons by a collimator similar to that used 
by Cranberg ef al.'°.4 

Pulses from each photomultiplier tube were fed 
through two distributed amplifiers into the fast coinci- 
dence circuit shown in Fig. 1. This circuit effectively 
eliminated noise pulses from the photomultiplier tubes. 
Pulse shaping to overcome ringing from the distributed 
amplifiers was accomplished by diodes in the grid 
circuits which stretched the pulses without altering 
their rise times. The resolving time of the coincidence 
circuit was about 15 nsec, with a doubles-to-singles 
amplitude ratio of two to one for negative input pulses 
of 3 v or more. The output pulses were amplified and 
inverted by a distributed amplifier before being fed to 
the input of the time-to-pulse-height converter. 

Input pulses which do not cut off the coincidence 


L. Cranberg, R. K. Beauchamp, and J. S. Levin, Rev. Sci. 
Instr. 28, 89 (1957). 

4 Li,CO; supplied free by American Potash and Chemical 
Corporation. 
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tubes completely can produce immature output pulses 
which trigger the converter late. To remove this source 
of time spread the output pulses from the coincidence 
circuit were amplified and then applied as a biased 
gate to the multichannel analyzer. 
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Fic. 2. Ratios of the intensities of the neutron groups from the 
Li?(p,n’)Be™* and Li’(p,n)Be’ reactions. Low-energy extrapo- 
lations are derived from those for the differential cross sections 
shown in Figs. 3 and 4. 





RELATIVE YIELDS 


All measurements were monitored by a McKibben 
long counter at an angle of 60° with respect to the 
proton beam. The efficiency of this counter was con- 
sidered to be flat over the energy range of the experi- 
ment. Corrections were made to the data for absorption 
of neutrons by air, copper, glass, and tantalum sur- 
rounding the target, but these corrections were less 
than 3%. The data were taken in three short consecutive 
runs, with a relative (as a function of energy) efficiency 
measurement of the neutron detection system for each 
run. 

To measure efficiency the scintillator was placed at 
60° (opposite to the position of the long counter) at 
the same distance from the target (increased in suc- 
cessive runs to resolve progressively more energetic 
neutron groups) as that at which the data were taken. 
Time-of-flight spectra were then taken at proton energy 
intervals of 50 kev or 100 kev over the desired energy 
range for a preset number of counts from the long 
counter. The scintillator counted the two neutron 
groups separately with different efficiencies, whereas 
the McKibben monitor counted the total number of 
neutrons emitted at 60° in both groups. The detector 
efficiency was therefore calculated from the yield of the 
(pn) reaction only, correcting the monitor counts by 
multiplying by the ratio at 60° of the yield of the (p,1) 
reaction to the total neutron yield: J9(60°)/7(60°), 
where J) and J; are the neutron intensities from the 
(pn) and (p,n’) reactions, respectively, and J= J+J. 

This ratio was determined by an iterative procedure 
of applying an estimated efficiency to the final data to 
find a value for the ratio and using this value to find a 
better estimate of the efficiency, and so on. It should 
be noted that this iterative procedure is valid only 
because efficiency measurements were made for proton 
energies below the threshold for the (p,n’) reaction. 

At high neutron energies the efficiency curve ap- 
proaches the shape of the n-p scattering cross section 
and the efficiency is quite stable. For low-energy 
neutrons (below about 250 kev) the efficiency rises 
sharply with increasing energy as a larger portion of 
the white spectrum from the scintillator is detected, 
and the shape of the curve is very sensitive to small 
changes in photomultiplier tube or distributed amplifier 
gain. Therefore, even though detection is possible for 
neutrons emitted at the Li’(p,7) threshold (about 30 
kev), the slow fluctuation of efficiency with time was 
prohibitive for neutrons with less than 300-kev energy, 
the effective lower limit for detection. 


RESULTS 


The ratios J;/J of the intensities of the (p,n’) and 
(pn) neutron groups are shown in Fig. 2. Errors for 
the two lowest energy points at each angle are +20% 
and +10%, respectively, because of uncertainties in 
efficiency measurements; for all other points the errors 
are +6%, as shown. Solid curves are drawn through 
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Fic. 3. Differential cross sections of the (,n’) reaction, normal- 
ized to the 0° cross section of Gabbard et al.5 Solid dots are from 
the work of Batchelor and Morrison* and low-energy extrapola- 
tions are calculated from their (p,n’) total cross section, assuming 
isotropy in the center-of-mass system. 


the data points, except that the extrapolations below 
2.7 Mev are calculated from the results of Batchelor 
and Morrison? (see below) for the (p,n’) reaction and 
from an extrapolation of our results for the (p,m) 
reaction. The shapes of the curves at back angles for 
proton energies near 3.4 Mev are inferred from interpo- 
lation of the differential cross-section curves for the 
two groups. 


The absolute differential cross section o;(6) at angle @ 
for each group is obtained by multiplying the ratio 
1;(8@)/1(0°) by the 0° absolute differential cross section 
for the sum of the two groups as measured by Gabbard, 
Davis, and Bonner.’ Since the measurements of 
Gabbard e al. extend only up to a proton energy of 
3.0 Mev, we have used the relative cross-section 
measurements of Bair ef al.,4 normalized to the values 
of Gabbard eé al., for higher proton energies. It should 
be pointed out that the absolute cross section given in 
a compilation’ is lower than that of Gabbard eé al. 


15 Tos Alamos Scientific Laboratory Report, La-2014, edited 
by N. Jarmie and J. D, Seagrave, 1957 (unpublished). 
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Fic. 4. Differential cross sections of the (p,m) reaction, normalized 
to the 0° cross section of Gabbard et al.5 


because it was normalized to the results of earlier 
measurements.'* Agreement is obtained by multiplying 
this published curve"® by the factor 1.35. 

The absolute differential cross sections for the (p,n’) 
reaction are plotted as functions of energy in Fig. 3. 
The errors shown were estimated from uncertainties in 
the detector efficiency and in the normalization pro- 
cedure. Errors are +20% and +10%, respectively, for 
the two lowest energy points at each angle; for all other 
points the errors are +8% in addition to the systematic 
error in the absolute 0° cross section. 

The low-energy extrapolations are derived from the 
total cross-section measurements of Batchelor and 
Morrison,’ assuming isotropy in the center-of-mass 
system and multiplying by 1.35 to normalize to the 
work of Gabbard e al. Solid dots are the results of 
Batchelor and Morrison? multiplied by 1.35. Agreement 
with these values in the region of overlap is within 
quoted errors. 

The absolute differential cross sections for the (p,1) 
reaction are plotted as functions of energy in Fig. 4. 
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lic. 5. Total cross section of the (p,n’) reaction, obtained by 
integrating the differential cross sections. Solid dots and the 
low-energy extrapolation show the results of Batchelor and 
Morrison.!:? 
16 R. Taschek and A, H. Hemmendinger, Phys. Rey. 114, 571 
(1959). 
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Statistical errors are slightly lower than those for the 
(p,n’) reaction because of higher counting rates, and 
errors due to shifts in efficiency are smaller because of 
the higher neutron energies. Errors are +8% for all 
points, 


The total cross section for the (p,n’) reaction, shown 
in Fig. 5, is obtained by integrating the differential 
cross section over all angles, wherever enough angles 
were measured. The solid curve above 2.8 Mev is 
drawn through our data points. Solid dots and the 
low-energy extrapolation are from the work of Batchelor 
and Morrison,? multiplied by 1.35. The shape of the 
extrapolation is supported by measurements made at 
the Argonne National Laboratory" of the ratio of the 
yields of the two neutron groups. 

The total cross section for the (p,m) reaction, shown 
in Fig. 6, is obtained by subtracting the cross section 
for the (p,n’) reaction from the cross section for 
production of all neutrons, as measured by Gibbons 
and Macklin.’ A good check of the experimental results, 





T T T T T 


Li’(p,n) Be’ 


” 
z 
« 
«: 
S 
o 











3.0 3.5 
PROTON ENERGY (MEV) 


Fic. 6. Total cross section of the (/,m) reaction, calculated by 
subtracting the (p,n’) total cross section from the total cross 
section of Gibbons and Macklin’ for production of all neutrons. 


as well as an independent check on the normalization, 
can be obtained by comparing this curve with that 
obtained by integrating the differential cross section 
for the (p,m) reaction over all angles; agreement is 
within +6%. 

The angular distributions are plotted, in the center- 
of-mass-system, in Figs. 7 and 8 for several of the 
energies measured. 


ANALYSIS OF RESULTS 


Reactions which may compete in the decay of the 
compound nucleus Be® are alpha-particle emission, 
gamma-ray emission (proton capture), neutron emission 
to the ground state or the first excited state of Be’, and 
proton emission to the ground state or the first excited 
state of Li’. Alpha-particle emission is possible only 
from states with even spins and parities; generally 
alpha-particle emission dominates whenever it is 
allowed, and the contribution of other reactions is 
negligible. For the energy region under consideration, 


17 Private communication from Dr. A. B. 
Nationa] Laboratory, 


Smith, Argonne 
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proton capture is assumed to be negligible in com- 
parison with competing reactions. 

The ground states of both Li’ and Be? have J™=3-, 
and the first excited states of Li’ and Be’, at 478 kev 
and 430 kev, respectively, have J*=4}-. Thus, for 
reactions of the type (p,m), (p,n’), (p,p), and (p,p’), 
the orbital angular momenta of the incident and 
emerging particles are either both even or both odd, 
and the parity of the state of Be® formed is (—1)'*, 
where / is the orbital angular momentum of the incident 
proton. 

Two levels in Be®, corresponding to incident proton 
energies of 1.9 Mev and 2.25 Mev, are known to 
contribute significantly to the yield of the (p,m) 
reaction.'*® The first of these levels has J*=27- and a 
large total width (probably several Mev); the second 
has J*=3* and a total width at resonance of 220 kev. 
For both levels, y,’c~5y,’ where y,? and y,? are the 
reduced widths for neutron and proton emission, 
respectively. Neither level can contribute significantly 
to the yield of the (p,n’) reaction because decay to the 


do/dQ (mb /sterad) 


Li 7(p,n’) Be? * 








° -1.0 
cos 6 (C.M.) 


Fic. 7. Angular distributions of the (p,n’) reaction for proton 
energies of 2.70, 2.80, 3.02, 3.24, 3.44, 3.66, 3.88, and 4.09 Mev. 


}~ level of Be’ requires outgoing d-wave and /f-wave 
neutrons, respectively, for the resonances at 1.9 Mev 
and 2.25 Mev, and the barrier penetration at these 
energies is small. 

Two other levels are known in the energy range under 
consideration, one corresponding to a proton energy of 
3.0 Mev,” with J*=2+, which decays primarily by 
alpha-particle emission, and the other corresponding to 
a proton energy of 2.1 Mev,!* with J*=3- (or 3*), 
which does not contribute significantly to the yield of 
the (p,m) reaction and would not be expected to 
contribute to the yield of the (p,m’) reaction because of 
the high angular momentum required. 


Batchelor and Morrison*® have pointed out that the 
total cross-section curve for the (p,’) reaction rises 
sharply with increasing energy near threshold, indi- 
cating s-wave neutron emission. The angular distribu- 


18H. W. Newson, R. M. Williamson, K. W. Jones, J. H. 
Gibbons, and H. Marshak, Phys. Rev. 108, 1294 (1957). 

19 R. L. Macklin and J. H. Gibbons, Phys. Rev. 109, 105 (1958). 

2%” F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


YIELDS OF 


NEUTRON GROUPS 


Li "(p,n) Be” 
d0'/da(mb /sterad) 
40. 








Fic. 8. Angular distributions of the (f,) reaction for proton 
energies of 2.80, 3.02, 3.24, 3.66, 3.88, and 4.09 Mev. 
tions for this reaction are nearly isotropic near thresh- 

old,? in agreement with this assumption. 

Above 2.6 Mev, however, the total cross section rises 
much more slowly to a maximum near 3.5 Mev, 
indicating a resonance near 3.5 Mev with p-wave 
neutrons out and therefore p-wave protons in. Because 
of the requirements outlined above, this leads to the 
conclusion that /*=1+. The theoretical cross section, 
assuming a 1* level and using the Breit-Wigner one- 
level formula, is shown in Fig. 9 (solid line) for a total 
width at resonance of 1.4 Mev (in the laboratory 
system), Yn?=Y,", Yn°=Sy,y’, and yp*<y,". It was 
assumed that only one set of channel spins contributes 
to the resonance. The Coulomb barrier penetration 
factors were calculated using a nuclear radius R= 1.4A! 
fermis.*! 

The assignment J*=1* is consistent with the shape 
of the angular distributions for the (p,n’) reaction, 
which have maxima near 90° for proton energies 
between 3.0 Mev and 3.6 Mev. A choice of channel 
spins S,=1 (incoming) and S.=0 (outgoing) is neces- 
sary to yield a theoretical angular distribution of the 
form W=1—cos’, in addition to the isotropic back- 
ground of the /,,=0 resonance near the (p,n’) threshold. 
However, for proton energies near 3.0 Mev, there are 
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Fic. 9. Cross section of the (p,n’) reaction. Dashed line, experi- 
mental cross section; solid line, calculated contribution of the 
resonance at 3.5 Mev; dotted line, difference between experimental 
and calculated cross sections. 
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indications of asymmetry about 90°, indicating inter- 
ference with a 1~ level near the (p,n’) threshold with 
channel spins S;=5:=1 for both resonances. 

Subtraction of the calculated curve for the 3.5-Mev 
resonance from the measured cross section (dashed 
line, Fig. 9) results in a curve (dotted line) which shows 
that the bulk of the yield of the (p,n’) reaction near 
3.5 Mev can be ascribed to this resonance. The shape 
of the /,,=0 resonance near the (p,n’) threshold is not 
known exactly, but it is clear that the contribution 
from this resonance is considerably smaller. All attempts 
to fit the curve with a choice of J*=0- have been 
unsuccessful. Furthermore, the observed asymmetry in 
the angular distributions for the (p,n’) reaction is 
inconsistent with interference between a resonance 
below 3.0 Mev with J*=0~ and the resonance at 3.5 
Mev. 

Hence J*=1~ is the most probable assignment to 
the /,,=0 level, but the large number of possible 
competing reactions precludes the possibility of fitting 
the curve exactly. We estimate that the level corre- 
sponds to a proton energy of about 2.5 Mev. 


Figure 10 shows the calculated contribution to the 
yield of the (p,m) reaction (solid line) for the resonances 
at 1.9 Mev and 2.25 Mev,” and the resonance at 3.5 
Mev described above. The reduced width for neutron 
emission from the 1.9-Mev resonance is taken to be 
equal to the Wigner limit as an approximation (y,?> 4 
the Wigner limit'*). The maximum contribution from 
the resonance at 3.5 Mev is 16 mb. 

Subtraction of this calculated curve from the meas- 
ured cross section (dashed line) reveals a peak in the 
remaining yield (dotted line) at 3.0 Mev with a total 
width of 1 Mev. This resonance can be fitted approxi- 
mately by assigning /*=1*, with y,? several times 
larger than y,”, yn’*<y,.7, and y»?=7,*. The existence 
of such a level was first postulated by Newson e¢ al.'* 
A resonance in the (p,p’) reaction'* at a proton energy 
of 3.0 Mev and the interference observed in the (p,p) 
reaction are consistent with this choice of parameters. 
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Fic. 10. Cross section of the (p,m) reaction. Dashed line, 
experimental cross section; solid line, calculated contribution of 
the resonances at 1.9 Mev, 2.25 Mev, and 3.5 Mev; dotted line, 
difference between experimental and calculated cross sections. 


2 P. R. Malmberg, Phys. Rev. 101, 114 (1956). 


ROLLAND, 


AND LEWIS 
TABLE I. Levels in Be® from Li?+ p 





E, (Mev) J* 1 (Mev) Observed reactions y,?/y,;" yn*/y;? 
1.9 ” a several (pn), (P,P), (p,p’) 5.2 
2.1 ‘a 0.4 (p,y), (4,p) 
2.25 3° 0.22 bm), (pt 5.2 
(2.5) [*) (p,n’) 
3.0 2 1.0 ( Dyav) 
3.0 1* ] (pn), (p,P), (p,p’) 5 5 
3.5 1? 1.4 (p,n’) (1) 5 


Furthermore, the angular distributions of the (p,m) 
reaction for proton energies near 3.0 Mev are highly 
peaked in the forward direction. The resonance at 2.25 
Mev is too narrow to contribute to this peaking; 
interference between the 2- level at the (p,2) threshold 
and a level corresponding to a proton energy of 3.0 Mev 
with J*=1* can result in a term of the form W 
in agreement with the observed asymmetry. 


cos8, 


The cross-section curves for both neutron groups 
suggest the presence of a pronounced resonance above 
4.1 Mev. The angular distributions of the (p,n’) reaction 
become highly peaked at back angles for proton energies 
near 4 Mev. Presumably, this is the result of inter- 
ference between the resonance at 3.5 Mev and a 
resonance above 4.1 Mev. It is not possible to say, 
without data at higher energies, whether or not the 
yield from both groups can be ascribed to a single level 
in Be®, corresponding to a proton energy of 5.0 Mev, 
as suggested by total cross-section measurements.’ 


CONCLUSION 


There is strong evidence from the total cross section 
of the (p,n’) reaction, consistent with angular distri- 
butions, for a level corresponding to an incident proton 
energy of 3.5 Mev, with /*=1* and a width at reso- 
nance of 1.4 Mev (in the laboratory system). There is 
also justification for assuming a level near the (p,n’) 
threshold with J*=1-, on the basis of both angular 
distributions and total cross sections of the (,n’) 
reaction. Evidently these two resonances do not con- 
tribute greatly to the yield of the (p,m) reaction; 
presumably there is a 1* level corresponding to a 
proton energy near 3.0 Mev which contributes to the 
yield of the (p,7) and (p,p’) reactions. 

The parameters for seven levels within the energy 
range discussed are summarized in Table I. It should 
be noted that these levels in Be’, at an excitation energy 
of about 20 Mev, are broad and overlapping, and it is 
by no means certain that the parameters for such 
resonances can be assigned conclusively. 
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Proton Groups from the F'*(«,p)Ne” Reaction and the Ca‘*(«,p)Sc* Reaction* 


H. J. MArtin,f M. B. Sampson, AND D. W. MILLER 
Indiana University, Bloomington, Indiana 
(Received September 26, 1960 


A CaF, target was bombarded with 21.9-Mev alpha particles and the energies of the outgoing protons 
were measured with a magnetic spectrometer. Proton groups leading to energy levels in Ne 
energies of 0, 1.28, 3.37, 4.52, 5.18, 5.67, 6.41, 6.88, and 7.49 Mev were seen. The ground state Q value for 
the Ca“(a,p)Sc* reaction was found to be —3.47+0.030 Mev. Some information about 
sections and angular distributions for the fluorine and calcium reactions is also presented 


2 at excitation 


absolute cross 


N® )N-22 is probably the only stable light nucleus 
that has not had its energy level spectrum in- 
vestigated throughout the first 10-Mev excitation 
energy region. The —_— and first excited states have 
been studied in the Na® 8+ decay, but most of the in- 
formation about higher excited states has been given 
by the F"(a,p)Ne” O'8(a,n) Ne?! 


and the reactions.) 


The (a,p) reaction, with Ne” as a final state, examined 
the energy level spectrum at low excitation energies; 
the (a,z) reaction, with Ne” as the compound nucleus, 
examined the spectrum at high excitation energies. 
There is a gap between excitation energies of 5 Mev 
and 11 Mev that has not been reached by either reac- 


tion. The work reported here extends the excitation 
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Fic. 1. 


A typical proton momentum spectrum for 21.9-Mev alpha particles bombarding a Cal's target. The numbered peaks are 


the proton groups excited in the F(a,p)Ne* reaction. The Ca®(a,p)Sc* proton groups move through the fluorine proton groups at 


different angles. 


* Supported by the joint program of the Office of Naval Research and the U 
ae on leave at the Brookhaven National Laboratory, Upton, New York. 


. S. Atomic Energy Commission 


. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 (1959). 
27 R. Priest, D. J. Tendam, and E. Bleuler, Phys. Rev. 119, 1301 (1960). 


877 














878 MARTIN, 
region studied by the (a,p) reaction and partially closes 
the gap. Corollary information about absolute cross 
sections and angular distributions is also presented. 

The 21.0-Mev alpha-particle beam from the Indiana 
University cyclotron was used to bombard a CaF; 
target (0.84 mg/cm*) evaporated onto a Au backing 
(0.48 mg/cm*). A ThC” alpha-particle source was used 
to determine the thickness of the target and of the 
backing. The energy loss of the 8.78-Mev alpha par- 
ticles in passing through the target was measured and 
the number of target atoms was calculated by using 
stopping powers given by Whaling.* The magnetic spec- 
trometer used to measure the proton momenta and the 
rest of the experimental arrangement have been de- 
scribed in earlier papers.*:' A typical proton momentum 
spectrum is shown in Fig. 1. 

Absolute Q-value measurements were not made in 
this work. Relative Q-value measurements were carried 
out instead, by using adjacent final states in the reac- 
tion. The difference in the Q values of two nearby 
states can be well determined even if the absolute 
value of the incident beam is uncertain by 1% (pro- 
vided the beam energy remains constant throughout 
the measurement). This difference in Q values is, of 
course, the energy difference between the two states of 
Ne” that have been excited, so that the excitation 
energy of a Ne” state represents the sum of all the 
differences from this ground state. Consequently, any 
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4.52 Fic. 2. The energy levels of Ne* 
excited by the F(a,p)Ne™ reac- 
tion. Asterisks indicate the new 
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3.37 present work. 
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?W. Whaling, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 193. 

‘Vv. K. Rasmussen, D. W. Miller, and M. B. Sampson, Phys. 
Rev. 100, 181 (1955). 

'M. T. McEllistrem, H. J. Martin, D. W. Miller, and M. B. 
Sampson, Phys. Rev. 111, 1636 (1958). 
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Fic. 3. The angular distributions for the proton groups leading 
to the 3.37-Mev and the 6.88-Mev states of Ne”. Protons from 
the calcium in the target were troublesome at many angles and 
limited the information that could be obtained 


shift of the excitation energy of one level will shift all 
the levels at higher excitation energies by an equal 
amount. 


F" («,p)Ne 


Figure 2 shows the energy levels of Ne” that were 
found in this work. The excitation energies are within 
+30 kev except for the state at 5.18 Mev, for which 
the error is +50 kev. The 5.18-Mev state and the 
6.88-Mev state were quite weak and were not used in 
setting up the energy scale, thus variations in their 
energies do not affect the higher levels. The excitation 
energies of the first and second excited states are con- 
sistent with the values given in reference 1, but the 
energy found for the third excited state disagrees with 
the accepted value of 4.9 Mev. The excitation energy 
of 4.5 Mev that is given here does agree with the 
4.4-Mev measurement by Ophel and Wright® using the 
Na*™(y,p)Ne” reaction. These authors also discuss the 
earlier 4.9-Mev measurement. Ophel and Wright’s ex- 
periment is the only previous work to penetrate the 
gap between 5-Mev and 11-Mev excitation energy. 
They found possible levels at 5.4-Mev and 5.7-Mev ex- 
citation energy. The five states found in the present work 
between 5-Mev excitation and 7.5-Mev excitation over- 
lap Ophel and Wright’s work and extend into the 
energy region that was not previously studied. 





$*T. R. Ophel and I. F. Wright, Proc. Phys. Soc. (London) 
A71, 389 (1958). 











PROTON GROUPS 


FROM 


Angular distributions for some of the more intense 
proton groups are shown in Figs. 3 and 4. Absolute 
cross-section errors are +40%. The range of the mag- 
netic spectrometer was not sufficient to measure the 
two highest energy proton groups at forward angles so 
that only partial angular distributions were obtained 
for these. These partial distributions are not shown, 
but they are in agreement with the work by Priest, 
Tendam, and Bleuler® using 18.9-Mev alpha particles. 
The cross sections for the 3.37-Mev state presented in 
Fig. 3 are smaller than Priest’s results. Angular dis- 
tributions are not shown for the 4.52-Mev, the 5.18- 
Mev, and the 5.67-Mev states. These states are either 
weak or they are obscured by calcium peaks at a large 
number of angles. Protons from calcium were quite 
troublesome, in general, and they strongly limited the 
amount of angular distribution information that could 
be obtained. This was particularly true for the low- 
energy proton groups. 
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lic. 4. The proton angular distributions for excitation of the 
6.41-Mev and the 7.49-Mev states of Ne”. 
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The angular distribution of the proton group leading to the 
ground state of Sc* in the Ca®(a,p)Sc* reaction. 


Ca” (a,p)Sc* 


Three of the proton groups in the momentum spec- 
trum varied with angle in such a way as to identify 
them with the Ca“(a,p)Sc* reaction. The angular dis- 
tribution for the ground-state group is shown in Fig. 5. 

An absolute (Q-value measurement for these groups 
was made at back angles by using the F(a,p)Ne” 
ground-state group to determine the beam energy. The 
Q value for the highest energy protons from fluorine is 
well known.' The highest energy protons from calcium 
were found to have a Q of —3.47+0.030 Mev while the 
lowest energy group had a Q of —4.67+0.030 Mev. 
The intermediate group was very weak and its Q could 
not be measured. The only previous measurement of 
the Ca®(a,p)Sc* ground state Q value was in 1937 and 
was —4.3+0.2 Mev.’ Mass defects, given by Endt 
et al.,® give a O of —3.45+0.04 Mev, in good agreement 
with the present work. 

7D. M. Van Patter and W. Whaling, Revs 
402 (1954). 


8 P. M. Endt, W. W. Buechner, C. M. Braams, C. H. Paris, 
and A. Sperduto, Phys. Rev. 105, 1002 (1957). 
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Photonuclear Studies with Monoenergetic Gamma Rays from 
Thermal Neutron Capture*+ 


RoBert E. Wetsuf anv D. J. DoNAHUE 
Department of Physics, Pennsylvania State University, University Park, Pennsylvania 
(Received September 28, 1960) 


Monoenergetic y rays produced when neutrons are captured in various materials have been used to 
study the following reactions: Ta'*' (y,#)Ta!®™ (8.15 hr), Au'7(y,#) Au"®6(5.6 days), Ho'®5(,”) Ho'™(34 min), 
Ag!°? (-+~,2) Ag'*(24 min), and Nb*(y,2) Nb*®(10 days). Cross sections for these reactions have been obtained 
at several discrete energies between 7.5 and 10.8 Mev. Estimates were also made of the thresholds of these 
reactions. Two of the thresholds so obtained, Ta'*'(y,)Ta!®™", E,=7.60+0.08, and Nb"(y,n)Nb®, 
E,=8.99+0.04, have precisions comparable with those of previous measurements of the same quantities 


INTRODUCTION 


N recent years there has been much study of the 

interaction of photons with nuclei. In most of this 
previous work, the bremsstrahlung produced by 
electron accelerators has been used as the source of 
photons. Because of the nature of the bremsstrahlung 
spectrum, values for reaction cross sections are obtained 
from the measurements only with some difficulty. 
Further, although the energy stability of betatrons is 
good, the absolute determination of the maximum 
energy of a betatron bremsstrahlung spectrum is 
difficult.’ 

In the work described below, we have used mono- 
energetic y rays in an attempt to check some cross 
sections and thresholds of photoneutron reactions 
obtained using bremsstrahlung. The monoenergetic y 
rays employed were those produced by the radiative 
capture of thermal neutrons in various materials. 
Briefly the experimental procedure is as follows: a 
small foil of the material whose (y,m) cross section is 
to be measured is taped to a piece of the material to 
be used as a y-ray source. The assembly is placed near 
the end of a thermal column adjacent to the Penn 
State reactor, and the activity induced in the foil by 
(y,m) reactions is determined. From this activity the 
cross section for the (y,#) reaction is deduced. By 
using different (y,7) sources, which produce various 
y-Tay energies, some notion of the energy dependence 
of the (y,n) cross sections can be obtained, over a 
small range of energies. In a few cases these cross- 
section curves can be extrapolated with some confidence 
to the zero-cross-section intercept, and the (y,n) 
threshold thus can be obtained. 

Wherever possible, we have compared our results 
with those obtained using the bremsstrahlung spectrum. 
Previous studies of (y,m) reactions with monoenergetic 
gamma rays have been done primarily with proton- 

* From the thesis of R. E. Welsh, submitted to the Department 
of Physics, Pennsylvania State University, in partial fulfillment 
of requirements for PhD degree. 

+ Supported in part by the U. S. Atomic Energy Commission. 

t National Science Foundation Predoctoral Fellow. Present 
address: Carnegie Institute of Technology, Pittsburgh, 


Pennsylvania. 


1 A. S. Penfold and E. L. Garwin, Phys. Rev. 115, 420 (1959). 


capture y rays.” The energies of these y rays do not 
overlap the energies employed in this study. One 
previous use of neutron-capture gamma rays has been 
reported.’ 


NEUTRON-CAPTURE GAMMA RAYS 


Many elements emit only a few monoenergetic 
neutron-capture 7 rays in the energy range from 5 to 
11 Mev. The spectra and intensities of these y rays 
have been measured at other laboratories and 
compilations — of revised have been 
published.*® The energies of neutron-capture y rays 
are generally very well known, as evidenced by the 
good agreement (usually to within 0.1%) of inde- 
pendent determinations. Intensity determinations, i.e., 
y-rays emitted per radiative neutron capture, seem 
subject to greater uncertainties. The quoted accuracy 
of intensity determinations ranges from 20% for 
strong, well-defined peaks to as much as 100% for 
weak or partially resolved peaks.*5 

The y rays employed in this study are listed in 
Table I. Where intensity measurements differ, we 
have used the average of the measurements reported 
in references 4 and 5. The uncertainties in the y-ray 
intensities shown in Table I were inferred by us from 
the discussions of Bartholomew and Higgs,‘ and of 
Groshev ef al.,5 using the arbitrary criterion that 
intensities greater than 0.1 y ray per radiative neutron 
capture indicate strong peaks. In no case did we 
assign an uncertainty to a y-ray intensity which was 
smaller than the errors imposed both by Bartholomew 
and Higgs and by Groshev ef al. Uncertainties in the 
y-Tay intensities constitute one of the largest sources 
of experimental error in this study. 


two 


recent data 


?W. H. Hartley, W. E. Stephens, and E. J. Winhold, Phys. 
Rev. 104, 178 (1956). 

3 V. O. Eriksen and C. P. Zaleski, J. phys. radium 15, 492 (1954). 

*G. A. Bartholomew and L. A. Higgs, Atomic Energy of 
Canada Limited 669, 1958 (unpublished). 

5 L. V. Groshev, V. W. Lutsenko, A. M. Demidov, and V. I. 
Pelekhov, Atlas of Gamma Ray from Radiative Capture of Thermal 
Neutrons (Pergamon Press, New York, 1959); see also L. V 
Groshev, B. P. Adyasevich, and A. M. Demidov, Proceedings of 
the International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (Columbia University Press, New York, 1956), 
Vol. 2, p. 39. j 
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TABLE I, Intensities of neutron-capture gamma rays. 


Intensity 
(y-ray per radiative neutron capture) 
Gamma Energy Bartholomew Groshev 
emitter (Mev) and Higgs* et al.» Average® 
Cobalt 7.49 0.03 0.027 0.029 +30(%) 
Aluminum 7.73 0.20 0.24 0.22 +20 
Copper 7.91 0.17 0.22 0.20 +25 
7.63 0.08 0.11 0.10 +30 
Chlorine 8.56 0.014 0.028 0.021 +50 
7.78 0.07 0.078 0.074 +25 
Nickel 8.997 0.26 0.28 0.27 +20 
8.52 0.11 0.123 O12 +25 
8.11 0.025 0.025 0.025 +25 
7.82 0.06 0.06 0.06 +25 
Iron 10.16 0.0006 tee 0.0006+75 
9.30 0.02 0.027 0.024 +40 
8.87 0.003 0.003 0.003 +50 
8.34 0.006 0.002 0.004 +75 
7.64 0.29 0.315 0.30 +20 
Chromium 9.72 0.05 0.07 0.06 +30 
8.88 0.14 0.20 0.17 +30 
8.49 0.05 0.09 0.07 +40 
7.93 0.06 0.11 0.09 +40 
Nitrogen 10.83 0.11 0.15 0.13 +30 
9.15 0.01 0.02 0.02 +50 
8.31 0.04 0.02 0.03 +50 
* See reference 4. 
» See reference 5. 
© Uncertainties, in percent, estimated as discussed in text. 


All of the y-ray sources listed in Table I emit, in 
addition to those listed, one or more y rays in the 
energy range from 0 to 7.5 Mev. Since these y rays 
are below the thresholds for the reactions studied here, 
they have no effect on the measurements. Aluminum, 
for example, emits only a 7.73 Mev y ray in the energy 
range above 7.5 Mev. Thus, aluminum is effectively a 
monoenergetic y-ray source when employed in the 
study of a reaction whose threshold is at 7.5 Mev 
or above. 

It can be noted from Table I that several of the 
y-ray sources employed emit two or more y rays above 
the energy threshold of the reactions studied. In such 
cases, the contribution due to all but one y ray must 
be previously determined in order to measure the 
effect due to that one y ray. When the chlorine source, 
for example, is used in the study of the photoneutron 
reaction in tantalum, the cross section at 7.78 Mev is 
previously determined from measurements with the 
aluminum source. The cross section for the 8.56-Mev 
chlorine y ray can then be deduced. 


PROCEDURE 


The various y-ray sources were placed in the neutron 
flux near the end of the thermal column of the PSU 
reactor. The experimental arrangement (see Fig. 1) 
was located in a bismuth cup and consisted of: (a) a 
small gold foil approximately 4-inch square by 0.005- 
inch thick, (b) one of several y-ray sources in the 
form of a disk 23 inches in diameter by 3 inch thick, 
(c) a second similar gold foil, (d) a boron-loaded 
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plastic disk 23 inches in diameter by } inch high with 
a depression in its top face 1} inches in diameter by 
is inch deep, (e) the sample under investigation in the 
form of a small metal foil, and (f) a lid of borated 
plastic to enclose the sample completely. 

This combination was held together by waterproof 
cellophane tape and lowered into a bismuth cup on 
the graphite thermal column adjacent to the Penn 
State reactor. 

The thermal-neutron flux within the bismuth cup 
was approximately 10° neutrons cm~ sec which 
resulted in y-ray fluxes of the order of 10’ y cm™ sec 
at the sample. The samples were irradiated for periods 
of 30 minutes to several hours. The radioactivity of 
the photon-induced isotopes was detected by scintilla- 
tion methods. 

The bismuth cup served as a holder for the experi- 
mental arrangement and also served to attenuate y 
rays from the structural aluminum around the thermal 
column in order to minimize spurious (y,m) reactions 
in the sample. Bismuth itself emits no neutron-capture 
y rays above 5 Mev and thus contributed no spurious 
background. Further, the capture cross section of 
bismuth for thermal neutrons is low, so that it does 
not attenuate the neutron flux much. 

A background measurement was performed for each 
reaction studied to determine the amounts of activity 
from spurious gamma radiation as well as from (n,2m) 
reactions caused by fast neutrons. These background 
measurements were performed by irradiating samples 
with y-ray sources whose highest energy y ray was 
below threshold for the reaction being studied. A 
measurable background was present only in the 
tantalum and niobium reactions. 

The borated plastic box served to reduce neutron 
capture in the sample under investigation. Neutron 
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Fic. 1. Experimental arrangement, exploded view. 
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Taste IT. Summary of measured cross sections. 


y-Tay source Co Fe Al Cu 


\Energy (Mev) 
Reaction \, 7.49 7.64 7.73 7.91 


Cl Ni 


8.56 8.997 9.72 10.16 10.83 





14+5 
0+2 


Ta!*® (y,n)Tat#™ 
Au!*7(y,n) Au$ 
Ho!'*5(+,n) Ho!™ 
Nb*(y,2) Nb” 
Ag"? (y,n) Agi® 


0+0.05 0.5+1 48+1.6 


capture in the sample was undesirable, since it induced 
activities in the foil other than that being studied. 

The y-ray sources consisted of disks of iron, copper, 
nickel, aluminum, and cobalt metal, and sodium 
chloride, melamine, and chromium-loaded plastic. 
Each of the y-ray sources was checked for impurities 
which could give rise to y rays in sufficient numbers 
to be significant. The sodium chloride disk served as 
a chlorine emitter in this experiment with no correction 
required for the sodium y rays since it has been shown 
that there are no sodium neutron-capture y rays with 
energy above 7.0 Mev.* All sodium y rays were 
thus well below the thresholds for the reactions studied. 

The gold foils at the top and bottom of the sources 
were used to measure the thermal neutron flux, so that 
the rates of neutron capture in the sources could 
be determined. 

Photon-induced activities of the sample foils were 
detected with a 2 in. by 2 in. NalI(Tl) crystal and 
multiplier phototube connected to a single-channel 
differential discriminator. A printer recorded the 
cumulative counts at preset time intervals. The 
theoretical calculations of Miller ef al.* were used to 
determine crystal efficiency. 

The activities so measured were corrected for detector 
efficiency, foil self-shielding, the decay scheme of the 
photon-induced isotopes and the contribution of other 
photon energies, to yield a reaction rate, R,. This 
reaction rate is related to the (y,”) cross section, op, by 
the expression, 

R,=0,FN, (1) 
where N is the number of atoms in the foil and F is 
the y-ray flux at the foil. To determine the y-ray flux, 
F, one must know the rate at which neutrons are 
captured in the y-ray source, the number of y rays 
emitted per neutron capture, the attenuation of y rays 
between the source and the sample, and the solid angle 
subtended by the sample. The calculation of this 
quantity, F, is described in the Appendix. 

The major uncertainties in the photoneutron cross 
sections obtained from Eq. (1) result from (a) un- 
certainties in the decay schemes of the photon-induced 
isotopes, and (b) uncertainties in the intensities of the 
neutron-capture + rays. 


6 W. F. Miller, J. Reynolds, and W. J. Snow, Rev. Sci. Instr. 
28, 717 (1957). 


44+ 15 
44+ 11 
30+ 18 
0.008+0.005 
0+0.1 


32416 120-448 
34417 
29+15 


83433 
80+ 30 
86+31 

2.4+0.7 
4.4+1.5 


46+21 
1.0+0.4 


260+93 


22416 2347.5 


RESULTS AND DISCUSSION 


Cross sections measured for each reaction are listed 
in Table II. Each of the cross sections is the result of 
at least two, and sometimes three, independent 
measurements. Thresholds, or limits to thresholds are 
listed in Table III, together with threshold values 
obtained by other experimenters. The individual 
measurements are discussed below. 


(A) Ta!*(+,n)Ta!®°"(8.15 hr) 


This reaction was detected through measurement of 
the 0.054-Mev K xray which follows K capture and 
internal conversion in the decay of Ta'", From the 
decay scheme of Brown ef al.’ one expects 0.75+0.19 
K xrays per Ta'*™ disintegration. Some Ta'™® was also 
formed, by neutron capture in tantalum, but this was 
minimized by the boron box. The half-life of Ta'® is 
115 days, and its decay is thus readily distinguished 
from that of the 8.15-hour Ta'®", Ta'*"(16 min) was 
also present ; counting was begun after it had decayed. 

The cross section for this reaction was measured at 
7.49, 7.64, 7.73, 7.91, 8.56, 9.00, 9.72, and 10.83 Mev. 
A plot of the cross section vs energy is shown in Fig. 2. 
Also in Fig. 2 is a smooth curve showing the results of 
Fuller and Weiss® for the reaction Ta'*'(y,7)Ta!™. It 
should be emphasized that since they measured neutron 
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Fic. 2. Cross section vs energy for Ta'*!(y,)Ta!®"(8.15 hr). 
The smooth curve represents the data of Fuller and Weiss,® for 
the reaction Ta!*!(y,n)Ta!®™. 


7H. N. Brown, W. L. Bendel, F. J. Shore, and R. A. Becker, 
Phys. Rev. 84, 292 (1951). 
* E. G. Fuller and M. S. Weiss, Phys. Rev. 112, 560 (1958). 
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Fic. 3. Cross section for Ta!*!(y,n)Ta!®"(8.15 hr) near threshold. 
The curves indicate possible limits for the threshold of the reaction. 


yields rather than induced activities, the data of Fuller 
and Weiss for this reaction are not necessarily directly 
comparable to ours. 

The cross-section data indicate that the limits of the 
threshold for the Ta'®!(y,7)Ta!™™ reaction are between 
7.49 and 7.73 Mev. It should be recalled that the 
error on our value of the cross section at 7.73 Mev 
arises primarily from uncertainties in the intensity of 
the aluminum capture gamma ray and in the decay 
scheme of Ta'®™". Our confidence that activity was 
observed, that is, that the cross section is not zero at 
7.73 Mev, is considerably better than indicated by the 
quoted uncertainty of the cross section at this energy. 
The point at 7.64 Mev, obtained using an iron y-ray 
source, has such a large error that it is not possible to 
determine unambiguously whether or not the cross 
section is greater than zero at this energy. This large 
error results from the difficulty encountered in correct- 
ing for the contribution of the 9.30-Mev y ray from 
iron. In only one other instance (see part D below) 
did the effect of extraneous y rays introduce an error 
in the final cross section which was significant compared 
to other uncertainties. 

In order to estimate more closely the threshold for 
this reaction, the first six points of Fig. 2 are replotted 
in Fig. 3. The curves in these figures show our estimate 
of the reasonable limits for the shape which the cross- 
section curve can have near threshold. From these 
limits, a value of E=7.60++0.08 Mev is obtained for 
the threshold of the reaction. This value is considerably 
below the value of 7.82+-0.026 Mev quoted by Geller, 
Halpern, and Muirhead® for the threshold of the 
Ta!®! (y,n)Ta'™"(8.15 hr) reaction. 


B. Au'*’(y,n)Au'**(5.6 day) 


This reaction was measured by detection of the 
0.065-Mev x ray resulting from K-electron capture and 
internal conversion in the K shell. 


*K. N. Geller, J. Halpern, and E. G. Muirhead, Phys. Rev. 


118, 1302 (1960). 
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Since the number of K x rays emitted per Au’ 
disintegration has not been determined, a subsidiary 
measurement was required in order to determine the 
Au" activity. One of the irradiated gold samples was 
counted simultaneously with the single-channel analyzer 
and with a multichannel analyzer. The former was 
adjusted to count 0.065-Mev xrays and the other 
counted 0.331- and 0.354-Mev y rays from the sample. 
This experiment, together with the results of Thieme 
and Bleuler,” which give the number of 0.331- and 
0.354-Mev y rays per Au" disintegration, indicated 
that we detected 0.86+0.15 count with the single- 
channel analyzer per Au’ decay. 

The measured sections are plotted as a function of 
y-ray energy in Fig. 4 together with the cross sections 
measured by Fuller and Weiss.’ 

Because of the uncertainties in the experimental 
data and the fact that the lowest measured cross 
section (at 8.56 Mev) appears to be considerably 
above threshold, no threshold determination was made 
for this reaction. This experiment indicates a lower 
limit for the threshold of 7.91 Mev and an upper limit 
of 8.4 Mev. 


C. Ho’ *(y,n)Ho!* (34 min) 


The amount of Ho'™ was measured by counting the 
0.045-Mev x ray produced after electron capture and 
internal conversion in the K shell. From the decay 
scheme given by Brown and Becker," and the K/L 
orbital capture ratio calculated by Brysk and Rose,” 
one expects (0.49+-0.1) K x ray per Ho disintegration. 

After subtracting activity due to 27.3-hour Ho'®, 
the most radioactive Ho'* sample was determined 
(by a least-squares fit over 4 half-lives) to have a 
half-life of 33.641 minutes. Half-lives in the range 
from 33 to 35 minutes were obtained from the other 
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;. 4. Cross section vs energy for the Au"®7(y,#)Au®(5.6 day) 
reaction. The circles are the data of Fuller and Weiss.® 
% M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956). 
11 H. N. Brown and R. A. Becker, Phys. Rev. 96, 1372 (1954). 
12H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, 1955 (unpublished). 
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samples. Previous measurements of this half-life range 
from 34+0.5 minutes to 41.5 minutes.'* Since our 
result indicated that the lower value is more accurate, 
a value of 34 minutes was used for the half-life of Ho’. 

Data were obtained for this reaction at five energies 
in the range from 8.56 to 10.8 Mev, plus one point 
below threshold. Figure 5 shows the cross section for 
this reaction as function of energy. The threshold is 
definitely above the 7.91-Mev copper y ray and below 
the 8.56-Mev chlorine y ray. The experiment indicates 
a lower limit for the threshold of 7.91 Mev and an 
upper limit of 8.4 Mev. 

Previous measurements of the threshold for this 
reaction are in agreement with the limits assigned by 
this experiment (see Table III). The relative cross 
section has been reported in histogram form by Fuller, 
Petree, and Weiss.'* The shape of Fig. 5 would agree 
well with a smooth curve through their histogram. 


D. Ag'®’ (y,n)Ag'°®(24 min) 


Ag'®® emits a 0.513-Mev y ray and also decays by 
positron emission which contributes 0.511-Mev anni- 
hilation radiation. 

Both of these radiations were counted by the 
spectrometer. Using the decay scheme given by 
Bendel e/ al.,'° the spectrometer should count 0.76+0.08 
pulses of about 0.51 Mev per Ag" disintegration. 

The relatively high threshold for this reaction does 
not make it especially amenable to measurement by 
these methods. The results are tabulated in Table II. 
The data obtained with the iron y-ray source suggest 
that either the intensity of the weak, 10.16-Mev, iron 
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Fic. 5. Cross section vs energy, Ho'®*(y,n)Ho'(34 min). 
g) 


8D). Strominger, J. M. Hollander and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

“E. G. Fuller, B. Petree, and M. S. Weiss, Phys. Rev. 112, 
554 (1958). 

18 W. L. Bendel, F. J. Shore, and R. A. Becker, Phys. Rev. 90, 
888 (1953). 


AND 


D. J. DONAHUE 








CROSS SECTION (MILLIBARNS) 
n 


8.5 9 9.5 10 
GAMMA RAY ENERGY (Mev) 











Fic. 6. Cross section vs energy Nb%(y,n) Nb*(10 day). The line 
indicates a possible extrapolation to threshold. 


gamma ray is about 75% above the reported value 
(within the limits of experimental error for a gamma 
ray this weak), or the 9.30-Mev iron gamma ray is 
slightly above the threshold of the reaction being 
studied. [¢,(9.30 Mev)<0.5 mb. ] The former choice 
seems more probable in the light of the threshold data 
obtained by others.’'® The results of this experiment 
suggest limits of 9.30 Mev and 9.6 Mev on the threshold 
for this reaction. 


E. Nb*(y,n)Nb%”(10 days 


Ten-day Nb® was observed by detecting the 0.930- 
Mev y ray emitted in its decay. From the decay 
scheme given by Strominger ef al.,"* 0.98 such y rays 
are emitted per Nb” disintegration. Nb, which has a 
20000 year half-life could not be observed. Some 
Ta'®(115-day), formed by 
tantalum impurity in the niobium, was detected in the 
irradiated niobium foils. 

Results of the measurements on this reaction are 
shown in Fig. 6. the cross 
section at 8.997 Mev is extremely small. However, 
the Nb” activity measured at this energy was about 
five times the statistical uncertainty of that activity. 
Therefore, the cross section at 8.997 Mev is probably 
greater than zero. The Nb®(y,2)Nb*(10-day) threshold 
obtained from the intercept of a straight line through 
the data of Fig. 6 is 8.99 Mev, with an uncertainty of 
about 20 kev. In order to allow for other reasonable 
extrapolations of the data, we estimate that the 
threshold of this reaction is 8.99+0.04 Mev. This 


neutron capture in a 


The measured value of 


18 W. J. Bendel, J. McElhinney, and R. A. Tobin, Phys. Rev. 
111, 1297 (1958). 
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TABLE III. (y,) thresholds. 


Threshold, EF; 
(Mev) 


7.60 +0.08 
7.852+0.026 


Reaction Reference 


Ta!®(¥ n)Tal#om (8.15 hr) This study 
9 
Nb*(y,2) Nb® (10 day) 8.99 +0.04 
8.78 +0.06 
8.86 +0.05 7 


This study 
9 


Ag"? (yn) Agi6 9.30<E1<9.6 
9.35340.034 


9.43 +0.05 16 


This study 
9 


Au"? (y,n) Au’ 7.91<E:<8.4 This study 
8.057+-0.022 9 
7.96 +0.07 17 
Ho!® (yn) Ho! T7IL<E:<8.4 
8.16 +0.08 
8.10 +0.05 17 


This study 
) 


value is somewhat higher than those of Geller ef al.,° 
and Chidley et al." given in Table ITI. 


ACKNOWLEDGMENTS 


The authors wish to express their appreciation to 
Professor C. H. Blanchard for advice on many phases 
of this work, and to Mr. R. D. Roberts for assistance 
in many of the calculations. The director and staff of 
the Pennsylvania State University reactor aided in 
performing the irradiations. 


APPENDIX 


The y-ray flux, F, at the sample position from a 
source containing p nuclei per cm’, which has a thermal- 
neutron capture cross section, ¢, and which emits y 
photons per radiative capture is given by 


F = poyS. (2) 


In this expression, ® is the thermal neutron flux at 
the face of the source which is nearest the reactor 
(away from the sample position). This flux is measured 
using gold foils which have been calibrated with a 
standard neutron source. S is a quantity which in- 


"17 B. G. Chidley, L. Katz, and S. Kowalski, Can. J. Phys. 36, 
407 (1958). 
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cludes terms to account for the attenuation of neutrons 
in the source, the attenuation of y rays between the 
source and the sample foil, and the solid angle subtended 
at the sample by the source. It is obtained from the 
expression 


1 R 
S= f 
2 r=0 


K rdrdz 
—— exp 
on FP 


A(z—h)(r?+2?)! 


Bh(r?+-2?)8 
-—C(K— 2) (3) 


~ 


where z is the vertical distance from the sample to a 
unit volume of the source, 7 is the horizontal distance 
from the sample to ‘the same unit volume, / is the 
thickness of the borated plastic, R is the radius of the 
y-ray source, and K is the thickness of the source plus 
the borated plastic. 

A is the linear attenuation coefficient of y rays in 
the source, B is the linear attenuation coefficient of y 
rays in the borated plastic, and C is the linear attenu- 
ation coefficient of neutrons in the y-ray source. 

In deriving this expression, it was assumed that the 
diameter of the sample was much less than the 
diameter of the y-ray source, i.e., that the sample 
could be considered a point. This assumption was 
justified by our experimental arrangement. It was 
also assumed that the neutron flux falloff through the 
source could be considered exponential. This assump- 
tion was verified experimentally, and at the same time, 
the attenuation factor C evaluated. With some ma- 
nipulation, S can be written 


e CK K 


= 


~ a=h 


dz e“*{ E, (2,0) — E,((R?+2")!,0)], (4) 


where Q=A+(B-—A)h/z, and the £;’s are the 
generalized exponential integral functions, discussed, 
for example, by Case, deHoffmann, and Placzek.'* 
This expression for S was numerically integrated for 
each source. The y-ray flux at the sample from each 
source was then evaluated. 

18K. M. Case, F. deHoffmann, and G. Placzek, Introduction 


to the Theory of Neutron Diffusion (U. S. Government Printing 
Office, Washington, D. C., 1953), Vol. I. 
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As Primakoff has noted, the phenomenological coupling constant of the neutral pion with the electro- 
magnetic field can be investigated by considering the photoproduction of neutral pions in an external 
Coulomb field. This is the inverse of the usual two-photon decay (one of the photons being provided by 
the external field). The relationship between the cross section and the free lifetime of the r® is derived 
Although the total cross section is small, it is found at high energy that the differential cross section is 
strongly peaked near the forward direction. The peak cross section is proportional to the fourth power of 
the photon energy. It is this feature which makes possible an experimental determination of the lifetime by 
the photoproduction method to an accuracy of about ten percent. A minimum photon energy of one Gev is 
required to avoid uncertainties in the nuclear form factor. A higher photon energy would be necessary only 
if the r° mean life is greater than 5X 10~’ sec. The backgrounds to be expected from nuclear photoproduc- 
tion are estimated and found to be sufficiently small. In particular, the interference between the coherent nu- 
clear x° photoproduction and the Primakoff process is not excessive. 





I. INTRODUCTION 


HE decay of the neutral pion into two photons is 
understood to proceed through the intermediate 
stage of a nucleon-antinucleon pair, which then under- 
goes 2y annihilation as, for example, in the case of the 
positron-electron pair of positronium. The mean life for 
the neutral pion has been calculated from meson theory 


by Steinberger,! in which perturbation theory was 
necessarily made use of, and was predicted to be of the 
order of 5X 10~"’ sec. Despite the obvious shortcomings 
of perturbation theory, it would nevertheless be inter- 
esting to compare this prediction of meson theory with 
experiment. Furthermore, the exact value of the life- 
time is of importance for proton Compton scattering.’ 
The predicted lifetime is too short to be easily measured 
by the time-of-flight method, which has established an 
upper limit* of about 40~'® sec, and hence it is useful 
to adopt an indirect approach. Such a possibility is 
provided by the observation of Primakoff,* who has 
noted that the same interaction which produces the 
decay can also be studied in the inverse process. This is 
simply the production of the 7° by the scattering of 
light on light, or more practically, by the scattering of a 

* Publication supported by the U. S. Air Force Office of Scien- 
tific Research. 

t National Science Foundation Senior Postdoctoral Fellow. 

1 J. Steinberger, Phys. Rev. 76, 1180 (1949). For more recent 


work, see M. Goldberger and S. Treiman, Nuovo cimento 9, 451 
(1958), and other references given there. 

?T. Yamagata ef al., Bull. Am. Phys. Soc. 1, 350 (1956); M 
Jacob and J. Mathews, Phys. Rev. 117, 854 (1960); G. Bernardini 
et al. (to be published). 

3G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957). 
Note added in proof. As reported at the Tenth Annual High Energy 
Physics Conference, Glasser, Seeman, and Stiller have obtained 
by this method the value for the mean life of (2.340.8) 107 
sec. Similarly, R. F. Blackie, A. Engler, and J. H. Mulvey [Phys. 
Rev. Letters 5, 384 (1960) ] report the value (3.2+1) X107'6 sec. 

*H. Primakoff, Phys. Rev. 81, 899 (1951). 


photon on a second, virtual photon provided by the 
fixed Coulomb field of a heavy nucleus. The purpose of 
this paper is to examine in detail this indirect method 
of determining the neutral pion lifetime.’ Section IT 
establishes the quantitative relationship between the 
cross section for the photoprocess and the lifetime. Sec- 
tion III deals with the experimental details of the 
method and establishes that the experiment should be 
feasible. Section IV constitutes a discussion and 
summary. The chance of exciting the nucleus in the 
Primakoff process is estimated in Appendix I. 


Il. ELECTROMAGNETIC INTERACTION OF THE =° 


The coupling of the neutral pion with the electro- 
magnetic field can be described phenomenologically by 
the perturbing term in the Hamiltonian for the inter- 
acting fields of 


H'=n f B(x) H(xy(aders, (1) 


where the integration is carried out over the volume 
of quantization V. E(x) and H(x) are the electric and 
magnetic fields, and ¥(x) represents the pion field. The 
coupling constant has been calculated from perturba- 
tion theory by Steinberger,' but here it is sufficient to 
regard it as a free parameter related to the lifetime. 
We now proceed to determine this relationship, but we 
note in passing that the local coupling expressed by 
Eq. (1) is necessarily an approximation to the true 


5 We understand that such an experiment is now in progress 
[A. Tollestrup (private communication) ]. Note added in proof. 
A. V. Tollestrup has reported the detection of the Primakoff effect 
at the Tenth Annual High Energy Physics Conference. The most 
recent Caltech value for the 7° lifetime is (1.7+1.4) 107" sec 
[M. A. Ruderman ef al., Bull. Am. Phys. Soc. 5, 508 (1960) ], 
which is consistent with the time-of-flight measurements of 
footnote 3. 
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nonlocal interaction of the fields. The accuracy to be 
expected from this approximation will be estimated in 
Sec. IV. 

The quantized field operators are represented by the 
Fourier expansions 

2r\} 
E(x) =—i(~) D> ex,rk' (ay, te *— ay e™'*), (2) 
V k,» 
and 
W(x) = (2V) } a ko V(cyte—*k-*+-¢,e%8-*) (3) 

where e,,, is a unit polarization vector, and a,,,! and 
ax,» are the creation and annihilation operators for a 
photon of momentum k and polarization v. cy’ and cx 
are the corresponding operators for the meson field. 
H(x) has the same Fourier expansion as the electric 
field, except that the polarization vector is replaced by 
kX e,,,, where k=k/k. Conforming to standard usage, 
we designate with a zero subscript the time-like com- 
ponent of a relativistic four-vector. Thus kp denotes the 
energy of a free r° and 


ko= (uw?-+k*)}, 


where the mass yp is equal to 265 electron masses or to 
135 Mev. (Throughout we employ units in which c, the 
velocity of light, and #, the reduced Planck’s constant, 
are unity.) 

The matrix element for the decay of a 7° at rest into 
two ¥ rays, each of energy /2 but of opposite directions 
and polarization is given by 


(H')=\w(2u/V)4. 


(4) 


(5) 


(Note that this matrix element is the coherent sum of 
two terms, since either the electric or the magnetic 
field can produce either of the two photons.) The 
density of the two-photon states with respect to their 
energy 2k=y is found by integrating over one hemi- 
sphere and including the double polarization degeneracy. 
Thus we find 
4nVR'dk Vue 

k)=- —=—., (6) 

8x*d(2k) 167° 


From the standard formula of time-dependent per- 
turbation theory the transition rate from the discrete 
pion state to the continuum is given by 


7 !=2mp(2k)|(H’) |? 


= hry, (7) 


Thus, if the mean life of the 2° is considered to be the 
basic parameter which characterizes its coupling with 
the electromagnetic field, the coupling constant of Eq. 
(1) can be expressed in terms of it by 


A= (4/ap'r)!. (8) 

Now, as Primakoff* has pointed out, any phenomenon 
which depends on the interaction of Eq. (1) can be used 
to determine the lifetime. Such a phenomenon is the 
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inverse of the normal decay, or the production of neu- 
tral pions by the collision of light with light. Of course, 
it is more practical to supply one of the photons by the 
Coulomb field of the nucleus. Therefore, we now proceed 
to calculate the cross section for the photoproduction of 
the neutral pion in the Coulomb field, which we shall 
call the ‘‘Primakoff process.” Let the angle of the final 
7 momentum k’ with respect to k (the photon mo- 
mentum) be 6. Then the matrix element of H’ for the 


creation of the x° and the absorption of the photon in 
the Coulomb field is found to be 


(9) 


rt 
(H’) =i—(kXe)- f B(x) Benge. 
y 


Energy conservation requires k=ko’. Since the mass 
changes, some momentum transfer to the nucleus must 
take place, of amount 


K=k—k’, (10) 


and of magnitude given by 


K?=k?+-k”—2kk’ cos 
4kk’[4A?+sin?(0/2) ], 
where 


A=," !— 8}. 


8 is the velocity of the final pion. The electric field of 
the nucleus which occurs inside the integral in Eq. (9) 
is given by 

E(x) grad¢(x), (13) 


where the electrostatic potential g(x) must satisfy 
Poisson’s equation relating it to the charge density 
p(X): 

V?o(x) (14) 


torp( x). 
The Fourier transform is 


4nZe 
foe tq*y= ny F(K), 


where the form factor is given by the expression 


F(K)= (Ze) f o(xem Xx, (16) 


Z is the atomic number of the nucleus and e is the elec- 
tron charge. Integrating by parts now gives 


4riZe 
[Eee =q?&y = K— —F(K). (17) 
R? 


If we denote the angle between the plane of polariza- 
tion and the plane of reaction by ¢, we find the follow- 
ing expression for the matrix element 


4artZek' 


(H’) =\———— sin@ sin¢F (K). (18) 
VK? 
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Substitution from Eq. (11) gives 
miZe sind sing 


(H’)= —__—_ 
Vk }A?-+sin?(0/2) 


F(K). (19) 


We can now calculate the differential cross section 
for the production of a x° in a differential solid angle 
dQ from perturbation theory by multiplying the square 
of the matrix element by 27 times the state density of 
(2r)-*V k"B-'dQ, and by dividing by the incident photon 
flux density of V~'. Elimination of the coupling con- 
stant by substitution from Eq. (8) finally gives for the 
differential cross section 


dQ u’r [4A?+sin?(0/2) PF 


da(0,o) Zeés sin’@ sin’ 


|F(K)|?. (20) 


For unpolarized incident radiation, sin*¢ is to be re- 
placed by }. For convenience, in studying the conse- 
quences of this formula, we shall neglect for the moment 
the extension of the nucleus and set the form factor 
equal to unity. The error incurred in this approxima- 
tion will be estimated further below. We should further 
mention that we ignore completely here any incoherent 
production by the individual protons since this con- 
tribution to the production of 7°’s is proportional to the 
first power of the atomic number, and is significantly 
smaller than the coherent cross section for the large 
atomic numbers of interest. We also neglect nuclear 
excitation to excited bound states. (See Appendix I.) 
The total cross section is easily obtained by integration 


over Eq. (20): 
i & 4 
| (5+ ) in( 14+) 1] (21) 
2 4 A? 
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wer 
It is clearly advantageous for the photon energy to be 
well above the threshold, and therefore in our subse- 
quent work we shall make approximations justified in 
the relativistic limit of k>>u, or 8~1. Thus we obtain 

A=p?/2k?, (22) 

and 


o,=4nCz[In(2k/n)—} |, 
where the Z-dependent coefficient is 


Cz=827%e/p'r. 


(23) 


(24) 


Primakoff* has given a similar formula for the total 
cross section, but his expression must be divided by x 
and multiplied by the quantity in brackets in Eq. 
(23) in order to make it agree with our expression. Our 
result agrees, however, with some more recent work® 
of Morpurgo and of Berman. It should be emphasized 
that Eq. (23) applies only to the ideal case of a point 
nucleus. The effect of finite nuclear size is discussed in 
the following section. 


*G. Morpurgo, Suppl. Nuovo cimento 16, 445 (1960); S. 
Berman, California Institute of Technology Report (unpublished). 
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Ill. PHOTOPRODUCTION IN THE COULOMB FIELD 


It is evident that an experimental measurement of the 
cross section for the Primakoff process would lead to a 
numerical value for the coefficient Cz which in turn, by 
means of Eq. (24), would yield a value for the pion life- 
time. We therefore investigate in this section whether 
or not such an experiment would be feasible, by esti- 
mating the order of magnitude to be expected for this 
coefficient. Let us assume a specific value for the life- 
time, and as a reasonable choice take 


r= 10s =4.7X10-" sec. (25) 


This is actually a quite conservative choice for the 
lifetime, since values greater than this by as much as 
an order of magnitude are excluded by the time-of- 
flight measurements.’ Furthermore, the limits 10-'S 
secS 7S 10-'* sec have been deduced from the proton 
Compton effect.2 The value which we are choosing here 
is the same as that given by Steinberger’s perturbation 
calculation.' With this choice and taking as the most 
favorable choice of target material lead, with Z=82 
we find 
Cz= 1.24 10-*Z? cm? 


= ().84 pb. (26) 


At a photon energy of 1 Gev this would yield a total 
cross section according to Eq. (23) of 23 ub (1 uh=10-" 
cm?). This result can be compared with the background 
cross section which arises from the ordinary photo- 
nuclear process. According to Berkelman and Wag- 
goner,’ at 950 Mev, the differential cross section for 
the photoproduction of x°’s on protons in the forward 
direction is of the order of on =1 ub/sr. At other angles 
it is not more than a factor of two or three times this. 
Let us adopt this number also as a rough estimate for 
the neutron cross section. Because of the short mean 
free path of the rs at high energy, only the nucleons 
on the half of the nuclear surface away from the in- 
cident photon beam will be effective. r’s produced in- 
side the nucleus or at the front surface will be absorbed 
before leaving the nucleus. The number of nucleons on 
one hemisphere is given roughly by 24! or about 77 for 
lead, with A = 208. Thus, we should expect a background 
differential cross section in lead of roughly 77¢4=77 ub. 
The ratio of the total cross sections for the electro- 
magnetic process and the nuclear process is roughly 
given by the ratio of the coefficient Cz to the back- 
ground differential cross section that we have just 
calculated, or 


Cz/2Alon=0.01. (27) 


In other words, the nuclear process can be expected to 
be two orders of magnitude stronger than the electro- 
magnetic process of interest. Thus the total cross section 
is clearly too small to lend itself to a measurement of the 
r® lifetime. The logarithmic energy dependence in Eq. 


7K. Berkelman and J. A. Waggoner, Phys. Rev. 117, 1364 


(1960). 
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(23) is too weak to alter this conclusion even at very 
high energy. 

However, the differential cross sections for the two 
different processes have strikingly different angular dis- 
tributions which should make it possible to separate 
them experimentally. When the high-energy and small- 
angle approximations are made in Eq. (20) we find for 
unpolarized photons the following expression: 


do (6)/d2=C 76/ (A2+6)?. (28) 


But before considering this formula in detail it is de- 
sirable to study first other sources of background in 
addition to that estimated in the preceding paragraph. 
First is the interference between the Primakoff process 
and the coherent non-spin-flip nuclear photoproduction 
of w°’s. The amplitude for the 7° wave arising from the 
former is equal to Cz!@/(A?+6). This interferes co- 
herently with the non-spin-flip amplitude arising from 
each nucleon, which vanishes for 6=0 and can be esti- 
mated roughly as 2A '¢y4@. Thus the cross product be- 
comes independent of 6 for 6>A and is simply a con- 
stant addition to the ordinary incoherent background. 
(Actually, inclusion of a form factor would decrease 
this estimate and introduce some angular dependence.) 
The ratio of the interfering background to the incoherent 
background is given by 


2Cz\(2Alon') & Cz\} 
- -—- —— ———_ <2] — } =~2. (29) 
2Aloy Le e 

Thus, the contribution due to interference is a factor 
of about two times the ordinary incoherent source of 
background. Therefore, the interference plays no im- 
portant role in the photoproduction process and can be 
ignored in the subsequent discussion, except for its 
effect in enhancing the background. 

The coherent production alone also contributes to 
the background, but we quickly note that this term in 
the cross section is much smaller than the interference 
term. The coherent cross section is larger than the in- 
coherent by the number of nucleons contributing, but 
smaller by the angular factor @. Thus the two terms are 
of the same order of magnitude for 6=77-!=0.11 rad. 
But since, as we shall see below, we are interested in 
angles smaller than this by at least a factor of three, it is 
clear that the coherent process by itself is an order of 
magnitude weaker than the incoherent photoproduction 
on the individual nucleons, which can be expected to be 
the main source of background in the experiment.* 

Proceeding now to discuss the behavior of the dif- 
ferential cross section in the high-energy range, we note 


§ The coherent production has recently been studied at 300 
Mev by G. Davidson, Ph.D. thesis, Massachusetts Institute of 
Technology, August, 1959 (unpublished). Note added in proof. 
C. Chiuderi and G. Morpurgo have recently carried out a detailed 
investigation (Nuovo cimento, to be published), based on the 
impulse approximation, of the expected nuclear photoproduction 
background. Their results are substantially in agreement with 
the rough estimates obtained here. 
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that the differential cross section has a pronounced 
maximum at 6=A, of value 


(do /d2)max=Cz(k/u)*=2.5 mb/sr. (30) 


The numerical value has been obtained by again choos- 
ing the energy equal to 1 Gev, for which case 6=9.1 
mrad or about one half of a degree. The energy-de- 
pendent factor amounts to about 3000 for this case, so 
that now the differential cross section for the desired 
process is greater than the background by an order of 
magnitude. Because of the somewhat indirect nature of 
the detection of the r”’s by their decay y rays, it is out 
of the question to investigate experimentally the very 
sharp detail in the angular distribution described by 
Eq. (28). Therefore we need to calculate the average 
differential cross section for a measurement of flux 
inside the finite solid angle subtended, say, by a core of 
half angle equal to @,. This can easily be found to be 
given by the expression 


do TLE do 
eal (3) (ce) a 


where the function is 


(31) 


f(x) =— In(1+2?)— ——. (32) 

ra 1+-* 
This function has a broad maximum at x= 1.1, where it 
takes on the value 0.81. The average cross section drops 
to 77% of the maximum at @.=2.2A and then more 
rapidly to 62% at @.=3A. For the purpose of further 
discussion we shall choose 6,= 3A, since it is clear that 
not much will be gained in counting rate by going to 
larger solid angles, which instead would simply bring 
in more background counts. 

Before proceeding, we should now examine the effect 
of the form factor on the differential cross section which 
we have studied. Determination of the form factor is 
not completely unambiguous since a strict application 
of Eq. (16) would correspond to including +’s which 
are produced inside the nucleus. As stated above, these 
will be absorbed as they propagate outwards toward the 
surface. To avoid including a contribution from pro- 
duction in the interior, we take the electric field to 
vanish there, as if all the charge were concentrated at 
the nuclear surface. A further refinement would be to 
exclude the integration over the cylindrical region of 
space of cross-sectional area equal to that of the nucleus 
and extending from the front side of the nucleus towards 
the incident photon beam. The pions produced in this 
region can be expected to propagate forward and to be 
intercepted by the nucleus. We have not evaluated this 
second correction, but it seems likely that it is smaller 
than the first. 

The form factor for our “effective” nuclear dis- 
tribution in which all of the charge Ze is spread uni- 
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formly over the surface of a sphere of radius R is 
F(K)=(sinKR)/KR. (33) 


Making a Taylor series expansion, we find for the 
average value of the form factor squared, the expression 


[F(K)? lav 1—4R?(K?)av, (34) 


where the percentage error in the magnitude of the re- 
duction below unity, due to the neglect of the higher 
terms, is roughly two-fifths of the reduction itself. The 
mean value of the transfer momentum squared can be 
calculated in a straightforward manner from the dif- 
ferential cross section given by Eq. (28) and is found 
to be 


A—(1+02/4")~ In(1+02/A*) 


‘In(1+02/d2)— (1 +e 62) 
1.38 (u/k)*u?. 


K,. is the momentum transfer corresponding to the 
cutoff angle @., which we have taken equal to 3A. For 
an energy of 1 Gev, we find a reduction in the mean 
differential cross section of 16%. Inclusion of the higher 
terms in Eq. (34) would change this to 15%, while the 
second correction discussed in the preceding paragraph 
might amount to a further reduction of from five to 
ten percent. This gives a total reduction in the mean 
differential cross section of 20-25%. Thus it is clear 
that at this energy the finite size of the nucleus does 
not introduce any serious uncertainty into the experi- 
mental determination of the pion lifetime. At somewhat 
lower energies, however, the situation will not be so 
favorable, as the mean squared form factor will de- 
crease rapidly with energy, with a correspondingly large 
increase in the uncertainty of the correction. For ex- 
ample, at 600 Mev Eq. (34) above already gives a 
reduction of about 50%, so that an uncertainty of the 
least a factor of two in the inferred value of the 7° 
lifetime would be unavoidable at this lower energy. 

To return to the discussion of background, we should 
like to make clear that the experiment can be employed 
to determine an accurate value of the 7° mean life even 
if the latter turns out to be considerably longer than 
the value 5X10~-'? assumed here. Then at 1 Gev the 
signal is no longer so much stronger than the back- 
ground. But, because of the fourth-power dependence 
in Eq. (30), the situation is repaired by going to 
slightly higher energy. For example, a factor-of-two 
increase in energy will compensate for a factor of sixteen 
in r. It is clear that some angular dependence is in- 
evitable in the background. Therefore, it is desirable 
that the latter always be smaller than the signal by an 
order of magnitude, so that no serious uncertainty is 
introduced by the subtraction of the background. 

We now turn to the question of the absolute counting 
rate to be expected in the experiment. We have seen 
that @.=3A is a reasonable choice and limits the back- 
ground counting rate from the nuclear photomeson 





(K*)w=Ke 


(35) 
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effect to the order of 14% of the effect being sought. This 
choice of angle gives already 16% of the total cross 
section so that not much would be gained by going to 
larger cutoff angles. Thus we should expect with this 
cutoff angle at an energy of 1 Gev a production cross 
section of about 2.9 ub, with the lifetime assumption 
made above in Eq. (25). This can be compared with a 
pair production cross section® of 41 barns, corresponding 
to a radiation length in lead of 0.75 cm. Thus, if the 
target of one radiation length in thickness is chosen, 
the chance is roughly 7 10~-* per photon of 1 Gev that 
a desired event will occur. We must multiply this by 
the efficiency for detecting the decay y rays of a 7°. 
Here it is essential to use two counters in coincidence, 
since the direction of the 7° must be determined within 
the angle @,. Thus it is clear that each counter should be 
placed symmetrically at an angle of u/k about the 
incident photon direction, and should subtend an angle 
of the order of @.. In order to define the w® direction 
within the decay plane, as well as normal to it, it is 
necessary to measure the y energies in each counter and 
to require them to be equal, to an accuracy of y/k 
(14% at 1 Bev). Under these conditions it is easily 
seen that the role of the second counter is to discriminate 
against “wide-angle” background 7°’s, while admitting 
the “desirable” small-angle 7x’s resulting from the 
Primakoff process. (We note in passing that registering 
coincidences in which the y energies are not equal will 
give a simultaneous determination of background.) The 
coincidence efficiency can consequently be estimated 
from the ratio of the solid angle of a single counter, 16.2, 
to the solid angle over which the decay y’s are dis- 
tributed, r(u/k)*. This gives an efficiency of (0.k/u)° 
= (3u/2k)?=0.04. (This efficiency can, of course, be in- 
creased by using several such pairs of counters, placed 
in a ring about the direction of the incidence photons.) 
Thus the expected counting rate is 3X 10-*X the inci- 
dent photon flux. To take a specific example, if we 
assume that there are 10’ incident photons per second 
of the required energy and of the required collimation 
of about 30 mrad (2°), we would expect one event every 
30 seconds, or about one hundred per hour. On the other 
hand, it may be necessary to use a target very much 
thinner than one radiation length, in order to avoid 
background arising from the electron showers produced 
in the target. If this is the case, the counting rate would, 
of course, be reduced accordingly. 
IV. DISCUSSION AND SUMMARY 

The Hamiltonian operator of Eq. (1) is an approxi- 
mation to the true interaction of the 7° field with the 
electromagnetic field. Therefore we have incurred some 
error in using it to calculate the matrix element for the 
Primakoff process. This error can be estimated by writ- 
ing the matrix element in Lorentz covariant form and by 
employing the analytic consequences of causality to 


*W. Heitler, Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed., p. 260. 
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obtain an integral representation for the matrix element. 
The integration extends over an effective “photon- 
mass” spectrum. The spectrum begins with the smallest 
mass 2u, which is the minimum frequency for which a 
fluctuating electromagnetic field can experience ab- 
sorption by producing a real transition in an inter- 
mediate state (pion pair). Thus, for small momentum 
transfers from the Coulomb field (imaginary virtual 
photon mass), the integrand can be expanded in a 
power series. This leads to a correction factor in the 
cross section for the Primakoff process of the form 


f=1+4}(R?*)av/? 
1+0.4a(u/k)? 
1 + 0.007, 


(36) 


where a is some numerical coefficient of the order of 
unity, and we have substituted Eq. (35) and set the 
energy equal to 1 Gev. Thus it is clear that an error 
arising from Eq. (1) in the determination of the 7° 
lifetime from the Primakoff process of more than a few 
percent is quite unlikely. A way of measuring experi- 
mentally the coefficient a has been recently proposed 
by Petermann” and by Berman and Geffen.’ Namely, 
the matrix element, which governs the Primakoff effect, 
enters also in the creation of Dalitz pairs in the 7° 
decay, with values of the mass of the virtual photon 
ranging from 0 to the 7° mass u. Therefore, the measure- 
ment of the dependence of the decay rate on the total 
energy of the emitted electron-positron pair to an ac- 
curacy of a few percent should yield a good determina- 
tion of the coefficient a in the power series expansion 
of the matrix element. 

In principle, the coupling of the 7° to the electro- 
magnetic field gives rise to other phenomena besides 
the 2y decay, the decay into Dalitz pairs, and the 
Primakoff process. But the probability of these other 
processes seems to be much too small to make them of 
anything but academic interest. For example, the 7° 
could serve as an intermediate state in the free-photon 
scattering of light by light and also in Delbruck scatter- 
ing, but rough estimates place these contributions far 
beyond the limits of observability. A further process," 
similar to the production of Dalitz pairs, is the internal 
conversion of one of the decay photons of the x® by an 
atomic electron. If m and m are the electron mass and 
density, respectively, one finds for the branching ratio 
for internal conversion 

R=4nne*/m*u. (37) 
But even for the very high electron density at the center 
of a lead atom this amounts to only about 6X 10~-°. The 
actual branching ratio depends on how long the 7° re- 


10 A. Petermann (private communication); S. Berman and 
D. A. Geffen (to be published). Note added in proof. The measure- 
ment has been completed by N. P. Samios (Phys. Rev. 121, 275 
1961), who finds a=1.0-+0.6. 

il G. Bernardini (private communication). 
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mains in such a region of high density, and would 
therefore give a determination of the lifetime, assuming 
that one knew the velocity of the rs produced at the 
nucleus. But with a lifetime of 5X 10~—" sec and a ve- 
locity of 10° cm/sec, one should expect a branching 
ratio of the order of only 10-*. Thus it is clear that 
internal conversion also does not provide any practical 
alternative to the Primakoff process for the 7°-lifetime 
determination. 

From an operational point of view, the Primakoff 
process can be considered as a type of photon splitting, 
since the incident photon emerges as two lower energy 
photons. Thus, the observation of it must in principle 
contend with any other concurrent modes of photon 
splitting, such as the purely electromagnetic process via 
an intermediate electron-positron pair. So far as the 
authors are aware, the cross section for this latter has 
not yet been calculated from quantum electrody- 
namics," but it seems likely to be small and to be 
confined to much smaller angles for the divergent 
photons. In any case, because of the characteristic 
relationship between the angle and energy of the decay 
photons in the Primakoff process, it should be possible 
to separate the two different types of photon splitting. 

To summarize the principal results of this paper, we 
have seen first of all that the total cross section for the 
Primakoff effect is too small by two orders of magnitude 
to permit the separation of it from the background of 
nuclear photoproduction. But the drastic peaking of the 
differential cross section in the nearly forward direction 
changes the situation to an order of magnitude in favor 
of the Primakoff avoid serious uncer- 
tainties associated with the interaction and absorption 
of the rs by the nucleus, a minimum photon energy 
of 1 Gev is required. At this energy the momentum 
transfer is sufficiently small that the 2° production 
takes place predominantly outside the nucleus. To take 
advantage of the peaking of the differential cross sec- 
tion, it is necessary to measure the energy of both decay 
photons. With all of these prerequisites met, it should 
be possible to determine the 7° mean life to, say, ten 
percent accuracy. It should be emphasized that the 
coherent nuclear photoproduction does not introduce 
any great uncertainty, since it does not contribute 
excessively to the background in the experiment. 


process. To 
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2 For an estimate of the total cross section see, however, M. 
Bolsterli, Phys. Rev. 94, 367 (1954). 
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APPENDIX I. NUCLEAR EXCITATION 


In the discussion preceding Eq. (21) we have men- 
tioned that we neglect any nuclear excitation and con- 
sider only that portion of the Primakoff process which 
leaves the nucleus in the ground state. It is clear that 
highly excited states of a single-particle nature will not 
be important because of their intrinsically small matrix 
elements. But it might be supposed that certain special 
excited states of a collective nature, such as, for example, 
the giant dipole resonance, would have sufficiently 
strong coupling to the electromagnetic field to make a 
significant contribution to the cross section for the 
Primakoff process. We shall establish that this is, 
however, not the case and that our neglect of such 
states is also well justified. 

In place of Eq. (20) where F(A) is evaluated as an 
expectation value in the ground state, we need to write 
a similar equation for the differential cross section for 
the Primakoff process when the nucleus is left in, say, 
its mth excited state. Then in place of F(K) we have the 
inelastic form factor 

F,(K)=Z""' (Xp e*™) no 
=~ iZ1K (Sp Xp) no, (38) 
where the sum is over all protons and the matrix element 
is taken between the ground and excited state. «, is the 
component of x, in the direction of K. We have made a 
dipole approximation to the power series expansion of 
the exponentials, which will be good enough for the 
small values of K of interest. Now we need to establish 


the size of |F,(K)|?. This can be accomplished by 
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employing the dipole sum rule 
Dal (Dp Xp) n0|?=1.4NZ/2AM Ew, 


where the factor 1.4 arises from the nuclear exchange 
forces® and E,y is an average excitation energy which 
can be estimated for lead at about 15 Mev. N and A are 
the neutron and nucleon number, respectively. Sub- 
stituting from Eq. (38), we obtain 


L4NK? 


(39) 


E |Fa(K) |" 


2MZA Ew 


=1.5X10-28 cm? ®°, (40) 


This can be compared with the K? correction term of 
Eq. (34) for the elastic form factor: 


+ R°K?~1.5X10-* cm? K°, 


Thus, the contribution of the inelastic processes is 

about one thousand times smaller than the correction 

to the elastic process, and therefore is quite negligible. 
* . . - 

Actually, the minimum momentum transfer depends 
sensitively on the excitation energy. Therefore, the 
above work should not be considered as an accurate 
determination, but rather as an overestimate. For 
example, already at an excitation energy of 9 Mev the 
value of A is doubled, which reduces the peak differen- 
tial cross section by a factor of four. 

18 J. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). M. 
Gell-Mann, M. L. Goldberger, and W. E. Thirring, Phys. Rev. 
95, 1612 (1954). 

14 Similarly, it would seem that the closure approximation used 

by Primakoff (reference 4) is not justified 
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The differential cross section for charge-exchange scattering of negative pions by hydrogen has been 
observed at 230, 260, 290, 317, and 371 Mev. The reaction was observed by detecting one gamma ray from 
the x decay with a scintillation-counter telescope. A least-squares analysis was performed to fit the observa- 


tions to the function 


da 


dw i=! 


& 
=> >> a,P}_; (cos@) 


in the c.m. frame. The best fit to our experimental measurements requires only s- and p-wave scattering. 


The results (in mb 


are: 

E (Mev) ay 
230+8 2.50+0.10 
260+7 2.02+0.08 
290+9 1.45+0.06 
317+8 1.40+0.06 
37149 1.08+0.05 


a2 a3 
1.39+0.15 2.73+0.28 
1.75+0.14 2.15+0.22 
1.80+0.10 1.89+0.18 
1.85+0.10 1.50+0.17 
1.63+0.08 1.18+0.12 


The least-squares analysis indicates that d-wave scattering is not established in this energy range 


I. INTRODUCTION 


HE purpose of this experiment was to investigate 

the differential scattering cross section for the 
reaction 

nr +p— n+n— ly+n (1) 


in the energy range from 230 to 370 Mev, paying special 
attention to the search for d-wave scattering. 

We note that evidence for d-wave scattering has re- 
cently been established within this energy range for 
x*-proton' and w~-proton? elastic scattering. 

The results of our work are a significant reduction in 
the experimental errors in the angular distribution co- 
efficients previously reported within this energy range,*“* 
and that we have found no evidence for a d-wave con- 
tribution to charge-exchange scattering within this 
energy range. Statistical goodness-of-fit criteria indicate 
that s- and p-wave scattering adequately fit the 
measurements. 

The charge-exchange reaction cannot be observed 
directly, since the 7° meson decays isotropically in its 
own rest frame in a time somewhat less than 10~'® sec. 





* Research was performed under the auspices of the U. S. 
Atomic Energy Commission. 

tNow at Lawrence Radiation 
California. 

1J. H. Foote, O. Chamberlain, E. H. Rogers, H. M. Steiner, 
C. Wiegand, and T. Ypsilantis, Lawrence Radiation Laboratory 
Report UCRL-8981, November, 1959 (unpublished). 

?L. K. Goodwin, R. W. Kenney, and V. Perez-Mendez, Phys. 
Rev. Letters 3, 522 (1959). 

3S. M. Korenchenko and V. G. Zinov, International Conference 
on Mesons and Recently Discovered Particles, Padua-Venice, 
September, 1957 (to be published). 

4V. G. Zinov and S. M. Korenchenko, Zhur. Eksptl. i Teoret. 
Fiz. 36, 618-619 (1959) [translation: Soviet Phys.-JETP 36(9), 
429 (1959) ]. 
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One must deduce the 7° angular distribution from a 
gamma-ray distribution observed in the laboratory 
system. The laboratory-system photon distribution is 
aberrated in direction and Doppler-shifted in frequency 
by the motion of the x° meson. 

The effort to detect d-wave scattering included the 
extension of the range of angular-distribution measure- 
ments and an improvement in the counter-telescope 
calibration. 

First, we were able to measure the photon flux at 
0 deg (lab), where d waves would have a significant 
effect on the distribution’s shape. We knew of no 
charge-exchange data forward of 15 deg (lab). 

Secondly, the absolute efficiency of the photon counter 
as a function of incident photon energy was measured 
and was included in the analysis, which was essentially 
the analysis method reported by Anderson and Glicks- 
man?® generalized to include d waves. The accuracy of 
our absolute counter efficiency measurements was 


Sree 
+9.9%. 


Il. EXPERIMENTAL ARRANGEMENT 
A. Magnet System and Pion Beams 


Our experimental arrangement is shown in Fig. 1. 
Negative pions created on a beryllium target internal 
to the Berkeley 184-in. synchrocyclotron were momen- 
tum-analyzed and focused onto a liquid hydrogen tar- 
get. The pion beam was collimated by a 1#-in. diameter 
brass tube through a 2-ft thick lead wall. Two quadru- 
pole magnets were used in focusing the beam onto the 


*B.. 1. 


(1955). 


Anderson and M. Glicksman, Phys. Rev. 100, 268 




















894 CARIS, KENNEY, PEREZ 


Concrete 


8" Quadrupole 

magnet 
8" Quadrupole 
magnet 














pot 


Bending & focusing 
magnet 











Beryllium 
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Iron collimator 


hydrogen target and preserved beam intensity suffi- 
ciently to allow our using a small-diameter collimator. 
The intensity of the transmitted beam was 20X10 
pions per sec (time-average rate). 

Energies and muon contaminations of our pion beams 
were determined from range curves in copper. Table I 
summarizes the pion beam characteristics. The mean 
energies at the center of the liquid hydrogen target in- 
cludes a 1.5-Mev subtraction for loss of incident-pion 
energy in the first half of the hydrogen target. 

The electron contamination in these beams was 
measured for the 230- and 290-Mev beams by using a 
gas Cerenkov counter® as the central unit in a three- 
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Fic. 2. Horizontal and vertical beam profiles measured at the 
position of the liquid hydrogen target. 
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Fic. 1, Diagram ofthe experi 
mental arrangement. 


‘ 
<Gommoa-roy counter 


counter telescope. This counter was unavailable during 
the run at 260, 317, and 371 Mev. Calculated electron 
contaminations agree well with the measurements. 

Figure 2 shows horizontal and vertical pion beam 
profiles at the position of the hydrogen target. The 
profiles were measured by a 1-in. diam counter in co- 
incidence with the beam monitor counters. Profile 
width due to 1-in. counter resolution is subtracted 
from Fig. 2. 


B. Counter Telescope 


We used a gamma-ray scintillation counter telescope 
having a removable Pb converter. A Lucite Cerenkov 
counter was included to eliminate accidental counts due 
to slow charged particles. Figure 3 shows the counter 
and hydrogen target arrangement. Figure 4 shows a 
schematic diagram of the gamma-ray counter telescope. 

A gamma ray was inferred by the conditions (a) a 
monitor coincidence between counters 1 and 2, (b) a 
simultaneous pulse in ScI, Cerenkov, and ScII 
counters and, (c) no simultaneous anticoincidence pulse. 
Figure 5 shows a “Pb curve” observed while counting 
gamma rays from the charge-exchange reaction. 

All scintillators were composed of a solid solution of 
para-terphenyl in polystyrene. 

The }-in. thick lead converter defined the solid angle 
subtended by the counter. Edge effects due to gamma 
rays striking the converter near the edges or at an angle 











TABLE I. Characteristics of negative pion beams 
Energy AT 
(Mev) (Mev) &% muons © electrons 
230 +8 10 +1.0 4.7+1.0* 
260 7 10 +1.0 3 +2> 
290 _-9 7.4+0.8 1.0-+0.5* 
317 +8 6.0+1.0 2 +1> 
371 +9 4.0+1.0 2 +1> 
* Electron contamination measured with gas Cerenkov counter. 


b Electron contamination estimated by calculation. 





tion Laboratory Report UCRL-8570, December, 1959 (un- 
published). 
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Fic. 3. Liquid hydrogen target and counter telescope. 


from the normal are not negligible. We corrected for 
these effects by experimental measurements. 

The efficiency of the counter telescope was observed 
to be independent of time and of angular position about 
the target. 


C. Liquid Hydrogen Target 


The hydrogen target reservoir has been previously 
described.’ The spherical vacuum jacket of the liquid 
hydrogen target was formed by welding together two 
spun aluminum hemispheres. The jacket was 0.090 in. 
thick. Beam entry and exit windows were !aminated 
Mylar sheet 0.020 in. thick and 4.5 in. in diameter. An 
aluminum flange clamped the end windows in place. 
Vacuum seal was made by an O-ring between the Mylar 
sheet and the flange base. 

The hydrogen-cell wall was a uniform 0.020-in.-thick 
laminated Mylar cylinder. The walls were bonded by a 
Versamid-epoxy resin to }-in.-thick brass plates forming 
the top and bottom. The cell was 5 in. high, 4 in. thick, 
and 8 in. long. A 0.001-in. aluminum foil heat shield, 
with beam entry and exit holes, surrounded the hydro 


r Anticoincidence (6x6x+4") 
Pb converter (4x4x 4°). 
Scintillator I (4x4x$) 
Lucite Cerenkov (4x4x2’) 
Scintillator IJ (4x4x>) 





YSU 

















l'ic. 4. Gamma-ray counter telescope schematic diagram. 


7D. D. Newhart, V. Perez-Mendez, and W. L. Pope, Lawrence 
Radiation Laboratory Report UCRL-8857, August, 1959 (un 


published), 
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Fic. 5. Gamma-ray telescope counting rate as a function of Pb 
converter thickness. The lead-in to lead-out ratio is 17 to 1 for 
j-in. lead converter. The target-full to target-empty ratio is 8 to 1 
for a }-in. lead converter. This curve was obtained at 40 deg (lab). 


gen cell. Beam-profile measurements defined the beam’s 
trajectory in space. The target was aligned by adjust- 
ment screws so that the beam axis traversed the center 
of the hydrogen cell. An internal pressure of 1 atmos- 
phere bows the hydrogen cell walls. A grid of dots placed 
on the cell walls enabled us to measure the bow 
accurately. 
Experimental Technique 

Observation angles ranged from 0 to 155 deg (lab). 
We measured the gamma-ray angular distributions for 
at least nine laboratory-system angles. Net gamma-ray 
counting rates per incident negative pion resulted from a 
series of eight individual measurements at each lab 
angle. Net counting rate is given by 


ret M Ho,} 4 I N 
1 N N 9,N I 
( ) (|) enta 


Y Y 
+- ’ — 
M/ Nottz,P M 7 Not2,NoPb Jaccidental , 


(2) 
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where (y/M) is the gamma-ray counts per unit monitor 
count, and the subscripts denote the target and lead 
converter conditions. We measured accidental counts 
by delaying the monitor coincidence circuit output by 
the time of one cyclotron beam fine-structure bunch 
(5.4X10-® sec) relative to the gamma-ray counter. 
Accidental measurements are discussed later. We made 
measurements of net counting rate at each angle as 
part of a regular cycle. At least three cycles were com- 
pleted for each incident pion energy. No net counting 
rate was found statistically at variance with those of 
different cycles. Table II shows typical counting rates 
for 260-Mev incident negative pions. 

We took special precautions at 0 and 10 deg. At 0 deg 
the incident pion beam traversed the counter and was 
electronically rejected by the anticoincidence counter. 
We made careful jamming checks for various incident 
pion fluxes. Forward data were found independent of 
beam flux below 8000 incident pions per sec on a time- 
average basis. Fluxes from 13000 to 17 000 incident 
pions per sec (time average) were used for angles of 
20 deg or greater. 
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III. ANALYSIS 
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0.20+0.20 
6.06+0.42 
1.00+0.38 
0.15+0.09 
41.95+1.13 
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Most reported experiments analyze the observed 
gamma-ray angular distributions by using 


‘ 


6+0.34 
0.83+0.21 


do, \Y M) net 


es (3) 
dw ntfGAQ 


0.16+0.16 


4.34+0.42 


‘ef 


75.79-+1.20 
2. 86-+0.52 


0.50+0.1 
0 
62.32+1.44 


where (7/M)net is the net gamma-ray counting rate 
per incident pion, w/ is the target thickness in protons 
cm’, f is the pion percentage of the beam, GAQ is the 
corrected solid angle in sr, and é is the detector effi- 
ciency for the average gamma-ray energy observed at a 
given angle. The gamma-ray differential cross section 
is fitted to the function 
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137.54 1.88 
0-+0 


da,/dw=> b:P1-1(a). (4) 
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7 
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(We chose to designate the coefficients as a; through a; 
so that / corresponds to the order of the fit. For this 
reason we express the differential cross section in the 
form above rather than have / correspond to the order 
of the Legendre polynomial. The charge-exchange dif- 
ferential cross section is then obtained in the form 


do,*/dw=>> a,P1(a) (5) 
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Real 


Accidental 
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Accidental 


by use of the fact that each a; is directly proportional 
to the corresponding 6.8 

This treatment is not quite correct, however. The 
detector efficiency for the gamma ray of the average 
energy used in Eq. (3) is not a good approximation to 
the average detection efficiency at a given angle, since 


Target and con- 
verter condition 


we know the incident gamma rays range widely in 


* H. L. Anderson, E. Fermi, R. Martin, and D. E. Nagle, Phys. 
Rev. 91, 155 (1953). 
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TABLE III. Angle-independent experimental results used for the least-squares analyses. 





7 
pion (%) 


in incident beam ¥ n=By 


Energy nt 
(Mev) (protons/cm*) 


230 (4.56+0.09) x 108 85.3+1.4 
260 87.042.2 
290 91.6+1.3 
317 92.0+2.2 
371 94.0+1.5 


no=Byo 


0.2711+40.0062 
0.2891+0.0047 
0.3111+0.0058 
0.3255+0.0050 
0.3578+0.0050 


1.036+0.002 
1.038+-0.001 
1.047+0.002 
1.049+0.002 
1.060+0.002 


2.138+0.038 
2.264+0.029 
2.385+0.036 
2.492+0.031 
2.699+0.033 


2.031+0.032 
166+0.039 
283+0.034 
507+0.036 


bho bh bo 


energy and the detector efficiency varies rapidly with 
energy. The above makes clear the need for a more 
exact method of analysis. 

The analysis method,’ generalized to include d-wave 
scattering, is outlined below with a brief explanation 
of our least-squares analyses. 

Beginning with Eq. (5), expressing the charge-ex- 
change cross section in terms of the desired coefficients, 
a), one derives the gamma-ray differential cross section 
in the laboratory frame, 


do, 1 5 + P, i(x)dx 
> al () f —————._ (6) 
1 (y—nx)* 


dQ = (yo— m2)? i=! 
Figure 6 and Table III define the nomenclature. The 
integral of Eq. (6) expresses the analytical form for the 
gamma-ray spectrum observed at a given angle. The 
gamma-ray differential cross section is related to the 
observed counting rates by defining an “apparent” 
cross section for gamma-ray production in the center- 
of-mass system,° 


do, (¥ 


M ) net (Yo N02)” 


dQ ntfGaQ 


Equating (6) and (7), we have 


(7 M) net ( _— Nz)? 


ntifGAaQ 


5 * e(x,2)Pri(x)dx 
=>> aP of - . i 
I=1 : 


(y—nx)? 


where the explicit detector efficiency ¢(x,z) has been 
placed under the integral sign. The quantity GAQ de- 
pends slightly on x and should ideally be included in 
the integrand of (8). Neglecting this dependence for- 
mally is a very good approximation because the de- 
pendence is slight and suitable averages have been made 
for the quantity GAQ. The analysis treatment is exact 
except for this approximation. 

To express (8) in convenient form for least-squares 
solution for the coefficients, a,, we define 


E (y, M ) net (Yo Nos)” 
Y (s) =—— — 
nifGAd 


e(x,2)Pi_y(x) 
- —dx, 
(y—nx)? 


rt Pils) 
Ki=f pas dx. 
1 (y—nx)? 


Finally we obtain a set of linear equations: 


5 


¥(z)=>d a:X1(2), (12) 


where 


X1(z)= Prily)é(z) Ki, 


(=) 
y=({ —— }. 
Yo— oz 
There are as many equations in the set (12) as there are 
laboratory-system observing angles. 

The integrals @,(z) and K, are integrable in closed 
form. Numerical evaluation of the expressions for é;(z), 
Ki, Pis(y), and X;(z) was performed by using the 
IBM-650 computer. 

We now define the least-squares problem and outline 
its solution. The least-squares problem is to solve sets 
of Eqs. (12) for the coefficients a;. We have either nine 


(13) 


and 
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lic. 6. Definitions of 
the angles involved in 
the derivation of the 
analysis method. 
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or ten such equations in each set. A special characteristic 
of our problem is that the quantities X,(z) are not 
members of a complete orthonormal set of functions. 
We applied the general least-squares theory of Deming® 
to our problem and programmed it for IBM-650 
computation. 

This program performs a least-squares solution of 
(12) for coefficients a;, considering as many as 10 vari- 
ables Y(z), 50 variables X;(z) and 5 parameters ay. 
Fewer variables and coefficients may be used at the 
programmer’s discretion. The variables X;(z) need not 

9W. E. Deming, Statistical Adjustment of Data (John Wiley & 
Sons, New York, 1943), Chaps. IV and VIII. 
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Net gommo-ray counts per million incident pions 


Fic. 7. Observed gamma-ray angular distributions 


have any particular functional properties. The program 


first obtains a trial solution for the coefficients, a), by 
solving five or fewer of the equations (12) by a matrix- 
inversion subroutine. The program then uses the trial 
solution to obtain final values for the a; by minimizing 
the least-squares sum of weighted residuals. In practice 
we found, as expected,® two or more iterations do not 
improve the solution. 

Input data required for program are the experimental 
values of Y(z), X,(z), their weights defined by 


W ys) = 1/(AY (2) F, 


Wx (2) = 1, [AX;(z) P, 
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the number of equations in the set, and the number of TaBLe IV. Angle-dependent experimental results used for 
parameters, a@;, to be used in the fit. The errors, AY (z) the least-squares analyses. 
and AX;(z), were computed by propagating, through =a 
the expressions for AY(s) and AX;(z), the errors as- : “¢ COMME EBLE 
signe cay ae a be ' Raw ¢ ata 
ied to their individual factors. Angle (corrected for Final corrected 
(lab) accidentals only) (y/M) net GAQ 
IV. RESULTS (deg) (countsX10-*) (counts 10~*) (steradian) 
We present the results in two parts: (A) results of 230-Mev incident x mesons 
the experimental observations. < alan 3 87,192.45 88.24+2.49 0.03700+0.00037 
I servations, and (B) results of the 78 204.318 79 12-43-21 0.03695 4.000037 
least-squares analyses based on the observations. 72.44+1.21 73.28+1.27 0.03673+0.00037 
61.17+41.22 61.85+1.26 0.03638+0.00036 
, ( 46.30+0.96 46.77+0.99 0.03599+0.00036 
A. Experimental Results 22.94+0.84 23.09+0.85 0.03514+0.00035 
a na ’ 9.98+0.55 9.97+0.55 0.03458+0.00035 
Figure 7 shows the observed gamma-ray angular dis- 11.04+0.56 11.07+0.56 0.03515+0,00035 
tribution. Table III presents the angle-independent 12,042:0.53 12.094.0.54 OOS eaaeees 
. 7 : J 3.92+0.72 00+0.73 0.03647 4: : 
experimental results. Table IV presents the angle- aie = an 
dependent experimental results. 260-Mev incident x~ mesons 
87.0042.92 87.9742.95  0,037024-0,00037 
; 79.98+3.07 80.87+3.09 0.03695+0.00037 
B. Analysis of Results 73.95+1.59 74.75+1.64 0.03673+0.00037 
we o 94 mi. 3.7 62.32+ 1.44 62.97+1.48 0.03644+0.00036 
rhe analysis gives the coefficients, a;; their errors, 41.95+1.13 42.32+1.15 0.03599+-0.00036 
+ aamill SAA oe Riccat PRG Fe 20.55+0.86 20.65-+0.87 0.03514--0,00035 
baz; and statistical criteria for the goodness of a given 3, 8.7640 66 8.734.066 003455 4.0.00034 
fit. To study the presence of d-wave scattering in the 7.08-40.56 7.05+0.56 0.03480+0.00035 
charge-exchange reaction the following five fits of our i 8,430.54 8.44+0.54 0.03660-+0.00037 
observations were made to Eq. (12) at each energy: 290-Mev incident x~ mesons 
: ; = 86.26+2.34 86.9342.49 0.03702+0,00037 
(a) an s-wave fit using one coefficient (a), 2 71.2141.35 71.69+1.41 0.03673+0.00037 
; mtg ae - - = er 3 52.774+1.19 53.03+1.24 0.03638+0.00036 
(b) an s-¢ -wave si , nts (¢ §2.77+1.1 + 
b) an s- and p-wave fit using two coefficients (a, 38 384-106 38,494. 1.09 ().03599-4.0.00036 
and dz), 14.4740.69 — 14.3140.70 —_(0.03514+.0.00035 
(c) an s- and p-wave fit using three coefficients (a, 4.73+0.50 4.55+0.51 0.03458+0.00035 
= 4.53+0.43 4.40+0.43 0.03515+0.00035 
a2, and 3), . : Bt 4.03+0.37 3.91+0.37 0.03599-+0.00036 
and s-, p-, and d-wave fit using four coefficients 5.00+0.66 4.91+0.66 0.03647 +0.00036 
(a1, de, a3, and a4), 


: ; : tae 317-Mev incident #~ mesons 
(e) and s-, p-, and d-wave fit using five coefficients 84.3143.01 84.64+3.06 0.03702-+0.00037 
(a}, @2, a3, a4, and as). 69.41+1.31 69.58+1.37 0.03673+0.00037 
7 58.42+1.51 58.48+1.57 0.03644+0.00036 
ee a ee eee . ae 40.14+0.88 40.01+40.95 0,03599-+0.00036 
Results are shown in Table \ lhe reported errors in 16,69-4.0.63 16,39-4.0.67 0.03514-4.0.00035 
the coefficients were computed from the error matrices 83.2 5.08-+0.59 4.76+0.62 0.03455+0.00035 


(Table VI) by the relation 3.05+0.44 2.80+0.45 ().03480+0.00035 

, 4.06+0.32 3.87+0.34 0.03600+-0.00036 

3.17+0.42 3.00+0.43 0.03660+-0.00037 
371-Mev incident #~ mesons 

where ¢,; is a diagonal element of the error matrix and 0 87.38+2.86 86.10+2.99 0.03702-0.00037 


; aris ‘ wr ia ate he ee 10 75.2342.36 73.8342.49 0.03696+0.00037 
a is the variance of a function of unit weight. We chose 0 67.63ch1 47 66, 244.166 003673-4.0.00037 
o=1.0 for all fits. This choice conservatively estimates 28.7 54.91+1.01 53.51+1.20 0.03644+0.00036 
the errors, since estimates of o? by external consistency 40 33.7340.73 32.38+0.90 0.03599+-0.00036 


9 ~ ry 60 14.03+0.5¢ 12.75+0.69 0.03514+0.00035 
of the data ranged from o°=0.7 to o’=0.9. 83.2 4.914.0.43 3.924.052 0.03455+0.00035 
To obtain information concerning the adequacy of 110 2.65+0.45 1.93+0.50 0.03480+0.00035 
P ' 4 ; , ke Ee 140 1.34+0.35 0.72+0.40 0.03600+0.00036 
the fits to our data we performed two related statistical 155.7 2004.0 :33 2: 394.0,30 0.03660 4.0.00037 
goodness-of-fit tests. The first is the Pearson x? test and ; ae 
the second is the so-called F test, which supplements 
the x? test.!0-1! 
A x? test obtains a criterion for the number of co- 
efficients that must be included in the fitting function 


to adequately fit the data. The value of the least- 


(da;)?= Cus’, (17) 


squares sum of weighted residuals and the number of 
degrees of freedom define a probability P—the proba- 
bility that the value of x? should exceed the value ob- 
tained by assuming a given fitting function. P will in 

Peter Cziffra and Michael J. Moravesik, Lawrence Radiation general reach a plateau value as /, the number of co- 
Laboratory Report UCRL-8523, October, 1958 (unpublished). efficients used in the fitting function, is increased. P is 


1R. D. Evans, The Atomic Nucleus (McGraw-Hill Book Com- ‘ ca 
pany, New York, 1955), Chap. 27. generally rather insensitive to the number of coefficients 
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TABLE V. Results of the least-squares fits of the measurements to the function do/dQ2= 2p161Pei(a) for different values of J (the 
number of coefficients used for the fit) and & (the number of degrees of freedom). S is the least-squares sum of weighted residuals. 


230+8 Mev j=1,k=8 j=2,k=7 =3, k=6 l=4,k=5 l=5,k=4 
ay 3.24+0.10 2.99+0.10 2.50+0.10 2.50+0.01 2.50+0.10 
eee 1.62+0.16 1.39+0.15 1.47+0.16 1.47+0.16 
tee 2.73+0.28 2.77+0.28 2.82+0.30 
tee 0.29+0.25 0.26+0.26 
eee eee eee eee 0.34 +0.78 
183.7 85.35 j 1.09 
260+7 Mev l=1,k=7 l=2,k=6 J 3 l=4,k=4 
ay 2.80+0.08 2.20+0.08 : i 2.02+0.08 
ay see 2.18+0.14 ofa 5 1.76+0.15 
a3 ee eee ° 24 2.16+0.22 
a4 tee tee tae 0.05+0.19 
S 299.3 93.29 4 1.56 
290+9 Mev =1,k=7 l=2,k=6 3 : l=4,k= 
a 1.77+0.06 1.68+0.06 AS : 1.45+0.06 1.4 
ds vee 1.8140.11 : ‘ 1.77+0.11 1 
a3 ee - é ‘ 1.89+0.18 1.91 £0.19 
a vee tee tee 0.17+0.16 0.18+0.16 


as vee vee vee vee 0.16-+0.45 
S 462.9 107.68 0: 0.94 0.82 


317+8 Mev j=1,k=7 l=2, k=6 =3,k=5 l=4,k=4 I=5,k=3 
ay 1.51+0.05 1.51+0.06 1.40+0.06 1.40+-0.06 1.39-+0.06 
ae ee 1.86+0.10 1.85+0.10 1.85+0.10 1.87+0.11 
a: ats eee 1.50+0.17 1,.49+0.17 1.50+0.17 
ii eat bald eee 0.02+0.15 0.01+0.15 
ae ses Sane ae ea 0.3540.42 
S 514.2 } 1.69 1.65 0.93 


37149 Mey l=1,k=8 l=3,k=6 J=4,k=5 5, k 
1.30+0.04 , OS 1.08+0.05 1.08+0.05 1.08+0.05 


1.6340.08 1.62+0.08 1.62+0.08 

1.18+0.12 1.18+0.12 1.16+0.13 

see 0.07+0.11 0.06+0.11 

eee ee see ees 0.16+0.27 
660.5 ae 4.47 4.12 3.80 


once the plateau values have been reached. The number The plateau value of P may be used to decide whether 

of coefficients needed for the “best” fit is the smallest / the “best” fit indicated by the plateau is indeed a 
value on the plateau. good fit. 

An F test gives the probability, on the basis of the 

TasLe VI. Error matrices for the best fits (/=3). available data, that a given a; equals 0." 

——- = Table VII presents the results of the x? and F tests. 

ow At each energy the Pearson x? probability, P, does 

C22C23 indeed reach a definite sooo at 1=3, i.e., a three- 

= parameter fit is the “best” fit. The absolute values of 

—0.00125 P on the plateaus indicate tadi at each energy the 

— “best” fit is a good fit. The values of x? are less than 

their expectation value, the number of degrees of free- 

“ao dom at each energy. This indicates that the experi- 

: mental errors on the coefficients have been reported 

conservatively.” There is, as expected, a less than 1% 
0.00384 —0.000269 aps 

0.0106 probability at each energy that less than a three- 

0.0319 coefficient fit is adequate. The results for the one- and 





0.0000070 —0.00191 two-coefficient fits are included to show the plateaus. 
0.0103 “cane We also note the relatively insensitive behavior of the 
x? probability for / >3. If there were an increase in the 


0.00218 —0.000231 —0.00119 importance of d-wave scattering with increasing energy 


0.00647 —0.00112 ‘ . 
0.0152 one might expect to see a trend towards higher values 


of P for ]=4 and /=5 fits relative to the P values for 














CHARGE-EXCHANGE 


/=3 fits. Table VII shows no such trend in the P values 
except at the lowest energy, 230 Mev, where there is 
little evidence for d-wave scattering in any 2-p reaction. 
Finally, we observed that at each energy the F-test 
probability p indicates: (a) a less than 0.1% proba- 
bility for coefficient a;=0, and (b) reasonable proba- 
bilities for coefficients ag=as;=0. Figure 8 shows the 
coefficients a; as a function of incident pion kinetic 
energy. The results of Korenchenko and Zinov for ay, 
and dg, and a; are also shown.?4 
The charge-exchange total cross sections were com- 
puted by integrating Eq. (5): 
o=4n(a;-b5a)), (18) 


Total cross section 
(mb) 


Energy 
(Mev) 


230 30.4+1.3 
260 25.4+1.0 
290 18.2+0.8 
317 17.6+0.8 
371 13.6+0.6 


COUNTER-TELESCOPE CALIBRATION 


In a separate series of experiments the absolute 
efficiency of the counter telescope as a function of in- 
cident photon energy was measured directly from the 
response of the counter telescope to the bremsstrahlung 
beam of the Berkeley electron synchrotron. 

Absolute measurements of the counter’s response to 
bremsstrahlung of various peak energies and the 
counter’s energy threshold together with knowledge of 
the bremsstrahlung spectra’ allow one to directly 
evaluate the counter’s efficiency. 

The counter efficiency as an explicit function of in- 
cident photon energy, &, is given by 

e(k) =a In(k/Rin), (19) 
where @ is the parameter to be determined and fy, is 
the measured energy threshold of the counter, in Mev. 
The parameter a can be related to the measurements. 
The experimental results are a=0.136+0.007 and 
kin=13.540.50 Mev. 

We also measured the relative counter efficiency as a 
function of incident beam’s position and angle of in- 
cidence upon the gamma-ray counter telescope (see 
Fig. 9). 


CORRECTIONS 


This section classifies the corrections into two groups: 
(A) those applied to the observed counting rates, and 
(B) those applied to the experimental geometry. Cor- 
rection for pion beam contamination has been dis- 
cussed in Sec. IT. 


12 L. I. Schiff, Phys. Rev. 83, 252 (1951). Calculations by Larry 
Higgins (private communication). 
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raB.Le VII. Results of the Pearson x? test and the F test. 


Number of Degrees 

parameters of x? F-test 
Energy used for fit, freedom, probability probability 
(Mev) l 3 r p 


230 ‘ 8. «0.01 
<0.01 

0.85 

0.93 

0.91 


0.03 
<«<0.001 

0.07 

0.35 


«0.01 
<0.01 
0.90 
0.80 


0.75 


0.02 
<«0.001 

0.90 

0.55 


«0.01 
<0.01 
0.81 
0.90 
0.83 


0.005 
«0,001 

0.08 

0.55 


«0.01 
<0.01 
0.87 
0.79 
0.80 


0.001 
<«0.001 

0.85 

0.20 


«0.01 
<0.01 
0.60 
0.52 
0.40 


0.001 
«0.001 

0.60 

0.65 


A. Counting-Rate Corrections 


This experiment had two possible sources of acci- 
dental gamma-ray counts: (a) random-noise acci- 
dentals due to high singles rates in the various coinci- 
dence channels, and (b) “beam bunching” accidentals 
due to more than one incident pion per cyclotron beam 
fine-structure bunch. Random-noise accidentals were 
shown by calculation to be negligible. The calculations 
were based on measured singles rates in each coinci- 
dence channel, coincidence resolving times, and beam 
duty factors. The “beam bunching” type of accidental 
arises from the monitor coincidence circuit’s inability 
to resolve two incident pions within less than 1X10-® 
sec, i.e., more than one incident pion per fine-structure 
bunch. Since each incident pion may produce an ob- 
served gamma-ray und only one incident pion is de- 
tected, accidental counts arise. These accidental count- 
ing rates were measured by delaying the monitor 
coincidence by one fine-structure interval, 5.4 10-8 
sec, relative to the gamma-: ay counter. 

We corrected for gamma-ray counts lost owing to 
(a) photon attenuation in the aluminum vacuum jacket 
surrounding the liquid hydrogen container and (b) the 
Dalitz process, 


P—oaytete, (20) 


by which 0.73% of the gamma rays are replaced by an 
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(c) 


electron pair.* Photon attenuation was computed in 
consideration of the photon spectrum observed at each 
laboratory-system angle. We found that an average 
attenuation valid for all energies and all angles is 
0.70%=2-0.30%. The total gamma-ray loss due to both 
processes is estimated as 1.49%+0.5%. 


43 P, Lindenfeld, A. Sachs, and J. Steinberger, Phys. Rev. 89, 
531 (1953). 
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(e) 


Fic. 8. Coefficients a; as a function of incident pion kinetic energy. 


The radiative capture process, 
a +p— n+7, 


makes a small contribution to the observed counting 
rates. Knowing the negative-to-positive pion photo- 
production ratio from deuterium," and the differential 


(21) 


4H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row- 
Peterson and Company, Evanston, Illinois, 1955), Vol. II, Sec. 36 
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Fic. 9. Relative gamma-ray 
efficiency measurements as a func- 
tion of incident beam position and 
incidence angle. 
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cross section for positive pion photoproduction from 
hydrogen,'*-'® we estimated the radiative capture cross 
section in the c.m. frame by detailed balancing, 


( ) + p>y+n 


do 


du 


da 
dw 


) 


(22) 


COG). 


where P, and P,* are the photon and pion momenta, 
respectively. We used this cross section to estimate the 
corresponding laboratory-system counting rates. 

The inelastic reactions, 


x +p — n+n7°+7’, 
wt +p— ptr +n’, 


also make a contribution of a few percent to the gamma- 
ray counting rate. We estimated this contribution by 
assuming (a) that the 7° angular distribution is iso- 
tropic and (b) that the total cross section for each 
reaction is equal to that measured for 


wr +p—-n+n-+nt 


by Perkins ef al." 


(23) 


(24) 


B. Geometrical Corrections 


Geometrical corrections were made to the quantities 
GAQ, and nt of Eq. (9). 

The factor G accounts for variation of the differential 
cross section for gamma-ray production over the range 
of angles detected at a given counter setting. Perkins 
et al. have reported a detailed discussion of our computa- 
tion method for G."" This factor was found negligibly 
different from unity for all observation angles. 

The corrected solid angle, AQ, is given by 


d*)( 1+a), 
and R. L. 


(25) 


AQ= (A 
D. Wales, 


15 G, Neugebauer, W. 
Letters 2, 429 (1959). 

*F. P. Dixon and R. 
(1958). 

7 W, 
Mendez, Phys. Rev. 


Walker, Phys. Rev. 
L. Walker, Rev. Letters 1, 458 


A. Perkins, III; J. C. Caris, 
118, 1364 (1960). 


Phys. 


R. W. Kenney, V. Perez 


beam position on gamma-ray counter face 


(in.) 


where A is the Pb converter’s effective area in cm?, d is 
the distance from Pb converter to hydrogen target 
center in cm, and a is the first-order solid-angle correc- 
tion factor. Both factors a and G were computed by 
using IBM-650 programs. The Pb converter effective 
area, A, is 14.5% less than the geometrical area. This 
correction accounts for the decrease in detector effi- 
ciency for photons incident upon the counter face off 
center and off normal. 

The target thickness, m/, is corrected for (a) variable 
target thickness due to bowing of the walls of the liquid 
hydrogen vessel, and (b) the appreciable variation of 
beam intensity with beam radius as shown by the beam 
profile measurements. The average target thickness is 


nt nf forecryrarao / ff o(ryrdvao, (26) 


where p(r) is the beam profile in relative units, /(7,0) is 
the hydrogen vessel thickness in cm, and » is the liquid 
hydrogen density in protons/cm.’ The integrals of 
Eq. (26) were evaluated by a summation approxima- 
tion made by dividing the beam profile into concentric 
rings about the beam axis and the circumference of 
each ring into quadrants, 


J fotrardo=a& oinire—r, co), 


us 
J ocr eyrdrde~"¥ ¥ pinyin, ?)t(r;,0;), (28) 
a 


(27) 


where the index 7 denotes the ith ring, the index 7 de- 
notes the jth quadrant, r=(r;+7;-1)/2, and ¢(#;,0;) is 
the average target thickness in the interval Ar,A0,. The 
target thicknesses (in cm) were measured by mi- 
crometer by using the grid of dots on the hydrogen 
vessel walls. The average target thickness is (4.59-+-0.09) 
X10" protons/cm?. This number is valid for the 
hydrogen vessel at liquid hydrogen temperature and 
includes a 1% correction for the residual hydrogen gas 
present during target-empty measurements, 
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We conclude on the basis of the statistical tests that 
only s and p waves are necessary to adequately fit our 
measurements from 230 to 371 Mev. 

There appears to be no need to include d-wave scatter- 
ing to fit charge-exchange experiments through 371 
Mev. The published results below 220 Mev,*:*'*-* the 
results of Ashkin ef al. at 220 Mev,?* the results of 
Korenchenko and Zinov from 240 to 333 Mev,** and 
the results of this experiment support this statement. 
The w-—>? elastic scattering and r+—p scattering 
measurements in our energy range appear to require 
d-wave scattering for adequate interpretation. A very 
brief summary of the results of these experiments is: 


1. Goodwin et al. require d waves for the r—p 
elastic scattering at 290, 371, and 427 Mev but not at 
230 Mev??? ; 

2. Korenchenko and Zinov, for the s-—p elastic 
scattering reaction, show in their analyses at 307 and 
333 Mev a slight preference for a d-wave fit, but their 
result is not conclusive’; 

3. Foote ef al. showed in the analysis of their recent 
«+— p scattering experiment at 310 Mev, which included 
measurement of the recoil proton polarization, that d 
waves were necessary for obtaining an adequate fit to 
the data." 


18 J. Tinlot and A. Roberts, Phys. Rev. 95, 137 (1954). 
17D. Bodansky, A. M. Sachs, and J. Steinberger, Phys. Rev. 
93, 1367 (1954). 
2” FE. Fermi, M. Glicksman, R. Martin, and D. Nagle, Phys. 
Rev. 92, 161 (1953). 
21 Maurice Glicksman, Phys. Rev. 94, 1335 (1954). 
# Maurice Glicksman, Phys. Rev. 95, 1045 (1954). 
3 J. Ashkin, J. P. Blaser, I’. Feiner, and M. O. Stern, Phys. Rev. 
105, 724 (1957). 
* E. Garwin, W. Kernan, C. O. Kim, and C. M. York, Phys. 
Rev. 115, 1295 (1959). 
25 W. J. Kernan, C. M. York, and E. L. 
Soc. 4, 401 (1959). 
26 J. Ashkin, J. P. Blaser, F’. Feiner, and M. O. Stern, Phys. Rev. 
101, 1149 (1956). 


*7 Lester K. Goodwin (private communication). 


Garwin, Bull. Am. Phys. 


PEREZ- 


MENDEZ, AND PERKINS 

These results raise the interesting question: Why are 
d waves not found necessary to fit adequately all three 
x—p reactions at 300 Mev and above? It is possible 
that the effect of the d-wave phase shifts for charge- 
exchange scattering just cancels out, or that the effects 
of inelastic +°-meson-producing reactions cancels the 
d-wave contribution. Another possibility is that a sig- 
nificant relative error exists among the various experi- 
ments. The latter possibility seems rather unlikely, 
particularly when one compares the work of Goodwin 
and this experiment, which were performed simul- 
taneously at 230 and 290 Mev. The 371-Mev measure- 
ments of both experiments were not simultaneous but 
were performed by using identical pion beams, the same 
hydrogen target and the same auxiliary equipment, and 
operating techniques standardized within our research 
group. Both the -—>? elastic scattering and m-—p 
charge-exchange total cross sections and angular dis- 
tribution coefficients agree well with independent meas- 
urements of their respective reactions. Goodwin et al.? 
and the authors have standardized the methods of 
interpreting the statistical goodness-of-fit criteria. These 
factors taken together tend to argue against significant 
relative errors between various experiments. 
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Momentum Spectrum of Muons* 


W. Pax,t S. Ozaxi,t B. P. Rog,§ anp K. GrEIsEN 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received October 12, 1960) 


The momentum spectrum has been measured with a magnetic spectrometer for cosmic-ray particles 
incident vertically and at 68° zenith angle, in the range 2 to 70 Bev/c. The apparatus discriminates strongly 
against all particles but muons. The vertical muon spectrum is found to be in good agreement with the 
results reported by Pine et al. and by Ashton et al. No comparable data at 68° have been published. Assuming 
muon creation to occur entirely through pion decay, a single pion production spectrum accounts for the 
muon spectra at both zenith angles. The muon positive excess at energies of 8 to 50 Bev has also been ob- 
tained. The results ,while in general agreement with those of other workers, confirm the expected tendency 


for the positive excess to decrease with energy. 


APPARATUS 


HE measurements reported here were obtained 

with the Cornell magnet spectrometer, of which 
the details have been described by Pine et al.,! Roe, 
and Roe and Ozaki.’ The main differences between the 
experimental arrangements used by Pine e/ al. and by 
Roe and Ozaki are that the latter used three Conversi- 
type hodoscope chambers instead of cloud chambers 
for the fine momentum determination, and that they 
shortened the distances between the Geiger counter 
trays to accommodate a large multiplate cloud chamber. 
The arrangement used here is identical to the one 
described by Roe and Ozaki.?* In fact, many of the 
present data were obtained concurrently with the data 
reported by Roe and Ozaki on direct pair production 
by muons.* 


MUON SPECTRA 


The momentum spectra are derived from both the 
data obtained with Geiger counters and those obtained 
with hodoscope chambers. The analysis of the Geiger 
counter data is based on 23 037 particles at 0° spec- 
trometer orientation and 11760 particles at 68° 
orientation. The high-momentum points in the spec- 
trum are derived from measurements made with the 
hodoscope chambers, which were triggered only by the 
lowest-sagitta Geiger counter channel. A total of 1458 
particles at 0° and 1020 particles at 68° has been 
analyzed with the hodoscope chambers. The procedure 
adopted for the reduction of data closely parallels the 
treatment of Pine, Davisson, and Greisen.! 

The handling of the counter data may be summarized 
as follows. From the counting rates in various sagitta 
channels one obtains a trial sagitta distribution func- 
tion f(s), which represents a smooth fit to the data, 

* Supported by the National Science Foundation. 

t Now at Stevens Institute of Technology, Hoboken, New 
Jersey. 

t Now at Osaka City University, Osaka, Japan. 

§ Now at University of Michigan, Ann Arbor, Michigan. 

1J. Pine, R. J. Davisson, and K. Greisen, Nuovo cimento 14, 
1181 (1959). 

2B. P. Roe, Ph. D. thesis, Cornell University, 1959 (unpub- 


lished). 
+B. P. Roe and S. Ozaki, Phys. Rev. 116, 1022 (1959). 


corrected for the reduction of aperture at large sagittas, 
and subject to the condition {(0)=0. For each channel 
an acceptance function g,(s) is calculated from geo- 
metrical considerations. Knowledge of f(s) and g,(s) 
permits the median sagitta s;,, to be computed for each 
channel. Now one defines a factor k; for each channel 
such that 


bs f f)as(s)as = f(Sim). 


Multiplication of the observed rate in any channel by 
k, yields the rate at the median sagitta of that channel. 
The differential sagitta spectrum so obtained is con- 
verted into a differential momentum spectrum by use 
of the relations 


Pim=b/Sim and (dN/dp)pim= (Sim?/b) (dN /ds)sim, 


with }=9.8 (Bev/c) counter diameters for the counter 
data and b=120 (Bev/c) mm for the hodoscope 
chambers. 

The results are shown in Fig. 1. The vertical spectrum 
is normalized to the Rossi curvet at 5 Bev/c. The 
magnet aperture so determined fixes the normalization 
of the points at 68°. 

The hodoscope data were grouped into sagitta 
channels of width 1.7 mm. The reduction procedure 
applied to the counter data is also used for the hodo- 
scope data, except that the acceptance functions in 
this case are derived not from geometry alone, but 
primarily from an evaluation of the hodoscope measure- 
ment errors. The trial function f(s) is obtained from 
the observed sagitta distribution, corrected for the 
variation with sagitta of the aperture of the counter 
channel triggering the hodoscope chambers, and subject 
to the condition f(0)=0. 

A measure of error is obtained from the distribution 
of the coordinate Y;=C;—Z;, where Z; is the inter- 
section of the particle trajectory with the plane of 
Geiger tray j, as predicted from the lateral coordinates 
observed in the hodoscope chambers, and C; is the 
center position of the counter fired in that tray. In the 


*B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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absence of measurement error (counter inefficiency 
near the walls being negligible), the Y values would be 
uniformly distributed from —0.5 to +0.5 counter 
diameter. The departure from such a rectangular Y 
distribution provides a measure of the random error 
of measurement. 

Y values were calculated at all three Geiger-tray 
planes for each of the 2478 trajectories considered in 
the analysis of the hodoscope data. Those tracks leading 
to Y values of more than two counter diameters were 
rejected as gross errors, due to mistaken identity of 
tracks or misreading of coordinates in one of the 
chambers. The over-all precision, derived from the Y 
distributions, corresponds to a standard error of 1.7 
mm of sagitta. Knowledge of this error of measurement 
makes possible the calculation of the acceptance 
functions of the hodoscope sagitta channels. 

The conversion of the sagitta distribution into points 
on the differential momentum spectrum proceeds as 
with the Geiger counter data. The normalization is 
obtained from the lowest-sagitta point of the counter 
data, since this counter channel triggered the hodoscope 
chambers. The results are shown in Fig. 1. 

The full lines in Fig. 1 represent a smooth fit to our 
data. For the 0° spectrum the full line also represents 
the best fit to the data of Pine e¢ a/.' and of Owen and 
W ilson,® whose measurements extend up to 175 and 20 


5B. G. Owen and J. G. Wilson, 
A64, 417 (1951). 


Proc. 


Phys. Soc. (London) 
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Bev/c, respectively. Also indicated in the figure are the 
early data summarized by Rossi‘ and the recent meas- 
urements of Ashton ef al. Our results are in agreement 
with the latter measurements over the entire energy 
region covered by the present experiment. At higher 
energies the curve published by Ashton ef al. lies 
slightly above that given by Pine e/ al., but we have 
reproduced the experimental points of Ashton ef a/. in 
the momentum region between 100 and 300 Be 
show that the statistical errors make the discrepancy 
insignificant. Below 100 Bev/c, where the errors are 
much smaller, the agreement of the three independent 
experiments is highly gratifying, and increases con- 
fidence also in the points obtained at 68°. 


v/c to 


ORIGIN OF THE MUONS 


Barrett ef al.” have derived an expression for the 
differential muon spectrum in terms of a pion production 
spectrum, under the assumptions that the primary 
particles are incident isotropically on the top of the 
atmosphere, that the retain the directions of 
their producers, and that muons of energy £& arise from 
decay of pions of energy E/r. Assuming further that 
the absorption mean free paths of pions and of their 
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Fic. 2. Inferred differential production spectrum of pions. The 
68° results have been shifted upwards by a decade to avoid over- 
lapping of the two sets of points. Standard errors are shown where 
they extend outside the points. The full line represents the best 
fit to the data of Pine et al.! 
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and A. W. Wolfendale, Nature 185, 364 (1960). 

™P. H. Barrett, L. M. Bollinger, G. Cocconi, Y 
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MOMENTUM 


producers are equal, these authors obtain 
F(E/r) Eo 
M (E) =————- — —.-, 
r  Eo+£cosé 

where M(E) is the muon differential spectrum, F(£) 
is the pion differential production spectrum, r=m, 
m,=0.76, and Ey=m,crH/cryo>=90 Bev, H and ro 
being the equivalent thickness of the atmosphere and 
the mean lifetime of pions at rest. This expression 
permits a simple conversion of the muon spectrum into 
a pion production spectrum if corrections for muon 
decay and ionization losses are taken into account. We 
have assumed for all muons a constant ionization loss 
of 2.2 Mev-cm?/g, and losses by decay corresponding 
to transit times of 53 usec for vertically incident muons 
and 200 usec for muons incident at 68°. 

The results of this analysis are plotted in Fig. 2. 
The full lines represent the best fit given by Pine et al." 
to their data at 0°, and correspond to F(E,) 
=0.156(E,)~?-™ (sec cm? sr Bev)—!. It is seen that our 
points derived from the 0° data are in excellent agree- 
ment with this expression. The same spectrum is an 
excellent fit to the high-energy points obtained at 68°. 
At 100-Bev pion energy, the term Eo/(£o+E£ cos@) 
describing the competition between decay and absorp- 
tion of the pions is forty percent larger at 68° than at 
0°; therefore the agreement of the inferred pion spectra 
at these two angles confirms the pion origin of most of 
the muons. If the muons were produced mostly by 
K—n decay instead of r—yu decay, the constant Ey in 
the above expression would be about 500 Bev instead 
of 90 Bev and the derived production spectra would 
not be in agreement at the two zenith angles. The 
assumption of direct muon production by cosmic-ray 
primaries would increase the discrepancy. 

The low-energy points on the pion production 
spectrum at 68° lie slightly above those deduced at 0°. 
However, the agreement of these points is not much 
influenced by the assumed mechanism of muon origin. 
For these points, the corrections for muon decay and 
energy loss in crossing the atmosphere at 68° are quite 
large, and our assumption of a fixed height of production 
is inadequate. The effect of integrating over the atmos- 
phere, taking into account muon production at greater 
depths, would be to move these points down a little. 
Hence this apparent discrepancy is not significant. 


POSITIVE EXCESS 


The positive excess , defined as the difference of 
positive and negative muon intensities divided by their 
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Fic. 3. Positive excess of muons vs muon energy. 


Key: @, present experiment, hodoscope data; O, present experi- 
ment, Geiger counter data; gm, Pine et al.,! cloud chamber data; 
(_], Pine et al., Geiger counter data; a, Owen and Wilson; y, 
Beretta et al.*; A, Filosofo et al.2; 7, Brode and Weber.” 


sum, has been determined from both the counter data 
and the hodoscope chamber data. In the highest- 
momentum channels the acceptance functions allow 
some mixing of negative particles in nominally positive 
channels, and vice versa. The knowledge of the sagitta 
spectrum and the acceptance functions permitted 
correction for this effect to be made. To obtain better 
statistical obtained at the two 
spectrometer orientations have been combined, and 
some of the sagitta channels have also been grouped 
together. The values of 7 are plotted in Fig. 3 at the 
median energy of each group, along with the results of 
other experiments.'**-" The present data, while in 
general agreement with the other measurements, show 
a tendency for n to decrease with energy, as is expected 
if the average multiplicity of meson production by 
primary protons increases with energy. For this effect, 


accuracy the data 


it does not matter whether the multiplicity is a property 
of single collisions or the result of a cascade process. 
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A possible new method of introducing boson currents into the weak interaction is suggested. The Bose 
fields are assumed to obey the first-order Kemmer equation. In this way, the boson and fermion currents 
enter the interaction in a symmetric manner. Three coupling constants are introduced according to the 
degree of isotopic spin and strangeness symmetries of the currents. The interaction so obtained gives rise 
in a natural way to the |A7| =} selection rule and its violation, and also to fast pionic modes and slow 
leptonic modes of hyperon decay. First-order calculations are performed for Kj3*, r, and r’ decays. Calcula- 
tions of the decay rates yield sufficient information to determine the approximate magnitudes of the effective 
coupling constants. The first-order calculations are at variance with the experimentally uniform distribution 


of r events in the Dalitz plot. 


I. INTRODUCTION 


HE inclusion of pion currents in the vector part of 

the strangeness-conserving weak interaction cur- 
rent has been suggested by Feynman and Gell-Mann! 
in order to obtain a nonrenormalized vector coupling 
constant. Sugawara? has presented a modified view- 
point, wherein certain boson terms are also included in 
the strangeness-nonconserving current. However, in 
Sugawara’s scheme, other possible boson terms must be 
explicitly excluded in an ad hoc manner. 

In this work we present a third viewpoint, wherein all 
boson currents consistent with a few basic hypotheses 
are included in the weak interaction. Like Sugawara, we 
do not assume divergencelessness of currents. Further- 
more, we find it necessary to abandon strict universality 
in the coupling strength, and introduce, instead, a 
“fine structure” splitting of the weak-interaction coup- 
ling constant. This splitting can be regarded as a conse- 
quence of the different symmetries involved in the weak 
interaction processes, and is similar to the nonequality 
of the K-baryon and x-baryon coupling constants in 
the usual theory of the strong interactions. We shall 
show that boson currents introduced in this manner 
give rise to the | A7'| =} selection rule with a violation 
of about 5-10% in amplitude, and also to fast pionic 
modes and slow leptonic modes of hyperon decay. 

We begin by discussing in Sec. II the general form of 
the boson currents entering the weak interaction. In 
Secs. III and IV we obtain the specific structures of the 
boson currents and the weak-interaction Hamiltonians 
inducing leptonic and nonleptonic decays, respectively. 
In Secs. V and VI we give the results of some first-order 
calculations on K,3+, K,3*, and K,3* decays. In Sec. VII 
we summarize our results and determine, as far as 
possible, the magnitudes of the coupling constants in- 
volved in our weak interaction Hamiltonian. Finally, 
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in the Appendix we discuss briefly, for reference 
throughout the paper, the Kemmer equation for spin- 
less particles and its second quantization. 

We use the: following notations and conventions: 
Unless otherwise noted, Greek indices run from 0 to 3, 
Latin indices i and 7 run from 1 to 3, Latin indices a 
and b run from 0 to 4. Repeated indices are summed 
over. We use the metric tensor g*’, where g®= —g"! 
= —g@= —g¥=1, and all other components are zero. 
At, A*, and A are the Hermitian conjugate, complex 
conjugate, and transpose, respectively, of A. Our Dirac 
¥ matrices obey y°t=7, y't=—y', PH=yYy'7yY¥=— 7", 

5* _ 


==. 
II. STRUCTURE OF THE BOSON CURRENTS 


We shall assume that the weak interaction is gen- 
erated by a local, four field interaction Hamiltonian of 
the general form 

n 
H,=>. J;,*J;*, 


—~ ~ oa 


ij=l 


where the set of currents J ;, consists of fermion currents 
and boson currents. We shall further assume that the 
fermion currents are of the usual V-A form: 


Ja py*(1—iy5*)y, for fermions. (1) 


Our first task, then, is to determine the structure of the 
boson currents. 

In the usual theory of the strong interactions and in 
the electromagnetic interactions, the bosons play a 
different role than the fermions; they are the quanta 
which are exchanged by the fermions to give rise to an 
effective force. This is expressed by the fact that the 
corresponding interaction Hamiltonians treat the Bose 
fields and Fermi fields quite differently. However, in 
the weak interaction, there is no reason why bosons and 
fermions should not enjoy the same status. Therefore, 
it would seem desirable that if bosons are going to 
enter the weak interaction at all, they should enter it in 
a manner as nearly symmetric to that of the fermions 
as possible. 

To this end, we shall assume that our free Bose fields 
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obey the first-order Kemmer equation* for spinless 
particles: 


(0,84—im)y (x)=0, (2) 


where ¥(x) has five components, and the 8“ are 5X5 
numerical matrices satisfying the commutation rela- 
tions (A2) of the Appendix. Equation (2) has the same 
form as the Dirac equation. 

Under a homogeneous Lorentz transformation carry- 
ing «* into x*’=a4,x’, y(x) transforms into 


Y' (x')=Sy(x), (3) 
where S is a 5X5 matrix satisfying 


a’,B*= S—13°S. 
If we define ° by 
. 1B*'n? 1=B4, =n", 
and w by 
devin, 
we find that 
nS 'n? -1— § 1 


and hence the quantity 
vay, 


transforms as a vector under Lorentz transformations.‘ 
The structure (8), however, is not the most general 
form of a vector which can be formed from two Kemmer 
fields. Clearly, for any matrix A satisfying 
[A,S]=0 for all S, (9) 
the structure Ay is also a vector. Since for the parity 
transformation, S=7°, we also have that for any A 
satisfying 


[A,S]=9, 


for all S corresponding to proper Lorentz transforma- 
tions, and 


(10a) 


(10b) 


{An} =0, 


the structure ¥“Ay is a pseudovector. There. exists no 
matrix A, however, satisfying conditions (10), since it 
is not possible to form a pseudovector from two scalar 
fields and their derivatives. On the other hand, it is 
clear from (A4) that S must have the general form 


sis SY 
c 0 
0}, 
0 
+1 
3N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939). 
4 We assume that the z and K mesons with which we are dealing 


have relative parity +1. If the two fields in (8) had relative 
parity —1, then (8) would transform as a pseudovector. 


0 0 ) 


THEORY 


OF WEAK INTERACTIONS 


and, hence, any matrix of the form 


(11) 


where a and b are ¢ numbers, satisfies condition (9). 
This gives us considerable freedom in choosing the 
form of our boson currents. 

In order to eliminate this arbitrariness in the structure 
of the boson currents, we shall impose on all strangeness- 
conserving, baryon and meson currents involved in 
nonleptonic decays a restriction, first proposed by 
Weinberg,® on the transformation properties of the 
currents under the operation G, which consists of charge 
conjugation followed by a rotation of 180° about the 
2 axis in isotopic spin space. The requirement will be 
that these strangeness-conserving, baryon and meson 
currents will all be of the “first class’; i.e., the vector 
part of the current transforms into itself under G, and 
the axial vector part transforms into minus itself. Of 
course, this restriction implies that the concept of 
isotopic spin is relevant in nonleptonic decays, a point 
of view which we shall adopt because of the strong 
experimental evidence in support of the selection rule 
|AT| =3. 

Consider, now, the current containing two K-meson 
fields, which we denote by (K,K). Denoting a particle 
and its field by the same symbol, we write in isotopic 


spin space + 
kK? 

vx=( “ ), 
K- 


and the two simplest forms for the (K,K) current are 
Jy*=bxB*Ayx, 
Tii"=\WxB4Ari, 


where the 7; are the Pauli spin matrices, and A is a real 
c¢ number. Under G, Wx transforms into irax°, and 
hence 


Jy" rel —)PKABV«x, 
Ju CG AWKAB"rar. 


Clearly, if Ji“ is to be of the first class, we must have 
{A,B*}=0, (12) 
and if J;;* is to be of the first class, we must have 
[A ,6*]=0. (13) 


Now the only matrix of the form (11) satisfying (13) 
is A=J, and the only matrix of the form (11) satisfying 
(12) is A=C, where C, in the representation used here, 
is the charge conjugation matrix given by Eqs. (A5) 


5S. Weinberg, Phys. Rev. 112, 1375 (1958). 
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and (A6). For the choice A = /, it is easy to see that the 
(r°,r°) current vanishes (except for a c number) via 
the field Eq. (2). We shall see, however, in Sec. IV, that 
the existence of the (x°,r°) current gives the correct 
branching ratios for the pionic modes of A decay and for 
the two modes of K,3* decay. We therefore choose 
A=C, and our boson currents have the structure 
J* x Percy (14) 
for bosons.® 
It is interesting to note that the connection (A4) be- 
tween the Kemmer field and the scalar field gives for 
the (1,2) current 


J¥ x Pry BCy 2) 

= iL (me/my)*("d1' bot (mi/me)'pi*(0%h2) ], (15) 
where m, and mz are the masses of particle 1 and par- 
ticle 2, respectively. This differs from the form 


J* & [ (d*b1*)b2—d1' (G2) J, (16) 


suggested by Feynman and Gell-Mann! and used by 
Sugawara.” 


III. LEPTONIC DECAYS 


We now come to the problem of explicitly construct- 
ing the currents entering the weak interaction from the 
fields describing the known weakly interacting particles. 
This must be done in accordance with a few basic 
principles, some of which have already been discussed. 
All currents satisfying these principles will then be 
coupled together to form the weak interaction. 

For leptonic decays, the nonexistence of such re- 
actions as 

ut+— e++e++ e+, 
u+p- e+, 
Kt —> pt", 


leads to the restriction AQ= +1 for the currents. Since 
no decays involving a change in strangeness of more 
than one unit have been observed, we shall also require 
the currents to obey AS=0, +1. Denoting by (1,2) the 
structure Payy"(1—iy® Wa) if way and Wa) are Dirac 
fields, or the structure P(6"CW) if Yay and Yq) are 
Kemmer fields, we are led to the following strangeness- 
conserving currents: 


J Y= (G2)'(v,e7) ; 
J #= (G2)*(p,n) ; 
J s#= (G2)4(2+,2°) ; 
J*= (G,)4(2°,2-); 
J9*= (G2)1(2°,=-) ; 


J = (G2)*(v,u-) ; 

J = (G2)* (xx) ; 
J ¢#= (G2)4(S+,A) ; 
Js*= (G2)4(A,2-) ; 


* Note that since Y8*Cy transforms under CP in exactly the 
same manner as ~y*(1—iy')y, the CP invariance of the inter- 
action Hamiltonian is not destroyed by the introduction of cur- 
rents of the form (14). 


AND 'A. @. 


BARUT 


and strangeness-nonconserving currents: 
J "= (Gs)8(n,2-);  Jus"= (Gs)!(p,2"); 
Jit=(G)\pA); Ju"=(G)1E): 
Tis®=(G3)(AEZ-);  Tis*= (G3) 4(3+.2): 
J i6*= (G3)'(w°,K-); Jiz"= (G3)4(K°\x-) ; 


and the corresponding interaction Hamiltonian for 
leptonic decays: 


17. (2 
Arnw=L 2 (J int J *+H.c.) 


i=3 j=l 


$0 J ut TY! + (Jt "+H.c.), 


i=1 


(17) 


where the factors (G2)! and (G3)! are coupling constants. 
We have explicitly written the coupling constant for the 
strangeness-nonconserving currents as different from 
the coupling constant for the strangeness-conserving 
currents, for we do not wish to assume a priori that the 
two kinds of currents are coupled with the same 
strength. Indeed, in keeping with the principle that 
interactions become weaker as their symmetries de- 
crease, it would not seem unreasonable for the strange- 
ness-nonconserving currents to be coupled more weakly. 
It should be mentioned that such a nonuniversality in 
coupling strength is already believed to exist in the 
strong interactions. 

Couplings between J\“, Jo", and J3*, of course, give 
rise to the usual V-A theory for neutron decay, muon 
decay, and muon capture. These require 


G2= (1.00+.01) K 10-* erg-cm’. (18) 


Coupling J 10“ and J;:* to the lepton currents gives rise 


to the decays 
c 
soot)» 
uw 


ce 
Z-— n+ +3, 
un 


with a coupling strength of (G2G;)'. Calculations of 
these first-order processes are well known to require’ 


(19) 


GG3> G2’, 


in order to fit the experimental decay rates. As in the 
usual theory, the processes 2+—> n+/++~y are for- 
bidden by the AS= AQ requirement on the strangeness- 
nonconserving currents. 

The interesting point is that by coupling the boson 
currents to the lepton currents, we obtain such first- 
order processes as Fig. 1(A) for K+ — 7°+/*+», with 
a coupling strength of (G.G;)!, and Fig. 1(B) for 
nt+—m+e++yv, with a coupling strength of G:. 


7R. H. Dalitz, Revs. Modern Phys. 31, 823 (1959). 
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Sugawara*® has shown, using the conventional boson 
current (16), that Fig. 1(A) with a coupling strength of 
Gz yields a decay rate for K ;+ about 100 times greater 
than the experimental rate. However, as we have al- 
ready seen (and as was noted by Sugawara), the lep- 
tonic modes of hyperon decay indicate G3<Gz». In Sec. V 
we shall give the results of some calculations based on 
Figs. 1(A) and 1(B). 


IV. NONLEPTONIC DECAYS 

The important distinction, here, between leptonic and 

nonleptonic decays is the fact that experimental evi- 

dence seems to favor the selection rule | AT | =} for the 

latter. The most significant experimental data support- 

ing the |A7| =3 rule are the following ratios of decay 
rates®: 

T(A— pta2-)/T(A— n+7°) = 2, 
(Ko at+2-)/T (Kt > 2t+2°) = 500, 


(Kt > at+at+2-)/T (Kt > at+2°+72°) 
=I(r)/l'(r’) =3.3. 


(20) 


(21) 


(22) 


On the other hand, (21) also indicates that there must 
be a violation of the | A7| = 4 rule of the order of 5-10% 
in amplitude, for a strict | AT | =} rule would absolutely 
forbid K+ — x*++7°. 

Now, if any selection rule such as |AT|=} is to 
exist, it must be a result of the structure of the inter- 
action Hamiltonian. Therefore, we do not expect the 
currents involved in nonleptonic decays to be the same 
as the currents inducing the leptonic decays. They 
must, instead, have a definite structure in isotopic spin 
space. These currents will then be coupled together to 
form the interaction Hamiltonian for nonleptonic de- 
cays, which we shall denote by Hywz). The total weak 
interaction Hamiltonian, of course, will then be the 
sum of Hit) and Hy1)- 

In addition to imposing the structures (1) and (14) 
on the currents involved in Hj,wz), we shall postulate 
four requirements to be obeyed by these currents and 
then show how these requirements lead directly to the 
| AT | =4 selection rule and its violation. 

(1) We require that the strangeness-conserving cur- 
rents be of the first class under the G transformation, 
as discussed in Sec. II. 

(2) We shall consider only the simplest structures in 
isotopic spin space. In particular, we shall only consider 
currents having the transformation properties of 
scalars, spinors, or vectors in isotopic spin space.'° 


8 M. Sugawara, Phys. Rev. 112, 2128 (1958). 

® For a discussion of experimental evidence for the |A7| =} 
rule, see, for example, M. Gell-Mann and A. H. Rosenfeld, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Palo Alto, Cali- 
fornia, 1957), Vol. 7, p. 407. 

© More complicated structures could be introduced with, per- 
haps, correspondingly weaker couplings, but there seems to be 
little evidence for or against this. Requirement 2 is introduced, 
however, only for purposes of simplification. 
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ric. 1. Lowest order diagrams for Ki;* and 2,3 decays. 

(3) In keeping with the principle that the greater 
the symmetry, the stronger the coupling strength, we 
shall allow, in addition to the weaker coupling already 
introduced for strangeness-nonconserving currents, a 
stronger coupling for those currents having the par- 
ticularly simple structure of a scalar in isotopic spin 
space. It will be found that this structure is only pos- 
sible for strangeness-conserving currents, and hence we 
need introduce only one more coupling constant, Gi, 
with G,>G2>G3. 

(4) Finally, we impose AS=0,1 (to avoid AS=2 
transitions) and the reasonable requirement AQ=90, 1. 

We take for the baryons and mesons the following 
structures in isotopic spin space: 


ya=A ww=( 
n 


where 
m= (1/V2)(4*++72-), 
w= (i/V2)(4+—72-), 
Y= (1/v2)(s++2-), 


22= (4/v2)(2t—Z-). 


(24) 


In constructing the currents from these fields, we make 
use of the Spin matrices 


nal? Th oO 8) vom) 8 
ee , a oe ’ . a “mi 
r= 4(ritirs)= (° ‘) 


for spinors, and 


0 
0 
i 
“a 00 -1 
0 0}, ee 0 -i 
lo §6—0 (0 lug 0 








for vectors. 
It is an easy matter to see that the fields (23) have 
the following transformation properties under G: 


ya— ya, Yn—itrwn’, pz— irae", 


“rab xe (25) 
ve ith’, bros, Pr We 
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Denoting the structure y“(1—y5) by A“, we then find 
that the only currents allowed under requirements 1 
through 4 are the strangeness-conserving currents 


(G2) 'bwA*rayn, (G2) bwA*rapn, 
X\(G2)WzA"ryz, (G2) zd “raz, 
(Gi) WxB"Cyx, (Gi) WeBCY., 

(G2) WsA"TiWz, (Go) WzA"Tax, 


(26) 


and the strangeness-nonconserving currents 


X(G3)'WwA“Pa, (Gs)'bwA"raz:, (G3) PsA Vz, 


\G3)WziA“ras, (Gs) WeB"Criv, (27) 


where X is a real, positive c number, whose only rele- 
vance is connected with the relative strength of leptonic 
and nonleptonic decays. \ may be regarded as an ad- 
justable parameter of the theory. However, since the 
symmetrical r+r*x~ state is $ in a T=1 state, it seems 
logical to choose \ such that the selection rule | AT | =: 
introduces a factor (#)! in that part of H7,w1) inducing 
r decay. We thus choose A= 107}. 

Writing out the expressions (26) and (27) in full, we 
obtain the following set of currents entering H7,w1z): 
Jis"=X(G2)}(p,n), J o6"= (G2) (p,p) — (n,n) J, 

J 9*=X(G2)3(2,2-), Jor"=d(G2)'( (2",2") — (EE) J, 
Jo3=(Gi)'[(K°,R®) + (K-,K-)], 
\(G1)52 (a- a) + (9°, 2°) J 
J 99"=d(G2)*v2[ (2°,2-) — (2+,2°) J, 

Tx0"=(G2)'[(S+,2*)— (2-—,25)], 
Jo" - A(G3)!(p,A ), J 3," 7 (G3)! (n,A), 

J oo#=X(Gs)*[V2(n,2-)+ (p,2°) J, 

J 32"= (G3) 4[v2 (p,2*+) — (,°) J, 
J 33"=X(G3)*(A,Z"), J 23"=A(G3)4(A,2-), 
(G3)8[v2 (S—E-) + (39,2) J, 
J a4" = (G3) [v2 (2+ yn) —_ (°° )], 
Jsg"=)(Gs)\[V2 (#-,K-) + (°K) J, 
J o5"= (Gs) §[\V2 (4+ R°) — (9°, K-)]. 


J 29"* 


J 34" 


Hw is then given by 


25 35 
Hiwy= DL JutJ¢+ DS Jit}. 


i,j=18 i,7=26 


Now, coupling either of the boson currents in (26) 
to any of the currents in (27) yields a term in Hywz) 
which transforms as a spinor in isotopic spin space, and 
hence gives rise to the | AT | =} selection rule. Coupling 
any of the other currents in (26) to any of the currents 
in (27) produces a violation of the |AT|=}4 rule of 
amplitude ~ (G2/G,)? compared to the | AT | = 4 ampli- 
tude. It should be pointed out that although a | AT| =} 
interaction can be postulated directly using only fer- 
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lic. 2. Lowest order diagrams for pionic A decays. 


mion currents, with or without intermediate bosons, 
the advantage here is that the introduction of the boson 
currents yields the |A7'| =} rule and its violation in a 
more natural way. , 

Note that the only effect of couplings between the 
currents of (26) would be to give a small (~10~™) cor- 
rection to isotopic spin and parity conservation in 
strong-interaction processes. 

In Fig. 2 are shown some lowest order diagrams con- 
tributing to pionic A decay. A and B give rise toa T=} 
final state, with a coupling strength of (G:G;)', and C 
and D give rise to a mixed T state, with a coupling 
strength of (G2G;)!. Since G:>Ge2, we expect A and B 
to be the dominant diagrams. These, of course, should 
yield the experimental branching ratio (20) character- 
istic of a T=} final state. Note, however, that the 
existence of the (°°) current is essential for this 
result. It is for this reason, and a similar situation, 
below, for 7 decays, that we have chosen the matrix C 
in (14) for our boson currents. 

Pionic Y and = decays proceed via diagrams similar 
to those of Fig. 2. At present, the experimental in- 
formation on pionic Y decays is consistent with, but 
does not support, the |A7|=} rule. Of course, not 
enough information is known at present about = decays 
to determine whether or not they are consistent with 
|AT| =}. 

K,° — 2x can proceed via the diagrams of Figs. 3 and 
4. The diagrams of Fig. 3 give rise to the |A7| =} rule 
with a coupling strength of (G,G;)', and those of Fig. 4 
violate the |A7|=3 rule with a coupling strength of 
(G.G;)'. The experimental value of the branching ratio 

I'(Ky— 2°+7°) 
(Ky = °+°)+T (Ki > t+) 
still not too certain, but recent evidence! seems to 
indicate that it is consistent with the value } expected 
from a pure | A7'| =} transition. 

For the decay K+— x++7°, only the T=2 final 
state is allowed by Bose-Einstein statistics for a spinless 
K particle. Thus a | A7| =} transition is forbidden, and 
the decay must proceed through such diagrams as 
those of Fig. 5, with a coupling strength of (G2G;)!. The 


1 F.S. Crawford et al., Phys. Rev. Letters 2, 266 (1959). 
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experimental ratio. (21) now follows if we choose 
G5 500Gz, 

where we have written < because of the possibility 

that the complexity of the diagrams of Fig. 5 may tend 

to further suppress this mode. 

In Fig. 6 are shown some diagrams giving rise to r 
and 7’ decays. The particularly simple diagrams A and 
B give rise to a T= 1 final state, with a coupling strength 
of (GiG3)', whereas C and D violate the |AT| =} rule 
with a coupling strength of (G.G;)}. Similar diagrams 
lead to the Ky° — 3m decay modes. Calculations based 
on A and B are presented in Sec. VI, where it will be 
shown that these diagrams lead approximately to the 
experimental branching ratio (22). Again, this result 
depends on the existence of the (°,x°) current. 


(28) 


V. Kist DECAYS 


Diagram a of Fig. 1, representing the lowest order 
contribution to K;3+ decay, results from a coupling of 
Jig with J,“ or Jo". The square of the matrix element, 
summed over lepton spins, for this diagram is 


GG; 


M |?=— — 
— .2(2r)*pph kM 0M x 


X(— pup *K,K’+2K,p*K,p’”), (29) 
where K,=Mxk,’—M,k,, M,o and Mx are the masses 
of the r° and K+ mesons, and p,, py’, Ry, and k,’ are the 
4 momenta of the electron (or muon), neutrino, A* 
meson, and 7° meson, respectively. 

Taking (29) in the center-of-mass of the A particle 
and integrating over the final momenta, we can obtain 
the (first-order) energy spectra and first-order expres- 
sions for the decay rates '(K,3*). The electron energy 
spectrum with that of Dalitz," and the 
muon energy spectrum coincides roughly with Dalitz’s 
S=0 curve." Hence, these curves will not be repro- 
duced here. The first-order decay rates are 


coincides 


I (K 3+) = (7.0 10) GG; sec, 
(Kk, +) = (3.4 10')G.G3 sec 1 


Comparing these with the experimental rates," 


I'(K,.3+) = (5.1+0.8) X8.16X 105 sec, 
l(K,3+) = (3.9+0.5) K 8.16 10° sec", 
yields 


from K,3+: G2G3~6.2K10-™ erg?-cm®, 


from K,3+: GxG3;~9.8X 10-™ erg?-cm*®, 


The neglect of all radiative corrections, in addition to 


2 R. H. Dalitz, Revs. Modern Phys. 31, 823 (1959), Figs. 6 
and 7. 

18 We note in passing that a scalar coupling of the fields does not, 
in general, yield these energy spectra. 

14M. Bruin et al., Nuovo cimento 9, 422 (1958). 


THEORY OF 


WEAK INTERACTIONS 
o 
a Ki : 
i Ww ii T° 
Fic. 3. Lowest order diagrams for K,° — 2x decays, with | AT| =4. 
For convenience, only S=—1 intermediate states are shown. 


the experimental errors in (31), make these relations 
only approximate. However, we shall see that a number 
of such relations all lead to the same approximate 
values for G; and Gs. 

The theoretical branching ratio [(K,3+)/(Kys*) 

2.1 obtained from (30) is somewhat higher than the 
experimental ratio of about 1.3 obtained from (31), the 
discrepancy, perhaps, being a consequence of the first- 
order approximation. 

rhe square of the matrix element for diagram B of 
‘ig. 1 can be obtained from (29) by replacing Mx by 
the mass of the charged pion. Because of the specific 
structure (14) of our boson currents, we obtain the 
anomalously small result 


T (xt > w®+e++7)=2X 10 sec", 
compared with the result ['=0.42 sec obtained by 
Jauch and Yamaguchi'® using boson currents of the 
type (16). Thus, in our theory, diagram 1(B) is prob- 
ably not the dominant diagram inducing this decay 
mode. 


VI. < AND *’ DECAYS 


The lowest order contribution to 7 decay is repre- 
sented by diagram A of Fig. 6, and results from a 
coupling of Joo“ and J3;". The square of the matrix 
element for this diagram is 

GG; 
| M |? 


40(2n)!pp""kk""M Mx 
<(Mk*— M xp'*) (ky + py) 
+ (Mk*—M xp") (ky! +p,’) F, 


(33) 


where M, and Mx are the masses of the charged + and 
K mesons, and ky, k,’, p,, and p,’ are the 4 momenta of 
the K+ meson, z~ meson, and the two z+ mesons, 
respectively. 

If we take (33) in the center-of-mass system of the K 
particle, and transform to the Dalitz variables'® 


x= (v3/Q0)(T:—T>), 


: (34) 
y (3 Q)T;—1, 


lic. 4. Lowest order diagrams for K,° 
violating | AT | =}. 


» 2x decays, 


16 J. M. Jauch and Y. Yamaguchi, Helv. Phys. Acta 32, 251 
1959) 


6 R. H. Dalitz, Phil. Mag. 44, 1068 (1953). 
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Fic. 5. Lowest order 
diagrams for A* — 2x 
decay. 


where 7}, T2, and 7; are the (nonrelativistic) kinetic 
energies of the two z+ mesons and the m~ meson, re- 
spectively, and Q=Mx—3M,, we can obtain an ex- 
pression for the r decay rate as an integral over the 
circular Dalitz plot.'* This expression is 


“fa yf" dey) 


(i—g*)* 


GiGO"(Mx+M,) 
1080V3 ( (2), 
_ 334GiGi0"( Mx+M,)° 


4320V3 (2n)*M, 





(35) 


Comparing (35) with the experimental decay rate,'’ 


I'(r) = (5.66+0.30) X 8.16 K 10° sect, 


G,G3;~9.0X 10~% erg*-cm*. (36) 


The distribution (y—2)? of events in the Dalitz plot 
predicted by Eq. (35) is in serious disagreement with 
the experimentally uniform distribution. In general, a 
uniform distribution, which indicates an over-all s 
state for the three pions, is to be expected only from a 
nonderivative coupling and from diagrams in which all 
three pions are emitted from the same vertex. The 
simplest such interaction would be a four-boson inter- 
action with scalar coupling. The usual four-fermion 
weak interaction would not, in general, be expected to 
yield a uniform distribution. 

To what extent the strong radiative corrections and 
final-state interactions might modify the Dalitz plot 
distribution is difficult to determine. It is not impos- 
sible, however, that the final-state interactions are such 
as to force the pions into an over-all s state. 

In calculating I'(r’) from diagram B of Fig. 6, we 
shall retain first-order effects of the r+-x° mass differ- 
ence, such as the larger Q value, but neglect higher 
order effects, such as the distortion of the circular shape 
of the Dalitz plot. The diagram results from a coupling 
of Jog" and J35“, and the square of the matrix element is 


GG; 
40(2m)*p°phM .M x 
XL(Mk*— Mxp"*) (putk,’) P, 





/ |?= 


(37) 


17 M. Gell-Mann and A. H. Rosenfeld, see reference 10. 
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where k*, p’*, p*, and k’ are the 4 momenta of the 
K+, xt, and two 2° mesons, respectively. Again taking 
the center-of-mass system, and transforming to the 
Dalitz variables (34), where this time 7), T2, and 73; 
are the kinetic energies of the two r° and the x+ meson, 
respectively, andQ=Mx—M,—2M, 
r’ decay rate 


Mot Fi "de 
1080V3(2m)®M, , 


_ 9 GiGi0"( Mx+M, ? 


43 20V3 (2m)? VU. 


». we obtain for the 


y+1)? 


Comparison with (35) immediately gives 

aah (39) 
This is somewhat smaller than the experimental ratio 
(22). If we take into account the fact that in r’ decay 
the maximum kinetic energy of either r° is about 0.640 
rather than 30,'* thereby replacing Q by (0.64/0.667)O 
in Eq. (38), we obtain in place of (39) 


l'(r)/T (r’) =2.7. (40) 


This is in fair agreement with (22). 
From (40), (36), and (22), w 

tion of I(r’) indicates 
GiG3~ 7.4 10~-% erg?-cm®, (41 


e find that our calcula- 


VII. SUMMARY AND CONCLUSIONS 


Relations (18), (19), (28), (32), (36), and (41) can 
now be used to determine the approximate magnitudes 
of G; and G;. Admittedly, all of these results are valid 
only to first order, but the important point is that they 
all indicate the same approximate values for G; and G3. 
+ 
Y T 








Fic. 6. Diagrams for K* — 3x decays 


18 The maximum kinetic energy of the z* is slightly smaller still. 
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A good fit to the data, with G, given by (18), is ob- 
tained by choosing 


Gi=~1X 10~" erg-cm', 
G;~8X 10-" erg-cm'. 


This gives a violation of the |AT|=4 rule of about 
5-10% in amplitude. The fact that GiG;>G,? may help 
account for the fact that K,° decay and the pionic 
modes of hyperon decay are the most rapid of all weak 
decays. 

We have seen that the introduction of boson currents 
and the subsequent splitting of the coupling strength 
provides an explanation for a number of experimental 
facts which have troubled the universal Fermi inter- 
action. In particular, we have seen how the |A7| =} 
rule and its violation are a natural consequence of the 
theory, and how the interaction leads to fast pionic 
modes and slow leptonic modes of hyperon decay. We 
have also found, however, that the vector coupling of 
the fields leads to a nonuniform distribution of events 
in the Dalitz plot of + decays, in disagreement with 
experiment. It is not impossible that this disagreement 
is a result of our first-order approximation. Further 
investigation of this question, especially with regard to 
final-state interactions, is necessary. 


APPENDIX. THE KEMMER EQUATION FOR 
SPINLESS PARTICLES 


The Kemmer Eq. (2) for spin zero particles is a re- 
duction of the Klein-Gordon equation, 


(0,0*+m?*)d(x) =0, 


to first-order form. The 6 matrices satisfy the Kemmer- 
Duffin commutation relations 


B°B’B#+-B48'"B° = B°g"*+-BHg"?, 


(A1) 


(A2) 


For the spin-zero case, we choose a 5X5 representation 
of the 8 matrices. A particular representation is 


f 0000 —-1 000 0) 
00 O 0001 
00 000 0}, 
00 0000 
0 


0 -1000) 


) 0 0 
0 0 0 
0 Bi 0 0 
0 0 0 
0 0-1 0) 











In this representation, we see that (2) is equivalent to 
(A1) if we put : 
| —90b(x) 
1 0:0(x) 
¥(x)=——| x(x) |. 
mi set ad 
imo (x) 


THEORY OF 


WEAK INTERACTIONS 


The charge-conjugate field y°(x) is given by 
¥°(x)=C*Pt (x), 
where the matrix C satisfies 
Cp*=—pe"c, C*C=1. 
In the representation (A3), C is given by 


| 
~! 


The relations 
CSG”, 
n C*n*C, 
where S and 7° are given by Eqs. (4) 
seen to hold. 
Phe Lagrangian density, from which the field Eq. (2) 
results, is 


and (5), are easily 


L ip (0,8"— im). 
If we define the operator I, by 
l',(0,84— im) = (0,84—1im)l,=0,04+ ne’, 
and the function R(«—x’) by 
R(x—x’)=T ,A(x-- 
where A(x—2’) is given by” 
i 


(2r)3 


A(x—<x’)= 


en ip: (2—2’ 5 pape my “p, 
Po 


we obtain, in the usual manner, the commutation 
relations 


[yal x) Wo «')]= a Rav(x on x’), 
[Ya(x),wo(x’) J=[Va(x),Wo(x’ )]=90, 


ee 
« arbitrary. 
rhe Fourier expansion of ¥(«) has the form 


for x 


¥(x)= (2n)-+ f a*pLa(p)u(p)e ip-=+-5t(p)o(p)e?-*], 


where the integral is to be evaluated at p°= (p?+m?)! 

=e(p). «(p) and v(—p) are positive and negative 
energy solutions, respectively, of (p,8*+m)f(p)=0, 
and are given, in the representation (A3), by 


e(p) 

| — ps 
u(p)=[2me(p)+] — pa}, 

he 

m 


e(p) 
—fr 
—pe : 
—p3 


=— i 


v(p)=[2me(p) }-# 


‘® For a discussion of the function A(x), see J. M. Jauch and 
F. Rohrlich, The Theory of Photons and Electrons (Addison- 
Wesley Publishing Company, Inc., Reading, Massachusetts, 
1955), Appendix A1. 
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The operators a(p) and 6(p) satisfy 


[a(p),a*(p’) ]=[b(p),d' (p’) ]=5(p—p’), 


all other commutators vanishing. 
The energy-momentum and charge operators are 


" fo" wan +b'(p)b(p) ]p*d*p, 


O= f [5'(p)8(P)—a'(n)a(n) rp, 


where ¢ is the charge of the positron. Thus a(p) and 6(p) 
annihilate negatively charged and positively charged 
mesons, respectively. 

For the neutral z-meson field, we impose the re- 
striction Y=y° and take for our Lagrangian density 


L=—}ip(d,8*—im)y. (A7) 
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The commutation relations are’ 
[Wa (x) po(x’) J=—[R(x—a')CH" Jas, 


and the Fourier expansion becomes 


v(x) = (24)! | d*p[c(p)u(p)e*?'*—c*t (p)o(p)e’?** ], 


where [c(p),c'(p’) |=4(p—p’) and 


Le(p),c(p’) ]=Le'(p),c'(p’) J=0. 


The energy-momentum operator for neutral pions is 


Pa= f ct(p)c(p)p*dtp. 


The Kemmer Eq. for spin one-half particles has been 
discussed elsewhere.” 


% Because of the form of the generator obtained from (A7), 
care must be taken with regard to a factor of 4} when deriving the 
canonical commutation relations. See, for example, J. Schwinger, 
Phil. Mag. 44, 1171 (1953). 

1 A. O. Barut, M. Samiullah, Nuovo cimento 17, 876 (1960). 
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The imaginary part of the fourth-order Bhabha (e+—e~) scattering matrix element interferes with the 
real) second-order matrix element, to produce a sixth-order dependence of the cross section on the spin of 


one of the particles (after summing over the spins of the other three particles 
the imaginary part of the fourth-order matrix element is presented in some detail in one 


(vacuum polarization). 


I 


PIN-MOMENTUM correlations in the scattering 
of electrons by atomic nuclei (Mott scattering) are 
well known. Until recently, however, effects of this 
kind have not been studied in the scattering of leptons 
by leptons. Calculations have been performed by u—e 
and e~—e~ scattering, and the results found to be very 
small.! Because of the qualitative difference between 
this case and that of Bhabha (e+—e7-) scattering, due 
to the existence of annihilation graphs, it was thought 
that the effect might be more important in the latter 
process. In the present paper, results for Bhabha 
scattering are presented. These are also found to be 
small. 
In reference 1, the imaginary part of the fourth-order 
scattering matrix element was calculated by using 
* Present address, University of Pennsylvania, Philadelphia 4, 
Pennsylvania. 


t Present address, Institut Ruder BoSkovié, Zagreb, Jugoslavija. 
1 A. Barut and C. Fronsdal, Phys. Rev. 120, 1871 (1960). 


. The process of extractir g 


of the graphs 


unitarity. We have therefore chosen to give a short 
exposition of an alternative method. The imaginary 
part is here extracted from the complete fourth-order 
matrix element. (See Fig. 1.) After performing two 
trivial contour integrations the imaginary part is easily 
isolated. The remaining (angular) integrations are 
performed after the trace calculations. 

As was pointed out in reference 1, diagrams of the 
type of Fig. 2 de not contribute to the spin-momentum 
correlations. Arguments for the neglect of rescattering 
by the nucleus (valid for scattering by hydrogen) were 
also given there. 


II 


If the positron beam (particle 2, momentum 2) is 
partly polarized, with degree of polarization &, then the 
cross section may be written 


o=0)(1+éP), (1) 





SPIN-MOMENTUM CORRELAT 


Fic. 1. In fourth-order Bhabha scattering these diagrams have 
imaginary parts, since every one of them can be cut by a horizontal 
line such that each half represents a real physical process. 


where oo is the ordinary Bhabha differential cross 
section, and 


P=tr{Mte-sM}/tr{MtM}. 
The matrix element M is defined by 
S=14+1M=1+1M2+iMet+ ::-. 


In the laboratory system, as well as in the center-of- 
mass system, only the transverse component of s 
contributes to P. Since P vanishes for Hermitian or 
anti-Hermitian M, and because ImM.=0, we have to 
lowest nonvanishing order 


P=2i tr{M,'e-s ImM,}/tr{M2tM}}. (2) 
Fic. 2. Diagrams such as this 
one are important in sixth-order 
cross-section calculations, since 
they serve to eliminate the infrared 
divergences. These diagrams have 
no imaginary parts, however, and 
hence do not contribute to the 
spin-momentum correlations. Our 
calculation, which is based on the 
diagrams of Fig. 1 only, must 
therefore give a finite result. 


IONS IN «e*—e- SCATTERING 


| > 





Fic. 3. The contour of the integration over q* in the com- 
plex gq? plane. Only the integral around the infinitesimal semicircle 
contributes to the imaginary part. 


In order to illustrate the calculation of ImM,, 
consider the graph of Fig. 1(d). The corresponding 
part of M, is (we calculate in the center-of-mass 
system) : 


m? d‘g, 
M =e (24) if — mee 
Ee J (pi— pr») 


XV (po) yW (pid (hi) yw (he) 
Xtr{ (q2—im)—y,(qi—im)—y,}. (3) 

Writing qi=(i0,q), g2= (—2iE+i0, q), we have d‘gq, 
= d’qdQ. The integrand has four poles in the Q-complex 
plane. Following Feynman’s prescription we displace 
these off the real axis, so that they are located at 

0=0,%=+ (m’?+q°)Fie, 
and 

Q0=0,% =2E+ (m?+ q?) Fie. 


The integral over Q, running along the real axis from 
—* to +, equals 2mi times the sum of the residues 
of the two poles in the upper half plane. These residues 
have poles at some points in the complex q? plane. 
Thus the residue of the pole at Q_® contains the factor 
-@™)P. (4) 
In the limit e— 0, the term Q_®—Q, gives a pole 
for real? q at q?=E?—m’=p’, and the contour of the 
q’ integration is shown in Fig. 3. The separation of M, 
into its real and imaginary parts is therefore displayed 
by the formula 


lim (0.2 —O,) —} 
Pa 


[(e-?-0,) (Q_-,%)(Q_2 


-P(Q-Q,)"1 


+ri8(0-—0,), (5) 





4 j 4 
2 . -6 a) 


Fic. 4. A plot of P(8,9) as given by (8), in the case that the 
spin s is parallel to p, Xk; [that is, the second factor in (8) is set 
equal to unity]. The abscissa is the center-of-mass velocity 8, 
and # is the center-of-mass scattering angle. The value 3 = 120° 


is near the maximum of Fig. 5. 


oni; 





? The residue of the pole at Q_™ does not have a pole for real q. 
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Hence we obtain, after essentially no calculation, 


m? rp dQ 
ImM,@ = aceny_(-* —) ae m 
E 4E (pi-— p2)* 





Xtr{ (q2 + im)y+(qitim)y,} ’ (6) 


where g:= (i£,q), g2= (—iE, q), q?= p’, and the integral 
is over the directions of q. 

We saw that the imaginary part of M, arises from 
the coincidence, for a real value of q, of two poles in 
the energy plane, and that this coincidence occurs when 
both the intermediate particles are on their mass shells. 
This is an example of a very general and well-known 
feature of scattering amplitudes; namely, that an 
imaginary part exists only when there exists a real 
intermediate state. In perturbation theory this means 


AND B. 


JAKSIC 








l L l 1 J 
30° 60° 90° 120° 150° 





Fic. 5. Same as Fig. 4, except that the abscissa is now 8 and 
B= p/E has been chosen equal to 0.5 which is near the maximum 
of Fig. 4. 


are the diagrams of real processes in lower order.’ It 
is easy to see that of all the fourth-order diagrams for 
Bhabha scattering, only those of Fig. 1 have this 
property. 


We have calculated all the imaginary parts by the 
above method, as well as by unitarity. The results are 


the possibility of splitting a diagram in two parts by 
a space-like surface, in such a way that both halves 


e mx p dQ 


ImM ,? =—- 


(QrS R4E — —W (po) ¥u(qo+im)y (ko )W(ki)y-(qitim)y.wW (2), 
2r)* F? q 


(q—p2)*(q—ke)? 


co mx 
ImM , =—— — — 20 s)r6(ha— a —im)*yob (a) Padre Daas’ im)—y,(p2), 
(2r)* E? 4 
ao mr ; ' 
ImM a ee Se [2007-4 im)~"y W (ko) 0 (p2)¥u(pitae’— inn ly a (p.), 
_— (7) 
patie = U (ha)yu¥ (ka) (pao yru( yy (p1) 
mM {) =——— — — — J ——-W (ke) yu (Ro) (2) ¥(qatim)y (qi tim)y wh 
(27)° 4 EY 4E(q—p,)* wes P : Pi 
(f) ac om x p dQ - , ‘ . 
ImM 4) = — (hs 9 (arin) yo (Gat im) yn (ha)¥ (bs) Yo (1); 


(Qn)! 4 EJ 4E(q—k,) 


, . 
q10 = — n= — 20 = E, 


We insert this result into Eq. (2), evaluate first the traces and then the angular integrals. A small photon mass 
\ is introduced in order to evaluate the logarithmic divergences, letting \ tend to zero at the end. The divergences 
cancel. (See Fig. 1.) The result is 
P (i—@)* s-piXk, A 
1378 sind | pi Xk; | B 
3See, e.g., R. J. Eden, Proc. Roy. Soc. (London) A210, 388 (1952). 





(8) 
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where s is the direction of the spin of the physical positron (rather than that of the hole), and 
B=p/E, x=sin(0/2), 
3 + 
A=—{1—36?—284(1—.2?) ] Inx?+-—(1—.2*) (22°8?— 1)+2(1—2°)[1—6#(10+ 322) +84(1— 22+ 2x4) ] 
& B 
; 1+8 
+—[—3+5x?—2x4+-6?(— 3+ 10a?— 2x4+-4x°) — B42? (3— 422+ 424) ] In— 
Bex? 1-8 
68 . Bx 
+—— [2—Sat-+6R(—2+73¢— 4x4) — -) 
1-6" (1—)8 
i-a? 68 fF 1-6?) /B(1—2)3 
——- ——| 2—5x?+ 6x? (— 1+4x?)++——— L{~—— 4 
a2 1-2 ig (1—,?)! 
1%. i938. 7 ’ 2 1 
B=—— -(--- +-———+13+6{ ——2—42? }+64(1—22°)?, 
Bist BPX x ee x 
L(z) =2-'(1+2?)— arcsinhz. 
Ill 000 \ 
Numerical results are given in Figs. 4, 5, 6, and 7. \ 
In Fig. 4 is plotted P(8,) for s parallel to pyXk, 
%= 120°, 0<8<1 and shows a maximum near 6=0.5. 50 
In Fig. 5 is plotted P(8,) for s parallel to p:Xk, 
8=0.5, 0<0%<180°, and shows a maximum near 
3#= 120°. In Figs. 6 and 7 are shown the second-order 
cross sections for the same parameter values. The 200 
numerical values of P are of the same order of magni- \ 
tude as for Mller scattering.' bs * 
1000 - \ 00 F ne 
| \ \ 
\ 
\ | 
\ 50- 
500F 77 
| a 
| | d 
“dh 
200 : zor | 
\ 
mb | 
; ‘; — es OS accs ! ! 
nase 60 0 120 150 
| 
| Fic. 7. A plot of the total second-order Bhabha scattering cross 
section with the same parameter values as in Fig. 5. 
50-r 
| 
a ACKNOWLEDGMENTS 
| 
| Bl 
- L df We are grateful to Professor V. Telegdi for reminding 
| us of the importance of rescattering by the nucleus in 
at q the case of heavy nuclei, and to Professor M. Fierz and 
1ou4 L 1_t many other members of the CERN Theoretical Study 
od «4 6 8 


—> 3 
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The most general dynamical law for a quantum mechanical system with a finite number of levels is 


formulated. A fundamental role is played by the so-called “dynamical matrix” whose prope 


‘rties are stated 


in a sequence of theorems. A necessary and sufficient criterion for distinguishing dynamical matrices corre 


sponding to a Hamiltonian time-dependence is formulated. The non-Hamiltonian case is discussed in detail 


and the application to paramagnetic relaxation is outlined. 


I. INTRODUCTION 


HE dynamical description of a mechanical system 

consists of three distinct aspects, namely (i) the 
choice of dynamical variables; (ii) the rule for assigning 
numerical values to the various functionals of the dy- 
namical variables appropriate to the specification of the 
“state” of the system; and, finally (iii) the time 
dependence of this rule for assigning numerical values 
(equations of motion). The distinction between classical 
and quantum-mechanical systems is solely contained, in 
the second aspect; and it is well known that “related” 
classical and quantum-mechanical systems (i.e., those 
dealing with the same dynamical variables) have 
formally identical equations of motion. 

In quantum mechanics it is conventional! to introduc« 
the Schrédinger amplitude as a specification of the 
state; and the time-dependence of the state is expressed 
in terms of a time-dependent unitary transformation: 


W(t) =U (tbo) (to), (1) 


where y(t) is the Schrédinger amplitude and 


i t 
U (t,to) = exp} -if Hae (2) 


to re 


is the time-ordered exponential of the time integral of 
the (Hermitian) Hamiltonian operator H(¢). (In the 
particular case of a constant Hamiltonian one may omit 
the time-ordering symbol, but this simplification is 
irrelevant to the present discussion.) The time depend- 
ence is here carried entirely by the ‘‘state’’ and is 
completely equivalent to the differential equations of 
motion in the ‘‘Schrédinger picture” 


w 


i[ dp (t)/dt |= H(t) (2). (. 
* Supported in part by the U.S 
t Supported in part by the U.S 
Center. 
! See, for example, P. A. M. Dirac, The Principles of Quantum 
Wechanics (Clarendon Press, Oxford, 1958), 4th ed. 


\tomic Energy Commission. 
Air Force Cambridge Research 


An alternative form of the equations of motion is 
obtained by going to the ‘‘Heisenberg picture” in which 
the time dependence is carried entirely by the dynamical 
variables, the ‘‘state’’ being the same for all times: 


O(i)=l L,to)O (to) U (t,t (4) 


; 


In either picture, the rule for assigning numerical values 
to the dynamical variable © is given by 


/ ; / 
O— py Oy= (¥| O|y). (9 


While the dynamics is thus formulated in terms of the 


Schrédinger amplitude y, it is known that the general 
specification of the ‘‘state’’ of a quantum-mechanical 
system is somewhat more general* than is implied by 
Eq. (5); it corresponds to the choice of a Hermitian 
positive semidefinite matrix of unit trace and a rule for 
assigning numerical values to dynamical variables in 
the form: 


O— Tr{Op}. (6) 


Since p is Hermitian, it can always be diagonalized in 
the form 


p=Lr daw! 


where the non-negative numbers \, are the eigenvalues 
of the matrix p and y, are the corresponding eigen- 
vectors; hence one may rewrite thi 


Eq. (6) in the form: 


A} 


> Arly, Vri 5 A; 1, (7) 


aa Tf 


rule embodied in 


OT, Ar] Olv;), (8) 


so that it is a weighted average of the values obtained by 
the rule Eq. (5) with the weight A,. In this manner one 
is led to consider the matrix as representing a suitable 
“ensemble” of kinematically identical systems and is 
called the “density matrix.’”’ But we prefer to ignore this 
“interpretation” and use the “‘state”’ of 
cal system to be completely specified by 


of a single mechani- 
giving the 


2J. von Neumann, Mathematical Foundations 
Mechanics Press, Princeton, New Jersey, 
1955). .° 


Ouantum 
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appropriate density matrix p. The “states” of a 
quantum-mechanical system (taken in this generalized 
sense) thus form a convex set of matrices and incoherent 
mixing of two states is simply given by a normalized 
linear combination. To a special class of density 
matrices correspond Schrédinger amplitudes, namely to 
those with all \, zero except one which is unity; for this 
special case the matrix p satisfies the equation 

p= p. (9) 
(A coherent superposition of such states would again 
correspond to a matrix of the same type, but this 
matrix is not simply the normalized linear combination 
of the matrices.) 

A natural assignment of the time dependence of these 
states is obtained from the decomposition according to 
Eq. (7) requiring the constants A, to be time inde- 
pendent but y, to change with time in the manner given 
by Eq. (3). This Schrédinger picture equations are 
summarized by the law 


p(t)=U (t,to) p(to) U" (t,to). (10) 


Completely equivalent to these are the Heisenberg 
picture equations in which the state is time independent 
but the dynamical variables change according to 
Eq. (4). In either case the matrix U (t,fo) is unitary and 
the time dependence is completely described by this 
unitary matrix or, equivalently, by the 
Hamiltonian matrix H(t). 

However it is quite obvious that this dynamical law, 
though natural, is not the most general nor fully 
adequate; thus in treating problems of irreversibility 
and relaxation one has to deal with temporal changes of 
the density matrix which are not unitary and cannot 
thus be encompassed within a Hamiltonian scheme. The 
problem thus arises of developing a more general 
dynamical framework to deal with the time dependence 
of a general quantum-mechanical system, including the 
Hamiltonian scheme as a special case. It is to the formu- 
lation and solution of this problem that this paper is 
devoted. 

The underlying ideas of this investigation are appli- 
cable to dynamical systems in general, both classical 
and quantum mechanical. However for reasons of 
simplicity of treatment and the immediate applicability 
to paramagnetic relaxation phenomena we have found 
it convenient to confine our attention to quantum- 
mechanical systems with a finite number of states. All 
the operators one has to deal with thus become finite- 
dimensional matrices. The theory so developed has 
points of similarity with the theory of Markov chains, 
but there are essential points of difference since the 
n-level system in quantum mechanics is described in 
terms of an Xm matrix rather than by a probability 
vector with » elements. 

This paper, then, deals with stochastic processes in 
quantum-mechanical systems with a finite number of 


Hermitian 
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states, i.c., one which is associated with dynamical 
variables and states specified by finite-dimensional 
matrices. In Sec. 2 we deal with the general formulation 
of the problem; and Sec. 3 with the development of a 
necessary and sufficient condition for a dynamical law to 
be a Hamiltonian scheme. In Sec. 4 several auxiliary 
theorems are stated and proved and a canonical form of 
the ‘dynamical matrix” is presented. Several special 
cases of the dynamical matrices are enumerated in 
Sec. 5 and the case of paramagnetic relaxation in a 
strong magnetic field is studied. The final section 
includes a discussion of the relevance of this theory to 
questions of irreversibility in more complicated dy- 
namical systems. 


II. FORMULATION OF STOCHASTIC DYNAMICS 


The kinematic restrictions on the density matrix p 
of an n-level system are the following? : 


(pr.s)*=ps,r, (Hermiticity) (11) 
Cy Dr s%e> 0, (positive semidefiniteness) (12) 
Prr= 1. (normalization) (13) 


In the above we have invoked the summation conven- 
tion, the indices running over the values 


7, s=1, Z,.°++, 0. 


; 


The most general dynamical law relates a density 
matrix p(fo) with another density matrix p(t) in a 
manner which depends on the two times ¢ and fo. If we 
require that the incoherent superpositions of two states 
p‘ (to) and p®)(¢9) should correspond to the incoherent 
superpositions of p“ and p® with the same nor- 
malized weights the most general dynamical law is 
given by the linear, homogeneous mapping: 


Pr.s(lo) — pr.s(l 1 +e.r’s’(1,l0) Pre’ (lo), (14) 


(t,fo) is a numerical n?Xn? matrix labelled 
by pairs of indices (rs) and (r’s’) depending on the times 
t and fo but independent of the matrix p(to). Since the 
linearity is demanded only for normalized incoherent 
superpositions, 


where A;s +’; 


p l rp t+(l—a p (15) 


(with O<aw<1), it might appear that the general 


mapping is an inhomogeneous one of the form 


Pr.e\to) — Pr.s t) Bais 8 lilo) pre’ (l \+a,s(t,to), 


(16) 


with a@,,(¢,/o) independent of p,,,.(¢o). But one verifies 
immediately that (16) can be rewritten in the form (14) 
with 


aa ; - +a .0 (17) 


2 


making use of (13). 
Let us now discuss the restrictions imposed on the 


matrix A,;,,,’s". The consequences of (11), (12), (13) are, 
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respec tive ly, 


h give fairly complicated properties for the A 
matrix. To display these properties in a more trans- 
parent fashion, as well as for further development, it is 
advantageous to introduce another n?Xn? matrix B 
related to A and defined by 


whic 


oes?" (14) 


It immediately follows that B is Hermitian and positive 


semidefinite ; we can rewrite (11’) and (12’) in the form: 


} . ee (B,, (15) 


(16 


(Hermiticity 
See’ Dev’ ee'Sea' 2 O. 


posit ive semidefiniteness) 


Che 


becomes 


trace condition 13 still complicated and 
17) 
by summing with respect to the other indices also, we 


obtain the weaker statement 


B 1 18 


v consider | effect of a time-dependent 
on the n ix B. 


the ry matrix a 


ted but , 


change of bas Under a change of 


basis generated by at the final 


time, p Is unaftes change 5 according to 


19 


or, equivalently, 


Pp . r . "Py 


Hence the matrix B under the 


transformation of the 


change of! Db: 


SIS 1S g1\ 


is a unitary matrix. Thus B underg 
formation under a change of basis. In t} 
of a unitary time development 


le particular Case 
10), we 
change of basis make 
independent 


according to 
can, by a suitable time-dependent 
matrix time 


the density Heisenberg 


picture) so that the B matrix assumes the simple form 
Bis Bes 21 
We thus 


kinematical 
succinct 


that the matrix B 


restrictions 


see incorporate s the 
dynamical law in a 
fashion; we shall call B the 
matrix.”’ The results of this section can be 


“dynamical 
summarized 
in the form of the following theorem: 


HEWS, AND RAI 


Theorem 1. Vhe dynamical matrix is a positive 
definite n?Xn*? matrix with trace » and obeying the 
stronger partial trace given by (17). The 
dynamical matrices for different time-dependent choices 


of basis are unitarily related 


semi 


relation 


Ill. HAMILTONIAN DYNAMICAL MATRICES 


Let us consider tl 
special form (17) it follow 


Irom the 


Bvt as 


In view of the unitary equivalence (20) of th 
matrices for arbitrary choice of basis this relati 
general; one thus has the chara 


dynamical matrix for unitary 


on 


tion for t 


Hence the eigenvalu . in view of the 


] ; 
9 igdegenerate 


trace condition (18), tl if alue ” is no! ' 
The characteristic equati o be obtained 


from the general form, 
B 


for the dynamical m 
dependence governed 
course, by a prope! 
matrix in this c 
form (21). 

It is interesti 
more precisely, if / ’ sfying the 
conditions stated in I 4 the cl 
9 


] ] 
ip” t \ mnve o holds; 


arat 
teristic equation 
dependence (10) if the 
matrix can be reduced to t] 
this result we proceed 
which diagonalizes B; si 


chosen unitary’ so that 
D wiD 


By a prope r choice ot D 
rh) | 


diagonal form B with th« 


and zeroes elsewhere. But 


> now 


is unitary 


3 See, f 
> oh / 
Re resen 
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that (25) can be rewritten in the form 


) rr (Vae')*, 


which is to be compared with (23). We have thus proved 
the following theorem: 

Theorem 2. The necessary and sufficient condition for 
a dynamical matrix the of 
Theorem 1) to represent a Hamiltonian dynamics is that 


the dynamical matrix should satisfy the characteristic 


(satisfying conditions 


equation (22). 


IV. NON-HAMILTONIAN DYNAMICAL MATRICES 


general case one has no Hamiltonian and 


In the 
2) would not be valid; in view of (16) the charac 


Eq. (2 
teristic equation should imply non-negative eigenvalues 
at most of degree n*. Comparing the 
for the dynamical matrix for unitary 


and should be 
expression (23 
time dependence, the question then naturally suggests 
itself whether the general dynamical matrix is factor 


izable in the form 


Y+YJV in general. If 
ity of B it follows tl 


with 


Hermit 


8 
at 


Substituting this expression into and invokin; 


race condition (17) it follows th 


{ 


matrix and we recover the 
have the following 


c)X is a unitary 
unitary scheme (23). Thus we 


theorem: 


Except In the ime ce 


Theorem 3. Exce} se of unitary 
pendence of the density matrix, the dynamical mat 


cannot be factorized in the form (28). 
We al form for dynami 


matrices in the genera! case usir 


] ] 4 . 
shall now present a canon! 


oa 


be 


generalization or tne 
Let us again consider tl 


itrix D; in the 


techniques employed in Sec. 3 
genera 
} 


defined by 


jagonalizing unitary ”*>Xvn? n 


° 3 41 ww, Pans. 1 
e consider the 2# matrices V 


Wr (94 D 


n* non negative eigenvalue 


of the dynamical matrix B whi 


the 


tinct 


el y’ be 


1: 


nece ssarily ais 


satisfy the trace condition: 


itarity restriction (24) on D may be rewritten i 


ier tne 
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terms of the matrices in the forms 
a Wer (qq’) Wis (gq’))* = Bre Sse’; 


Tr{ Wt (qq')W(pp’)} 


(31) 
5 pg pg’ 


} 


he diagonalizing matrix D can now 


The definition of t 
be rewritten in terms of the matrices W(gq’) to furnish 
a canonical form for the dynamical matrix: 

(32) 


Breer = DL 2(99') Were (99') (Wear (9q'))*. 


q.@ 
sures that the relation 


3) 


ng trace relation (17) en 


co 


ill be valid. These results are stated in the following 
theorem: 
Theorem 4. A general dynamical matrix can be written 


in the canonical form (32) in terms of n? matrices W (qq’) 
which obey the bilinear relations (31) and (33). 

Note that the ma W (qq) are not necessarily 
but satisfy only the weaker condition (33). In 


unitary, D 


rices 


ise of a single nondegenerate nonzero eigen- 


al matrix (33) reduces to the dem- 


nevi 


ces not 


- the dynamic 


11) is unitary. We shall 
ortional to unitary 


nteresting 


onstration in sec. 3 tI 
pro] 


below W matri 
] tor T 


matrices have ed for ] 


} + 
rea 


1 . a s 
Mmysicaiy 1 


omogeneous convex 


leorem: 
homogeneous 


Imissible 


Dynami 


We have thus the t 


orm a 


SPECIAL DYNAMICAL MATRICES 


il special 
articular Theorem 5. 
trices are the following: 
yns of ‘‘pure’’ mat- 
matrices. This set 


ay now et! cases ol 


matrices, 


smn P Axry mM} ] " 
mple sets of Gynamical mi 


Normalize combinati 
' different / 
e representative of an ensemble 

ical law corresponds to an 


ith different 


Vy 


34) 
where o,, is any admissible density matrix; this corre- 
e mapping of every density matrix into the 
density matrix o,,. Note that B obeys the same charac- 
teristic equation as o. While this mapping is itself un- 
onvex set formed out of this set with the 


sponds to th 


th 
ile 


mhysical, the 
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last set corresponds to a standard relaxation phe- The method of construc 
nomenon. Thus, for example, the matrix commodate arbitrary m 
One verifies that this cl 


) 


N)OrrOgg* tATrd ; : # ¢ 
_ the canonical form (3: 
pure relaxation process as the w eighted average 
issociated characteristic time (f—t))/A since all such matrices 1 


relaxation considered here is a very simple kind 
xation namely, one which is governed by a simple 
ion time and this may be seen to be animmediate _ into itself and ar 
consequence of the fact that the factor 6,,, yields unity tion towards th« 
vhen applied nsity matrix. If we construct the also point out that in 
more general ‘‘relaxation ge! 7 tion the relaxation mec} 
as the external polari 
generators are invarian 
implicit in the ‘transfor 


time dependence 
40 
DISCUSSION 
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d longitudinal parts ' jor 
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Hamiltonian dynan 
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problem of pion-pion scattering as this is the simple 
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We begin in Sec. 2 with a brief survey of the basi 
features of the Chew-Mandelstam analysis of the 
pion-pion problem. An important result in their analys 


a simple formulation of the unitarity condition in 
terms of the partial wave an pl tudes. In Sec. 3, the 
procedure is developed for determining the partial-wave 
amplitude. We use the partial wave dispersion relatior 

th subtractions, since these probably represent the 

ical situation. 
resonance behavior of the pion-pion scatteri 
1} 


system is studied in Sec. 4. A derivation of the P-w 
| hift shows that a pion pion resonance 
in the P state in terms of two parameters 
the discontinuity of the inverse amplit 

+} 


cross the left-hand « ut, we obtain the one pole appr 


ide used by Frazer 


itude 1 
re are only three 
_ a ic the ] pion problem corresponding to 
[BM-709 compute 5 


; " ° three possible \ of isot spin /=0, 1, 2. 
aetern e to a Irst { { 1 ; nce it ; - 


produced 


resonance positiot | width required by 


be expressed in 


1’ for states of 


har ¢} 


le 1eit-ni Dbranct ut. ow! 


lectromagnetic structure of the nucleon this shift 


resonance is small. 


2. PARTIAL-WAVE ANALYSIS OF PION- 
PION SCATTERING 


the problem of pion-pion ittering there 


all three channels of Fig. 1 corresp« 
\ charge degree of freedom 1s asso 
( rge degree of free 
an appropri nd 

four-momen! even powers of 
ld powers of cos@ for 
account the unitarity 
defined by! between the 
; 5/7, Chew and 

pit p2 pat Pps re 


2¢°(1 tT COSO), 
(Pit ps3): 2T P4 2q?(1—cos8), 


where g e magnitude of the pion momentum In the 16u? (4 
barycentric system and @ is the barycentric scattering and plex at higher ries a the onset of two- 
gle. There is the auxiliat ondition on the three 


on for the unitarity 
variables s, ¢, and f¢: 


ipproach to tl ] yblem has bee develope 
lispersion relations for the inverse amplitude |G 
I. Matthews, and A. Salam, Nuovo ciment 16 
; J. Moffat, Nuclear Phys. 18, 75 (1960) ] 
Frazer and J. R. Fulco, s. Rev. 117, 1609 (1960 





JOHN W 


follows from (4) that 


~cosd Py 


1(Cos@). 


By using (7) the dispersion relations for a given 
particular angular- 
derived by a projection of 
dispersion The 
l-wave corresponds to an 
ntegration for fixed s over either‘ dt or dt. In the case of 


partial-wave amplitude e 
nomentum sta 
the Mandel 


projectior of iven 


te) can b 
double relations. 


parti 


pion-pion scattering, there occur no poles and for equal 


masses all the branch points lie on the real axis. There 
to the three channels of 
left-hand or “‘un- 

a superposition of two 


ght-hand or hysical” 


oo , 
correspondins 


ire three cuts 
diagram 1, but in this problem the 
physical” cut corresponds 
TI cut extends in ¢ 
extends from 


while the hand cut 


©. The partial-wave amplitude is discon 


LInuUOUS acro Lne ¢ ut, and tne disc ontinuity is twice the 


“\r - ’ } ] +} : . -} } 
laginary pr tne ln is the cut 1s approached. 
nary part » definite on the physical 


The 


interval 


given by linear relation (6). 


umplitude r cf rse real in the 


In the case of pure elasti scattering when gaop, 


we nave R} ] and tne 


the simple form 


unitarity condition takes on 


ImA 


Ifa 
1 (q 


} 4,2)4 
rhe unitarity condition cannot be used to calculate the 
imaginary part of the amplitude on the left-hand cut 
But 
symmetry” permits a calculation of the imaginary part 
of the an 


for negative ¢ an application of the “crossing 


itude the unphysical cut in terms of its 


known value al cut. 


3. COMBINATION OF UNITARITY AND 
DISPERSION RELATIONS 


The result of the Chew-Mandelstam analysis of the 


location of singularities in the pion-pion scattering 
problem can be expressed by the partial-wave dispersion 


relations?: 


lv’ ImA f(a 1 e* dv’ ImA/(r’) 
Afvx(s } 
vt T y’—y 


1 1 


where we have introduced the variable »=¢?/y?. The 
unitarity condition (5) ensures that the partial-wave 
amplitude behaves asymptotically like a constant for 
large v. It is probably necessary to Carry out at least one 
subtraction in the Mandelstam double representation. ' 
At the point of maximum symmetry s=/=t= 4,2 


the invariants A, B, and C are all equal and rea 


1! In the case of partial waves, one 
each angular-momentum state / 
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where r= $y’. As there are no poles in the pion problem, 


the coupling constant is 1 defined through the 
residue of a pole but through a subtraction at a point 
We shall keep a 
being and deter 


vo= —a, where a is a positive number 
as an arbitrary constant 

mine it later. If the subt: 
symmetry point 


we can deduce from (3) 
> — DA, 


We obtain from (9 


where a,’ is the subtract 
in (13) as v-+7ze and substit 
the set of nonlinear integral 


ImA /(v)=F 7 


where 


Let us denote the inverse sc: 


G/ 
In virtue of the unitarity conditio1 
amplitude behaves like a con t 
assume that this constant is nonvanis! 
G;'(v) tends to a constant 


ing and therefore 


infinity. The tunction 


’ 
p,! 


‘ 


is single-valued within the 
Fig. 2. 


wave amplitude of order / vani 


contour i described by 


Partial- 


and it has poles at the two point S ind 13 


tne origin like 


and this behavior has to be 


accoun 

addition to these singularities in &;/(v,z), there may also 
occur poles within the contour I’ at the complex zeros 
of A,’(v). Since G,’(» the same branch points 
and the same branch cuts as 4,’(v), the function &,/(v) 


shares 


’ 
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--1, Im»=0, 


©, Imrv=0. 


19) 


ing, respectively, the origin and 


The contour of integration I consists of two small 
| 


rcles p and ¢ encirt 
the point :- of two semi ircles of radius R, and two 
contours connecting the semicircles along the edges of 


the cuts and separated from these cuts by a distance 6 


We shall assume that A//(v) has no zero at 1 1, and 
that by letting R tend to infinity we make the integrals 











along the semicircles vanish. Then by an application of 
| 
| 


the residue theorem in the limit as 6-0, p 


( »O, we obtain: 





} 


here the third term arises from an evaluation of t 
>: 
‘ . (24) 


integral around the small circle p as p 
be calculated in 
on the physical 

g symmetry.® We 


Che quantity A,/(v) for 
terms of the absorptive 
cul by an application of 
shall return to this problem i 
ting the relatio1 ind (24) into (20), 


By substitu 


The content of the unitarity condition 
physic al region v>O, can be expressed by 
F 7? (v)= lim ImG/ (v—16 

1 We now write 2 
it GJ (, . ° if, fs . > 
lim —LGr (1 » 2 quantity. By using 
50 92 . . 


where F/'(v) is defined by (15). The relation (23) is 
an alternative way of writing the nonlinear integral 
equations (14). The unitarity condition (6) is only 
valid for y>0. In the unphysical region »<—1, we 


1 ( 
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where 
T/ (v)= RL v/ (v4 1)}* for »v>0 
K(v) for v<—l, (28) 
yy} e dv’ FY ( v’) 
Li (v,»)=- pf , (29) 
T . (v’—v)(v’— v9) 
and 
v— Vv » dv’ K{(—v’) 
Vi (v,%0) =—- pf . (30) 
- 1 (o' +r) (v' +00) 
In the low-energy region 0<v<3, we have R/'=1 and 


the integral (29) becomes L(v,v9)=h(v)—h(v0), where 
for v>0 or v<—1 the h(v) is determined by 


and, for —1<v<0, 


It is easily checked that for v>0O the partial-wave 
amplitude A ;/(v) in (27) satisfies the unitarity condition 
(6). We also find that 


Im[A 7 (v) } ls —[y (v+1) }}, (33) 


(0<p<3) 


which in view of (5) agrees with our expectations. 

If K(v) is known explicitly, then (27) provides us 
with a solution of the partial-wave amplitude for all 
angular-momentum states and for both elastic and 
inelastic scattering. In order to obtain the general 
solution to A//(v), we must supplement (27) with the 
residues associated with any complex poles of the in- 
verse partial-wave amplitude. These residues would 
generate additional parameters in the problem.” 


4. RESONANCE BEHAVIOR OF PION-PION 
SCATTERING AMPLITUDE 

It is now possible to study the resonance behavior 
of the pion-pion scattering system by considering the 
phase shifts obtained from the implicit solution (27). 
In order to provide a theoretical description of the 
low-energy behavior of the pion-pion phase shifts, we 
shall restrict ourselves to the elastic scattering region 
O<v<3 in which the phase shifts are real. In this 
low-energy approximation there will not occur any 


complex zeros in A/'(v). In virtue of (5), we obtain 


[v/ (v4 1) }! coté/’ Re[ A /'(v) | 7 (34) 


With the aid of (27) and (34), we obtain for the 


21. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 101, 
453 (1956). 
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phase shift 6,’ in the physical region 
prt 4 yp! 
— +) coté/ + v'{ h(v) 
v +1 a?’ 


where A(v) is given by (31). 
The S-wave phase shift 59’ is determined by 


v \3 _ 
(- -) cotdy! +h(v)—h(vy) +A J (v,vo), 
v+1 ao! 


where in the case of S waves we choose v 
h(vo)= (2/m)vV2 tan“(1/v2). In the 
where K,/(v) is neglected, we obtain 


v } 1 2 
( - ) cota ths v2 tan!(1/v2). (37) 
v+1 ay! T 


If the D-wave and higher waves are small, then A,” 
~=—5\ and Ay?=—2\X. The result (37) for the S-wave 
coincides with the corresponding one derived by Chew 
and Mandelstam.® 

The P-wave phase shift in t 
determined by 


y? \) . 
( ) coté; trl h(a h(y 
y+] ay 


t vNilyyp ai! Vo). 


S 


-h(vo) ty! N / (v,r0) 


9 
—#%, and 
approximation 


} 
} 


1e physical region will be 


(38) 


The P state can develop a resonance of appropriate 
width and position if we adopt suitable values for the 
two parameters a; and §). 

In the physical region v>0, the P 
obtained from (27) can be written 


wave amplitude 


1 
A,(v) 
y 
(39) 
r 
Pr—v[l —h(v)T—N,(v,»0)T |—70( v)[ v3 (vy +1) }!r 
where 
a 
Tr 2 : ® } i 0/a (40) 
al h(ve)—1/a; |—1 
We have put §:=—1/a and o, and vr denotes 


the approximate position of the resonance,” while T 
is the width associated with this resonance. If we let 
a, approach infinity, and neglect the contribution of 
N,(v,vo), then a pole is generated in (1/v)Ai(y) at 
vo= —a, and we obtain the phenomenological one-pole 


'3The exact location of the resonance will be 
the formula 


determined by 


VR 


1 [h(vr) : N, VR vo) IT 
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approximation to the P-wave amplitude used by Frazer 
and Fulco to study the isotopic-vector form factors 
associated with the nucleon.*: Frazer and Fulco obtain 
the one-pole approximation to the P-wave amplitude 
from the Chew-Mandelstam integral equations by 
replacing the left-hand branch cut by a pole at the 
point vo. 


5. THE ITERATION METHOD 


We shall now develop an iteration procedure in 
order to estimate the influence of the unphysical region 
on the behavior of the P-wave pion-pion resonance. 

The absorptive amplitude in the unphysical region 
is not known explicitly, but must be calculated by 
means of the “crossing relations” and the absorptive 
amplitude on the physical cut. Using the crossing 
symmetry, Chew and Mandelstam have derived the 
following absorptive amplitude in the unphysical region : 


1 


1 ai y'+1 
ImA 7 (w) = — f iv! P( 1-2 ) 
Ww 0 WwW 
" w—1 
,.: curd (v, 1—2 >). (41) 
'=),1,2 py’ 


where we have put —vy=w>1, and A,” denotes the 
complete absorptive amplitude on the right-hand cut. 
The crossing matrix is given by 


(42) 


1 
—j] 


( ke 
} 
Qry = /. 


By resolving A,/’ into partial waves, and truncating 
the expansion after the P wave, we get 


ImA 7 (w)= 


b 4 {au ImA0°(v’) + azo ImA o°(v’) 


w—1 
3(1- 2 Jan ImA}}(v’) ; (43) 
Vv 
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The right-hand side of (43) is determined in terms of 
the absorptive amplitude on the physical cut given by 

ImA / (v)=[(v+1)/v |} sin’. 


(44) 


We are interested in P-wave dominant solutions 
corresponding to a low-energy resonance in the P state. 
In this case the third term in (43) will give the main 
contribution to ImA;(w). Let us denote by J(w) the 
absorptive P-wave amplitude on the unphysical cut, 
and by E(w) the real part of the amplitude on the same 
cut. Then K,(w) is given by 


I(w } 
(45) 


When K(v)=0 the P-wave absorptive amplitude on 
the physical cut is 


[v/(vy+1) }! 


& 


[hi v)—hi( vo) 


ImA ;(v) -, (46) 


(v—v9)/av }?+y (v+1) 


where we have chosen a; equal to infinity. In the 
unphysical region it is convenient to introduce the 
variable 


x =ev i Ww i (47) 


which will run from 0 to 1. When A(y) is equal to zero, 
the real part of the P-wave amplitude in the unphysical 
region is given by 


1 


E(x) (48) 


- ’ 


h(x)—h(—o)+ (1—0x")/a 
where, for »<—1, 


) 1 
é i 


h(x) = 


(49) 


mw (1—x°?)! 


and we have introduced the notation E (x)= E(—1/22). 
When K (vr) is zero, we obtain from (43) and (46) in the 
case of a P-wave dominant solution 


1/x*—1 py’ , 
tv'[1—2x2(v' +1) ] 2 —) oo 
—_ = ( y’ Wea 


[h(v’) —h(vo) + (v’—v0)/av’ }?+v'/(v' +1) 


This leads to the following expression for K,(x) to a 
first iteration: 


PB Ch(x)—h(—0)+ (1—2°)/o 22 (x) : 
K, (x) =—— -— —————§ ——., (51) 
1+[h(x)—h(—0)+ (1—2°0)/a PL? (x) 


If the procedure converges, then we can continue the 


iteration by substituting K,(x) into I(x) and E(x) 
and thus obtain K,® (x) to a second iteration. 


6. CALCULATIONS AND RESULTS | 
Let us put the parameter a;= A;(vo) equal to infinity 


and neglect the contribution of Ni(v,v9) in (38). This 
yields the P-wave phase shift 


y3 } 
(—) coté;= vEh(v)—h(v0) ]—£&1(v— v9). (52) 
v+1 


By choosing v»o>=—652 and ve=1.5, we obtain the 
approximate resonance value #g= 1.2 and the resonance 
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width '=0.4."4 With these values of the constants vr 
and vo the phase shift 5; passes through 90° when 
¢;= —0.00457 or a= 218. 

We are faced with the problem of estimating the 
amount by which the resonance position is shifted when 
the contribution of the left-hand cut is included in 
(52). In order to estimate this shift, we must compute 
the integral I(x) in (50), the function K,™(x) and, 
finally, the integral 


V,(1.5, —652) 


2 ; dx xKy (x) 
=~ (1.5+652)-P f - a i 
nw Wz (141.5) (12652) 


We have cut off the integrals at small values of x in 
virtue of the limited range of the physical region in 
which our equations remain valid. Both integrals are 
convergent as x —> 0 (i.e., as w— ©), and the cutoff 
only represents our present lack of knowledge of high- 
energy processes. Chew and Mandelstam® have es- 
timated that on the right-hand cut the elastic approxi- 
mation should be adequate for y¢ 10, and the crossing 
relation (41) indicates that an average 7 on the right 
gives >=}(w—1). Therefore, we expect a failure of 
our equations on the unphysical cut at w~20 corre- 
sponding to x~3. 

The numerical integrations were carried out on the 
Martin Company IBM 709. I(x) is zero at x=1 and 
passes through one zero as x decreases in value. There- 
after, I(x) tends as a smoothly varying function to a 
positive constant. Our equations are valid within 
the range (7/32)<«<1 and integration yields for this 
interval 

N, (1.5, —652) = —8.528X 107°. (54) 


In the larger interval (1/16)<2<1, we obtain the value 
NV, (1.5, —652)=5.167X 107. (55) 


From the result (54), we find that the resonance 
position vyrg=1.5 is shifted by an amount 


dve= —6.4X10, (56) 
while the second result (55) yields the shift 
=3.9X 10. om 
Inspection shows that the value of the integral in (5. 


decreases steadily as x — 0. 

We have assumed that the inverse partial-wave 
amplitude does not possess any complex zeros. One may 
enquire about the possibility of such complex zeros 
developing within the region in which our iteration 
scheme is valid. Expressed as a function of complex »v 
in the cut-plane, the approximate P-wave amplitude 
can be written 


4 These are the values of vz, I’, and vp used by Frazer and 
Fulco in their study of nucleon structure.” These values of the 
constants may be changed in order to obtain a better fit to the 
nucleon structure data, but a reasonable change of these constants 
will not alter our conclusions regarding the influence of the 
left-hand cut on the P-wave resonance. Since the position of the 
pole depends almost exponentially on I’, we find that increasing 
IT to 0.5 gives vo» — 150. 
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1 a av . dv'[v’ (v’+1) }4 
A,(v)= -/|1- f " 
v v— Vo mw Jo (v’—v)(v'— v9) 
av f dv’ K(—v’) 
T 1 


(y’ +- yo) 
where the parameter a, has been chosen equal to 
infinity. For v=Rev+iIm», the imaginary 
the denominator is given by 


a “Tf; dy’ Lo*/( v’+1) }} 


[(v’—Rev)? + Imp? }(v’— v9) 


dv’ v' K( ( —y’ ) 
+ f : = , (59) 
v7} [ (v’ +Rev)?+Imp? | vy’ +y) 


and therefore vanishes only Imv=0 (a0) if 
the expression within the brackets has a single sign. 
It follows immediately that in the zeroth approxima- 
tion when A(v)=0, vA; '(v) does not possess any 
complex zeros. Inspection shows that in the first 
iteration the expression in brackets is positive definite 
(vo= — 652) for values of the cutoff well beyond the 
limits of validity of the low-energy approximation. 
Therefore, no complex zeros occur in the iteration of 
vA;"(v) within the energy range determined by 
approximations. 


(98) 
(v’ +r) 


part of 





when 


our 


7. CONCLUSIONS 


These results confirm that the unphysical cut has 
little influence on the low-energy resonance behavior of 
the pion-pion system. Since (53) is small to a first 
iteration, it is reasonable to expect that the iteration 


procedure converges, and that the higher iterated 
contributions can be neglected. In view of these 


results and the fact that we have chosen a; equal to 
infinity in our calculations, we can deduce that replacing 
the unphysical branch cut by a pole leads to a good 
approximation to the P-wave amplitude. This in turn 
confirms that the pion form factor adopted by Frazer 
and Fulco in their analysis of the nucleon electro- 
magnetic structure*’® is a physically acceptable 
solution. However, we are not forced to set a;=A (v9) 
equal to infinity in our calculations. We can instead 
adjust the parameter a, to the experimental resonance 
data with the knowledge that the left-hand cut can be 
neglected. 

In a subsequent paper the problem of coupled S and 
P waves and dominant S waves in pion-pion scattering 
will be treated by our iteration techniques. 
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